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Preface to Second Edition 


We should like to express our gratitude for the excellent reception of our first edition 
by instructors using the text in the classroom. Many of our colleagues have taken 
time from busy schedules to send comments and suggestions, many of which we have 
Incorporated into this present edition. 

In rewriting the text to include new material, we have made many improvements 
in the presentation of topics previously covered. We have both consolidated and ex- 
banded. We have attempted to present certain topics in a more concise and economical 
fashion. In other instances, however, we have elaborated on our discussion in an 
attempt to help clarify some of the more difficult concepts. We have added an optional 
Section on set theory and its relationship to probability. The analysis of variance 
chapter has been rewritten to include а general discussion of multiple comparison 
tests and a specifie example employing Tukey’s HSD test. 

In addition to expanding the exercises at the end of each chapter, we have prepared 
a student workbook which includes detailed program reviews, hundreds of true-false 
additional work problems. While we have introduced 


and multiple-choice items and ~ 
attempted to retain many of the features 


? number of changes in this edition, we have 


1 the previous edition. 


that wer 5 | 
re so well-received ir " " 
or indirectly contributed to the present 


A number of individuals have directly S : 
edition, Specifically, we should like to express our appreciation to Lois Runyon for 


her cheerful acceptance of the many disruptions of her household during the prepara- 
tion of this manuscript. In addition, we should like to extend our thanks to Jerry 
Jassenoff for his patience and understanding during this hectic period. 


"p | R.P.R. 
e, L.I., N.Y. A.H. 


Los Angeles, Calif. 
ctober 1970 


Preface to First Edition 


In our years of teaching introductory statistics to students in the behavioral sciences, 
We have been guilty of the crime—if it is a crime—of switching textbooks with such 
frequency that our appearance in the college book store has become a source of acute 
discomfort to the manager of the establishment (where profits are derived largely from 
the resale of used texts). Our experiences in this connection have not been unique; 
we have found that discussion with many of our colleagues in other institutions reveals 
similar difficulties in settling on a single text in statistics. These discussions have 
divulged two frequent sources of complaint. . 

1. Current texts tend to vary between those which are so oversimplified that they 
insult the intelligence of the student, and others which presume more mathematical 
Sophistication than is found among most undergraduate students in the behavioral 
Sciences, 

2. Many of the current texts do not reflect the latest advances in small sample 
Statistics or the more general availability of high-speed automatic calculators on 
College campuses. ; " 

To begin with, we are strongly opposed to texts ier ftum Paesi ia 
Approach to statistical analyses. Desides insulting ша intelligence of the student, 
“uch texts tend to become the behavioral scientist's Merck Manual or а young 
Student’s “Dy. Spock.” This type of text may easily lead the student into concluding 
that Statisties is a Procrustean bed in which one demonstrates his capacity to withstand 
the Pain of memorizing esoteric formulas and the various rules for their application. 

n the other hand, we recognize that a strictly mnthematical approach i introdudtaty 
Statistics leaves many otherwise capable students floundering 5 аи pi mathe- 
Matical symbols and abstractions which have little relevance to ры applications. 

ve have attempted to effect а compromise between these swo. прртоваНе5, T Thus 
although we have usually selected simple examples to illustrate His calculation of 

е various Statistics, we have not hesitated to include algebraie proofs when such 


У 
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proofs are within the grasp of most students of the behavioral sciences and, addition- 
ally, when they demonstrate some fundamental relationship. > 

On the second point, the failure of many current texts to reflect the latest statistica 
advances and technological change, we have made a deliberate effort to eliminate all 
materials which, from our experience, are rarely employed on the contemporary scene. 
Thus coded score methods, which were vital in the days of large sample statistics and 
before the advent of the high speed calculators, will not be found in the text. м hile 
some instructors, in a moment of acute nostalgia, may lament the loss of this relic 
from the “horse and buggy” days of statistics, we feel that instruction in the coded 
score methods is wasteful of time, complicates the life of the harried student who 
comes to believe that knowledge of formulas is the essence of statistics, and advances 
no fundamental insights into the nature of statistical analysis. The use of the cor- 
relational charts has suffered a similar death for the same reason. To critics, we May 
only point out that we have never, in our research, had occasion to employ coded 
score methods or the correlational chart, and we have never met anyone who has! 

On the other hand, we have not hesitated to introduce new statistical techniques 
which we feel represent an advance over prior methods. Thus the Sandler A-statistic, 
which is algebraically equivalent to the Student t-ratio with correlated samples, has 
been introduced because it drastically reduces the computational procedures required 
to arrive at a statistical decision. | 

Furthermore, we have attempted to preserve the distinction between population 
parameters and sample statistics in the testing of hypotheses. Since our approach 15 
consistent throughout the text, we hope to eliminate some of the confusion that 
sometimes arises in this context. 

A word about the organization of the text. Many recent statistics textbooks have 
relegated descriptive statistics to a place of secondary importance. While it is not our 
contention that descriptive statistical techniques represent anything beyond the 
fundamentals of statistical analysis, a mastery of these techniques is prerequisite 10 
the understanding and application of the concepts and procedures involved in infer- 
ential statisties. We have attempted, throughout the text, to demonstrate the contin- 
uity of these two branches of statistics. 

Secondly, the statistical tables in Appendix III have been carefully prepared to 
minimize the student's difficulties in his use of them. For example, most tables are 
preceded by a brief description of the procedures involved in their application. In 


addition, wherever appropriate, critical values for rejecting the null hypothesis are 
shown in terms of one- and two-tailed values at various levels of significance. Finally, 
some tables have been reduced in complexity, making it possible to locate the relevant 
information in a shorter period of time with less chance of error. For example, the 
Mann-Whitney U-statistie is commonly shown in ten different tables. To further 
complicate matters, some of the tables provide exact probability values, whereas 
others provide critical values for rejecting the null hypothesis at various levels of 
significance. We have reduced these tables to four, showing only the critical values 


required to reject the null hypothesis. Furthermore, we have expressed these values 
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in terms of both U and U’ so that the student need not be concerned about which of 
these statistics he has calculated when he employs the Mann-Whitney test. 

The exercises at the end of each chapter are an extremely important and integral 
part of the text since, in addition to illustrating fundamental relationships, they require 
the student to formulate many significant statistical concepts himself. 

Finally, the book has been organized so that the first fifteen chapters constitute, 
in our opinion, a thorough introduction to the fundamentals of descriptive and infer- 
ential statistics. For the instructor desiring more advanced statistical procedures, we 
have included, in the last four chapters of the text, such topics as analysis of variance, 
the power and power efficiency of a statistical test, and several of the more widely 
employed nonparametric tests of significance. | 

In brief, then, we have attempted to produce a textbook for a one-semester intro- 
ductory course in statisties for students in the behavioral sciences. It is our hope that 
the student will gain an appreciation of the usefulness of the statistical method in his 
Professional field, that he will have a good understanding of the assumptions and logic 
underlying the application of the statistical tools, that he will be able to select the 
appropriate statistical technique and perform the necessary computations, and, finally, 
that he will know how to interpret and understand the results of his efforts. 

We are grateful to many people who have contributed to this book. We express 
Our sincere appreciation to Dr. Nancy Wiggins for her many excellent and stimulating 
Comments delivered at varying stages of the preparation of the manuscript In addi- 
tion, we are deeply indebted to Millicent Cowit, Ruth DeMarco, Norma Morrow, 


and Fleeta Runyon for their painstaking efforts in typing a manuscript which, because 


of the many unfamiliar symbols and formulas, must have produced many moments 


of anxiety and frustration. ы 
Finally, we wish to express our gratitude to the many authors and publishers who 
, we wis › 


have permitted us to adapt or reproduce material originally published by them. We 
have cited each source wherever it appears. We are indebted to the Literary Executor 
of the late Sir Ronald A. Fisher, F.R.S., Cambridge, to Dr. Frank Yates, F.R.S., 
Rothamsted and to Messrs. Oliver and Boyd, Ltd., Edinburgh, for permission to 
reprint and adapt tables from their books, Statistical Tables for Biological, Agricultural, 
and Medical Research and Methods for Research Workers. 

ВЕРЕ, 


Greenvale, Bil, М, У. АН. 


January 1967 
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Descriptive Statistics 


The Definition of 1 
Statistical Analysis 


1.1 INTRODUCTION 


If we were to ask the “man on the street” what statistics means to him, we 
would, in all likelihood, obtain some answers such as, “Statistics is ‘hocus pocus’ 
with numbers. By manipulating these numbers according to certain secret and 
well-guarded rules, we can prove anything we have a mind to.” Or, “Statistics 
is the refuge of the uninformed. When we can’t prove oun point through the 
Use of sound reasoning, we fall back upon statistical mumbo-jumbo’ to confuse 
and demoralize our opponents. » Or “Statistics is merely a collection of facts. 
Statisticians concern themselves with such vital issues as the number of bath 
tubs in the State of Kentucky in 1929, the number of men who grow mustaches 
to irritate their spouses and the number of wives who retaliate by growing 
beards.” 

ел true that all these activities, and more, are widely attributed to the 
field of statistics. It is not true, however, that statisticians engage in them. 
What, then, is statistics all about? Although it would be virtually impossible 
to obtain a general consensus on the definition of statistics, it is possible to make 


а distinction between two definitions of statistics. | 

1. Statistics is commonly regarded аз а collection of numerical facts which are 
expressed in terms of summarizing statements and which have been collected 
either from several observations or from other numerical data. From this per- 
Spective, statistics constitutes a collection of statements such as, “The average 
LQ. of 8th grade children їз... ,” or "Seven out of ten people preter Brand Х 


to Brand Y." or "The New York Yankees hit 25 home runs over а two week 


Span during . . ." 

2. Statistics may also be rega 
lion stresses the view that 5 
Organization, and analysis ofn 


rded as а method of dealing with data. This defini- 
tatistics is а tool concerned with the collection, 


umerical facts or observations. 


1 


i 1.2 
2 The definition of statistical analysis 


The second definition constitutes the subject matter of this text. eem 

A distinction may be made between the two functions of the а 
method: descriptive statistical techniques and inferential or inductive statistica 
techniques. | P 

The major concern of descriptive statisties is to present information in a 
convenient, usable and understandable form. Inferential statistics, on the E 
hand, is concerned with generalizing this information, or, more specifically, wis h 
making inferences about populations which are based upon samples taken from 
the populations. 

In describing the functions of statisties, certain terms have already appeared 
with which you may or may not be familiar. Before elaborating on the differ- 
ences between descriptive and inductive statistics, it is important to learn the 


meaning of certain terms which will be employed repeatedly throughout the 
text. 


1.2 DEFINITIONS OF COMMON TERMS USED IN STATISTICS 


Variable: а characteristic or phenomenon which may take on different values. 
Thus, weight, I.Q., and sex are variables since they will take on different values 
When different individuals are observed. A variable is contrasted with a con- 
stant, the value of which never changes, for example, pi. 


Data: numbers or measurements which are collected as a result of observations. 


They may be head counts (frequency data), as a number of individuals stating 
a preference for the Republican presidential candidate, or they may be scores, 
as on a psychological or educational test. Frequency data are also referred to 
as enumerative or categorical data. 


Population or universe: a complete 
having some common observable с 
voting age constitute a population 
Parameter: any characteristic of a population which is measurable, e.g., the pro- 
portion of registered Democrats among Americans of voting age. In this text 
we shall follow the practice of employing Greek letters (e.g. и, с) to represent 
population parameters. 


set of individuals, objects, or measurements 
haracteristic. Thus, all American citizens of 


Sample: a subset of a population or universe, 


oters. We shall em 


represent sample statistics. Моге will be said 


ploy italic letters (e.g. Х, 5) to 
of sampling later in the text. 


about the fascinating problem 
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Example: Imagine an industrial firm engaged in the production of hardware 
for the space industry. Among its products are machine screws which must be 
maintained within fine tolerances with respect to width. As part of its quality 
control procedures, a number of screws are selected from the daily output and 
are carefully measured. These screws constitute the sample. The variable is the 
width of the serew. The data consist of the measurements of all screws collected 
in the sample. When the data are manipulated according to certain rules to 
yield certain summary statements, such as the “average” width of the screws, 
the resulting numerical value constitutes а statistic. The population to which 
we are interested in generalizing is the entire daily output of the plant. The 
“average” width of all the screws produced in a day constitutes a parameter. 
Note that it is highly unlikely that the parameter will ever be known, for to do 
so would require the measurement of every machine screw produced during 
the day. Since this is usually unfeasible for economic and other reasons, it is 
of populations is undertaken. Consequently, 


rare that an exhaustive study t 
, as we shall see, they are commonly estimated 


parameters are rarely known; but 
from sample statistics. 


Let us return to the two functions of statistical analysis for a closer look. 


1.3 DESCRIPTIVE STATISTICS 


When a behavioral scientist conducts à study, hecharacteristically collects a great 
deal of numerical information or data about the problem at hand. The data 
may take a variety of forms: frequency data (head counts of voters preferring 
various political candidates), or scale data (the weights of the contents of a 
popular breakfast cereal, or the 1.0. scores of a group of college students). In 
their original form, as collected, these data are usually a confusing hodge-podge 
of scores, frequency counts, etc. In performing the descriptive function, the 
statistician formulates rules and procedures for presentation of the data in a 
more usable and meaningful form. Thus the statistician states rules by which 
data may be represented graphically. He also formulates rules for calculating 


various statistics from masses of raw data. "e 
ioral scientist administered a number of measur- 


Let us imagine that a behavi ainis | ; 
e tests, personality inventories, aptitude tests) 


ing instruments (e.g., intelligene | | 
to а group of high school students. What are some things which he may do with 
the resulting measurements ог scores to fulfill his descriptive functions? 


1. He may rearrange the scores and group them in various ways in order to be 
able to sce at a glance ап overall picture of his data (Chapter 3, “Frequency 
Distributions and Graphing Techniques"). 

2. He may construct tables, graphs, and figures to permit visualization of the 
results (Section 3.3, *Graphing Techniques,” in Chapter 3). 
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3. He may convert raw scores to other types of scores which are more useful 
for specific purposes. Thus, he may convert these scores into either percentile 
ranks, standard scores, or grades. Other types of conversions will also be 
described in the text (Chapter 4, "Percentiles," and Chapter 7, "The Standard 
Deviation And The Standard Normal Distribution"). 


4. Hemay calculate averages, to learn something about the typical performances 
of his subjects (Chapter 5, “Measures Of Central Tendency”). 


5. Employing the average as a reference point, he may describe the dispersion 
of scores about this central point. Statistics which quantify this dispersion are 


known as measures of variability or measures of dispersion (Chapter 6, “Mea- 
sures Of Dispersion”). 


6. A relationship between two different measuring instruments may be ob- 
tained. The statistic for describing the extent of the relationship is referred to 
as a correlation coefficient. Such coefficients are extremely useful to the behavioral 
scientist. For example, he may wish to determine the relationship between 
intelligence and classroom grades, personality measures and aptitudes, or 
interests and personality measures. Once these relationships are established, 
the behavioral scientist may employ scores obtained from one measuring in- 


strument to predict performance on another (Chapter 8, “Correlation,” and 
Chapter 9, “Regression And Prediction”). 


1.4 INFERENTIAL STATISTICS 


The behavioral scientist’s task is not nearly over when he has completed his 


descriptive function. To the contrary, he is often nearer to the beginning than 
to the end of his task. The reason for this is obvious when we consider that the 
purpose of his research is often to explore hypotheses of a general n 
than to simply compare limited samples. 
Let us imagine that you are a behavior. 
mining the effects of a given drug upon 
psychomotor coordination, 
conditions, experimental an 


ature rather 


al scientist who is interested in deter- 
the performance of a task involving 
Consequently, you set up a study involving two 
d control. You administer the drug to the experi- 

ods before they undertake the criterion 
you administer a pill containing inert in- 
After all subjects have been tested, you per- 
ou find that “on the average” the experimental 
as the controls. In other words, the arithmetic 
P was lower than that of the control group. 
"Can we conclude that the drug produced the 
О groups?" Or, more generally, “Can we assert that 


mean of the experimental grou 
You then ask the question, 
difference between the tw 
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the drug has an adverse effect upon the criterion task under investigation?” 
To answer these questions, it is not sufficient to rely solely upon descriptive 
statistics. 

“After all,” you reason, “even if the drug had no effect, it is highly improbable 
that the two group means would have been identical. Some difference would 
have been observed.” The operation of uncontrolled variables (sometimes 
referred to rather imprecisely as “chance factors”) is certain to produce some 
disparity between the group means. The critical question, from the point of 
view of inferential statistics, becomes: Is the difference great enough to rule 
out uncontrolled variation in the experiment as a sufficient explanation? Stated 
another way, if we were to repeat the experiment, would we be able to predict 
with confidence that the same differences (i.e., one mean greater than another) 


would systematically occur? Н К 
As soon as we raise these questions, we move into the fascinating area of 


Statistical analysis which is known as inductive or inferential statistics. As you 
will see, much of the present text is devoted to procedures which the researcher 
employs to arrive at conclusions extending beyond the sample statistics them- 


Selves. 


1.5 LYING WITH STATISTICS 


A common misconception held by laymen is that statistics is merely a rather 
sophisticated method for fabricating lies or falsifying our descriptions of reality. 
The authors do not deny that some unscrupulous individuals employ statistics 
for just such purposes. However, such uses of statistics are anathema to the 
behavioral scientist who is dedicated to the establishment of truth. From time 
to time, references will be made to various techniques which are used for lying 
with statistics. However, the purpose is not to instruct you in ея 
are of the various misuses of statistical analyses so that you 


but to make you aw 
ake you ¢ hat you may be aware when others do. 


do not inadvertently “tell a lie, ” and so t! 


1.6 A WORD TO THE STUDENT 
and should not become a series of progressive 
If it is approached with the proper frame of 
i iting fields of study; it has applica- 
m isti ne of the most exciting ; рр 
EA PR ког. of human endeavor and cuts across countless fields 
of tud ks үз Ой the 19th century prophet, remarked, “Statistical thinking 
will о nd > E e edes for efficient citizenship as the ability to read and 
на, onstantly їп mind. The course will be much more 


write.” | ht c И 
асн је to you if you develop the habit of “thinking statis- 


The study of statistics need not 
exercises in calculated tedium. 
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tically.” Constantly attempt to apply statistical concepts to all daily activities, 
no matter how routine. When you are stopped at an intersection which you 
cross frequently, note the time the traffic light remains red. Obtain some 
estimate of the length of the green cycle. If it is red three minutes and green 
two, you would expect that the chances are three in five that it will be red when 
you reach the intersection. Start collecting data. Do you find that it is red 
60% of the time as expected? If not, why not? Perhaps you have unconsciously 
made some driving adjustments in order to change the statistical probabilities. 

When you see statistical information being exhibited, develop а healthy 
attitude of skepticism. Ask pertinent questions. When a national magazine 
sends a shapely reporter to ten different diet doctors and receives an unneeded 
prescription from each, do not jump to the conclusion that “diet doctors" 
are frauds. Do not say, "After all, ten out of ten is a rather high proportion 
and dismiss further inquiry at this point. Ask how the reporter obtained her 
sample. Was it at random or is it possible that the doctors were selected on 
the basis of prior information indicating they were rather careless in their 
professional practices? Question constantly, but reserve judgment until you 
have the answers. 

Watch commercials on television; read newspaper advertisements. When 
the pitchman claims, “Dodoes are more effective,” ask, “More effective than 
what? What is the evidence?” 

If you make statistical thinking an everyd. 
that the study of statistics becomes more int 
in will appear different and, perhaps, 


ay habit, you will not only find 


eresting, but the world you live 
more interesting. 


CHAPTER SUMMARY 


In this chapter, we have distinguished between two definitions of statistical 
analysis, one stressing statistics as a collection of numerical facts and the other 
emphasizing statistics as a method or tool concerned with the collection, organi- 


zation, and analysis of numerical facts. The second definition constitutes the 
subject matter of this text, 


A distinction is made b 
descriptive and inferential 5 
the organization and preser 
municable form. The latt 
generalizations or inference 

A number of terms co 

Finally, it was point 
poses of “telling lies.” 
factual basis for our с 
you should be 


etween two functions of the statistical method, 
tatistical analyses. The former is concerned with 
itation of data in a convenient, usable, and com- 
er is addressed to the problem of making broader 
5 from sample data to populations. 

mmonly employed in statistical analysis were defined. 
ed out that statistics 18 frequently employed for pur- 
Such practices are inimical to the goal of establishing a 
onclusions and statistically-based decisions. However, 
aware of the techniques for telling statistical lies so that you do 


Exercises 


7 


not inadvertently “tell one” yourself or fail to recognize one when someone 


else does. 


New terms or concepts that have been introduced in a chapter will be listed 
at the end of each chapter. Some of these terms will be more precisely defined 


in other chapters and consequently may appear again. 


Terms to Remember: 


Statistical method Data 

Descriptive statistics Population or universe 
Inferential or inductive statistics Parameter 

Variable Sample 


EXERCISES 


1. Which of the following most likely constitutes a statistic, а parameter, data, inference 


from data? 
а) A sample of 250 wage earner: 
$5650. 

b) The proportion of bo 
с) Her “statistics” are 36, 12, 25. 

d) My tuition payment this year was $1260. 
e) The number of people viewi 
f) The birth rate in the Unite 


g) The birth rate in Jerry T 
describe what you understand the study of statisties to be. 


уз in а business arithmetic class is 0.58. 


2. In your own words, 


s in Regent City yielded a per capita income of 


ng Monday night’s television special was 23,500,000. 
d States increased by 5% over the previous month. 
ownship increased by 3% over the previous month. 


ourse in accounting asks, "How does statistics differ 


3. А friend who is taking а с i 
ork with numbers and both are used in the field of 


from accounting? Both w 
business." What is your answer? 
4. In the example cited in Section 1 
output of machine screws was me 
arithmetie average of the wid 
that we have established “truth” 
particular day? What about the measur 
5. While listening to the radio or view i 
statistical data are cited during the commer?) 
Is there possibly some “lying with statistics”? 


examples citing re 
ntione 


ement problem? 


6. Bring in newspaper 


.2, let us imagine that, on a given day, the entire 
asured. А summarizing statement such as, "The 
ths of all the screws was 0.23 mm.” May we assume 
with respect to the widths of the screws for that 


ing television, note the number of times that 
als. How detailed are the citations? 


cent survey or poll results. In how many 
d? Do the articles reveal where the 


articles i d of sampling me Weeks 
cles is the metho р from? Why is this information important? 


игуеуз came 


financial support for the s 
t revealed? 


Why is it so commonly no 
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7. List four populations. Do not include any that are defined by geographical 
boundaries. 

8. Describe how you would select a random sample of: 
a) 50 registered Democrats in Phoenix, Arizona. 
b) 25 stocks from all those listed on the New York Stock Exchange. 


е) 30 utility tables from the population of those that are produced in a factory in 
Toledo, Ohio. 


d) 20 college students from all those enrolled at Fisher University. 
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21 INTRODUCTION 


"I'm not much good in math. How сап I possibly pass statistics?” The authors 
have heard these words pass through the lips of countless undergraduate stu- 
dents. For many, this is probably a concern which legitimately stems from 
prior discouraging experiences with mathematics. A brief glance through the 
Pages of this text may only serve to exacerbate this anxiety, since many of the 
formulas appear quite imposing to the novice and may seem impossible to 
master. Therefore, it is most important to set the record straight right at the 
beginni у 

я oe “aig be a mathematical genius to master the statistical 
principles enumerated in this text. The amount of mathematical sophistication 
necessary for a firm grasp of the fundamentals of statistics is often exaggerated. 
As a matter of actual fact, statistics requires а good deal of arithmetic computa- 
tion, sound logic, and a willingness to stay with a point until it is mastered. 

о paraphrase Carlyle, success in statistics is an infinite capacity for taking 
pains. Beyond these modest requirements, little is needed but the mastery of 
Several algebraic and arithmetic procedures which most students learned early 
in their high school careers. In this chapter, we review M Sarena of math- 
ematical notations, discuss several E of numerical scales, and adopt certain 
e T ing of numbers. : 
ior for c mud t qon ated maton, Ape 
Contains a review of all the math necessary to master this text. 


22 THE GRAMMAR OF MATHEMATICAL NOTATION 
we shall be learning new mathematical symbols. 
fine these symbols when they first appear. How- 
shall appear with such great regularity 


Throughout the textbook, 
or the most part, we shall define t 
ever, there are three notations which 
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that their separate treatment at this time is justified. These notations are У; 
(pronounced sigma), X, and N. However, while defining these symbols and 
showing their use, let’s also review the grammar of mathematical notation. 

It is not surprising to learn that many students become so involved in the 
forest of mathematical symbols, formulas, and operations, that they fail to 
realize that mathematics has a form of grammar which closely parallels the 


spoken language. Thus, mathematics has its nouns, adjectives, verbs, and 
adverbs. 


Mathematical nouns. In mathematics, we commonly use symbols to stand for 
quantities. The notation we shall employ most commonly in statistics to 
represent quantity (or a score) is X, although we shall occasionally employ Y. 
In addition, X and Y are employed to identify variables; for example, if weight 
and height were two variables in a study, X might be used to represent weight 
and У to represent height. Another frequently used “noun” is the symbol № 


which represents the number of scores or quantities with which we are dealing. 
Thus, if we have ten quantities, 


N = 10. 


M athematical adjectives. When we want to modify a mathematical noun, to 
identify it more precisely, we commonly employ subscripts. Thus if we have а 


Series of scores or quantities, we may represent them as X 1, Xo, Хз, Ха, ete. 
We shall also frequently encounter Xi, in which the subscript may take on any 
value that we desire. 


Mathematical verbs. N 


otations which direct the reader to do something have 
the same characteristic 


E СИ ѕ as verbs in the spoken language. Опе of the most im- 
portant “verbs” is the symbol already alluded to as ©. This notation directs 
us to sum all quantities or scores following the symbol. Thus, 


X(X1, X2, Хз, X4, Хо) 


indicates th: e iti 
i Vice Should add together all these quantities from X, through Х 5. 


we shall encounter frequently are irecti 
Square root, and exponents (Ха), i “ыз enn и 


1 which tell us to raise a tit he in- 
dicated power. I i 1 бозук 
e n mathematics, mathematical verbs are commonly referred 


Чайна аиби These are notations which, as in spoken language, modify 
- We shall frequently find that the summation signs are modified by 


adverbial notations. Let us imagi indi i 
cists oats he agine that we want to indicate that the following 


Xit XXX. ЕХ: 


М. 
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Symbolically, we would represent these operations as follows: 


N 
> ae 
ici 
The notations above and below the summation sign indicate that 2 takes on 
the successive values from 1, 2, 3, 4, 5 up to N. Stated verbally, the notation 
reads: We should sum all quantities of X starting with ¢ = 1 (that is, X,) and 
proceeding through to i = N (that is, Ху). 
Sometimes this form of notation may direct us to add only selected quanti- 
ties; thus, 


5 
у) Xi = Х + Хз + Ха + Xs. 


$22 


2.3 SUMMATION RULES 
frequently occurring operators in sta- 


The summation sign is one of the most y 
es governing the use of the summation 


tistics. Let us summarize a few of the rul 
Sign. 

Imagine a sample in which № = 
sum of the three values of the varia 


3 and X; = 3, X2 = 4, and Хз = 6. The 
ble may be shown by 


N 
X: = Xı + Xa + Хз 
ж 34446. 


Let а Ье а constant. To show the sum of the values of a variable when a 


constant has been added to each, 
>> (X;+4) = (3 +a) + (4+ a) + 6+ а) 
i=l —3--44-64- (tata) 
= 13 + За. 


Thus 


1=1 


N N 
Y +a = У Xi + Ма. 
i=l 


e values of a variable plus a constant is equal to the 


G ization: th 
eneralization: The вит of ty lus N times that constant. 


sum of the values of the variable p 


2.4 
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To show the sum of the values of a variable when a constant has been sub- 
tracted from each, 


Y а) = (3 — a) + (4 — a) + (6 — a) 
Sa 3+4+6— (a-- a 4- a) 
= 13 — 3a. 


Thus 
N N 
X — а = У, Xi — Na. 
i=l t=1 
Generalization: The sum of the values of a variable when a constant has been sub- 


tracted from each is equal to the sum of the values of the variable minus N times 
the constant. 


N N 
Example: Sp (X;— Х) = 0 — NX. 


t=1 i=1 


2.4 TYPES OF NUMBERS 


Cultural anthropologists, psycholo 
attention to man's tendenc 
from his primary experie 
closest to him. "Thus, wh 
Striking accuracy their 
virtually ignored the ve 


and exhales over four hundred million times а year. In the authors’ experience, 


e student's experience with numbers 


ong before he is expected to 
all hero. Nevertheless, ask 
Which numbers are employed, 


caleulate the batting averages of the latest baseb 
him to define a number, or to describe the ways in 
and you will likely be met with expressions of co: 
"I have never thought about it before," he will frequently reply. After a few 
minutes of soul searching and deliberatio 

the effect that numbers are symbols whi 


, subtracted, multiplied, and divi 


2.5 Types of scales 13 


day life reveals a very interesting fact: most of the numbers we employ do not 
have the arithmetical properties we usually ascribe to them. For this reason, 
we prefer to differentiate between two terms, “numbers” and “numerals.” 
Numerals refer to symbols such as У, 10, IX. Numbers are specific types of 
numerals which bear fixed relationships to other numerals. Thus, two numerals 
such as 4 and 5 are numbers if, and only if, they can be meaningfully added, 
multiplied, subtracted, and divided. From this point on the terms “number” 
and “numeral” will be differentiated on this basis. The list of such numerals 
is large. A few examples in addition to those enumerated above are: the serial 
number on a home appliance, a Zipcode number, a telephone number, a home 
address, an automobile registration number, and the numbers on a book in the 
library. 

The important point is that numerals are used in a variety of ways to 
Much of the time, these ends do not include the 


achieve many different ends. 
In fact, there are three funda- 


representation of an amount or a quantity. 
mentally different ways in which numerals are used. 


1. To name (nominal numerals) 
2. To represent position in a series 
3. To represent quantity (numbers) 


(ordinal numerals) 


2.5 TYPES OF SCALES 
The fundamental requirements of observation and measurement are acknowl- 


edged by all the physical and social sciences as well as by any modern-day 


Corporation interested in improving its competitive position. The things that 
bles or variates. For example, if we are 


We observe are often referred to as varia f | 
Studying the price of stocks on the New York exchange, our variable is price. 
Any particular observation is called the value of the variable, or a score. 


2.51 Nominal Scales i 
ajority of people think about measurement, 


It i еп the m 2 > т t à 
fhey а ар оке of wild-eyed men in xe d manipulating 
costly and incredibly complex instruments in order *d о Er кү. measures 
of the variable that they are studying. Actually, how ү al күте 
are this precise or this quantitative. If we were to oer E e ke of the offspring 
9f female rats which had been subjected to atomic ro Іам кнг pregnancy, 
Sex would be the variable that we would observe. = are only two possible 

female (barring an unforseen mutation which 


v ~ : s d | 
bere i eges эы Jata would consist of the number of observations 
: а third sex!). 


ТА 2 + we do not think of this variable as 
each of these two classes. { values, such as height, weight, speed, etc. 


2.5 
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An organism which is female does not have any more of the variable, sex, than 
one which is male, in spite of what Hollywood tries to tell us. 


When is a woman а woman? Assignment of individuals or objects to classes 18 
not always as clear-cut as it might first appear, since the properties defining the class 
are not always universally agreed upon. The recent controversy over the sex of females 
in international athletic competition is a case in point. Since all female athletes are 
required to submit to a series of sex tests prior to international competition, a number 
of renowned “female” athletes from behind the “iron curtain” have disappeared from 
the international scene. One is led to suspect that they might not have passed the 
physical, for one reason or another. The most fascinating and controversial case 
involves the great Polish athlete Ewa Klobkowska who passed the physical examina- 
tion but was later disqualified when the study of her chromosomes revealed the presence 
of “masculine” Y-chromosomes. Is “she” female or male? An interesting outgrowth 
of the controversy has been the demand by some female athletes—perhaps with 
tongue-in-cheek—that the women doctors charged with examining them submit them- 
selves to a prior physical examination to verify their “true” sex. 


Observations of unordered variables constitute a very low level of measure- 
ment and are referred to as a nominal scale of measurement. We may assign 
numerical values to represent the various classes in a nominal scale but these 
numbers have no quantitative properties. They serve to identify the class. 

The data employed with nominal scales consist of frequency counts or tabu- 
lations of the number of occurrences in each class of the variable under study- 
In the aforementioned radiation study, our frequency counts of male and female 
progeny would comprise our data. Such data are often referred to interchange- 
ably as frequency data, enumerative data, attribute data, or categorical data. The 


only mathematical relationships germane to nominal scales are those of equiva- 
lence (=) ог of nonequivalence (2). 


2.5.2 Ordinal Scales 


When. we move into the next higher level of measurement, we encounter vari- 
ables in which the classes do represent an ordered series of relationships. Thus, 
the classes in ordinal scales are not only different from one another (the charac- 


teristic defining nominal scales) but they stand in some kind of relation to one 
another. More specifically, 


: the relationships are expressed in terms of the al- 
gebra of inequalities: a is less than b (а < b) or a is greater than b (а > Б): 
Thus the relationships encountered are: greater, faster, more intelligent, more 
mature, more prestigious, more disturbed, etc. The numerals employed in 
connection with ordinal scales are nonquantitative. They indicate only position 
in ап ordered series and not “how much” of a difference exists between successive 
positions on the scale. 


2.5 Types of scales 15 


Examples of ordinal scaling include: rank ordering of baseball players ac- 
cording to their “value to the team,” rank ordering of laboratory rats according 
to their “speed” in learning to run a maze, rank ordering of potential can- 
didates for political office according to their “popularity” with people, and rank 
ordering of officer candidates in terms of their “leadership” qualities. Note that 
the ranks are assigned according to the ordering of individuals within the class. 
Thus, the most popular candidate may receive the rank of 1, the next popular 
may receive the rank of 2, and so on, down to the least popular candidate. It 
any difference whether or not we give the most popular 


does not, in fact, make 
the lowest, so long as we are consistent 


candidate the highest numerical rank or : 5 e^ 
an placing the individuals accurately with respect to their relative position in the 


ordered series. By popular usage, however, the lower numerical ranks (1st, 2nd, 
8rd) are usually assigned to those “highest” on the scale. Thus, the winning 
horse receives the rank of “first” in a horse гасе; the pennant winner is “first” 
in its respective league; the rat requiring fewest trials to run a maze is “first” in 
its running performance. The fact that we are not completely consistent in our 
ranking procedures is illustrated by such popular expressions as first-class 


idiot” and “first-class scoundrel. ” 


2.5.3 Interval and Ratio Scales 

; : in science is achieved with scal 
Finally, the highest level of measurement 1n ТЇ ical val ем 
employing numbers (interval and ratio scales). The numerical values associated 
with thon scales are truly quantitative and therefore permit the use of arith- 


5 à $ ен Itiplying, and dividing. In 
metic rations such as adding: subtracting, mu Sess 
operations such as ‘erences between points оп any part of the 


interval and ratio scales equal differ Г 
Scale are equal. Thus the difference between 4 feet and 2 feet is the same as 


the di 231 and 9229 feet. i i 
ји a ae eg ви will recall, we could not claim that the difference 


between the first and second horses in a race was the same as the difference be- 


tw i rses. 5 2 
po the second S аа based upon numbers: interval and ratio. 
here are two typ cales stems from the fact that the interval 


The or ; -een the two $ 
nly difference between > : AP ч 
Seale employs an arbitrary Zero point, whereas the ratio sole employs 3 bn 


ae rmits us to make statements 
Zero point. sequently, only the и еф eT 2 
Concerning оү ur of numbers in the scale; ek pee Da а ae 
are to 1 foot A good example of the differenc® 5 iin а hei ht as т d 
Scale is height as measured from à table top (inter e s be forth үсе 
from the Hot The difference between ада pt oes scale lege: ^r 
У examining n well-known interval scale, e£ s n is also an interval d 
ture. Incidentally, the Fahrenheit scale of temperature scale. 
, 
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—273° —200° —100° 0° 100° 
[асс 
Absolute ^ 
zero [2o i 


[10*c 


Fig. 2.1 Relationships of various points on a centigrade scale to absolute zero. 


The zero point on the centigrade scale does not represent the complete 
absence of heat. In fact, it is merely the point at which water freezes at sea 
level and it has, therefore, an arbitrary zero point. Actually, the true Zero 
point is known as absolute zero which is approximately —273° centigrade. 
Now, if we were to say that 40°С is to 20*C as 20? C is to 10°C, it would appear 
that we were making a correct statement. Actually, we are completely wrong 
since 40°C really represents 273? + 40? of heat; 20°C represents 273° + 20° of 
heat; and 10°C represents 273° + 10° of heat. The ratio 313:293 as 293:283, 
clearly does not hold. These facts may be better appreciated graphically. In 
Fig. 2.1, we have represented all three temperature readings as distances from 
the true zero point which is —273°С. From this graph it is seen that the distance 


from —273°С to 40°C is not twice as long as the distance from —273°C to 20°С. 
Thus, 40°C is not twice as warm as 20°C, and the ratio 40°C is to 20°C as 20°C 
is to 10°C does not hold. 


Apart from the difference in the nature of the zero point, interval and ratio 
scales have the same properties and will be treated alike throughout the text. 

; It should be clear that one of the most sought-after goals of the behavior? 
Scientist is to achieve measurements Which are at least interval in nature. Un- 
fortunately, behavioral science has met with little success along these lines: 
Indeed, there are certain epistemological considerations which make the authors 
doubt that we will ever achieve interval scaling for many of the types of dimen- 
sions which behavioral Scientists measure. In several instances where interv® 
scaling is claimed, it is by virtue of certain assumptions which the claimant 18 
willing to make. For example, some Specialists in scaling procedures will a5 
sume that “equal-appearing intervals are equal" as the basis for claiming 
cardinality. The approximation of such scales to i 


cardinal measurement 19, 
of course, only as good as the validity of the assumption 


26 CONTINUOUS AND DISCONTINUOUS SCALES 


rach b шее that you are given the problem of trying to determine the num- 
в children per American family. Your scale of measurement would start 
ith zero (no children) and would proceed, by increments of one to perhaps 
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fifteen or twenty. Note, that in moving from one value on the scale to the next, 
We proceed by whole numbers rather than by fractional amounts. Thus a family 
has either 0, 1, 2, or more children. In spite of the statistical abstraction that 
the American family averages two and a fraction children, the authors do not 
know a single couple that has achieved this marvelous state of family planning. 

Such scales, in which the variable can take on a finite number of values, are 
referred to as discontinuous or discrete scales, and they have equality of counting 
units as their basic characteristic. Thus, if we are studying the number of chil- 
dren in a family, each child is equal with respect to providing one counting unit. 
Such scales involve cardinality insofar as they permit arithmetic operations such 
аз adding, subtracting, multiplying, and dividing. Thus we can say that a 


family with four children has twice as many children as one with two children, 
always exact so long as the counting 


bservati јевр ariables are 1 
ни арене UN of discontinuous variables are 3 the Е 
of hats sold in а department store during the month of ee a Г 7 nuns а 
white blood cells counted in one square centimeter, the number ot alpha par ticles 
Observed in a s с. у : 06 

Үоц б спине from the above discussion S. Muti pics 
Sarily involve only whole numbers. A spinner, such se init d by half pe 
Would be discrete, yet the seven values Анан in onc take on values 

he important point, in this example, 18 that the varia ј 


elween 0 and 0.5, or 0.5 and 1, ete. 


lt 2.2 A spinner illustrating a discrete scale 
which the variable changes by half units. / 


ariable may take on an unlimited number 
8 


i scale. For example, let us 
of intermedi +в referred to as 2 continuous у : 
take fh ш d се ев which is illustrated in the spinner above (0 to 3). 
ne range о 


1.75, 2.304, ete., tl 
it were possible for this variable to take on such values as 4.49, d оен 


5 f measurement. 

e А ; nuous scale О 2 Р 

gs be pens ie ү вив our measurement of discrete variables 
important to note , 


: {аЫез is always approxi- 
15 always exact, our measurement of continuous се туна a аги Da 
Mate, If ess p телш the height of pup ie possible to imagine a 
Particular measurement is inexact beead® ee 


Thus, if we reported 
y ter accuracy. t: 
e А : K vide grea : à 
о stick which would у WE would mean 68 inches т take one 
eight of a man to be 68 ае се а the nearest tenth, we can always imagine 
an inch. If our scale is accur? 


to the nearest hundredth or 
“Nother Scale providing greater acc 


In contrast, a scale in which the v 


Wi 


i 2.7 
18 Basic mathematical concepts 


thousandth of an inch. The Базе characteristic of continuous scales then, is 
equality of measuring units. Thus, if we are measuring in inches, one inch is 


always the same throughout the scale. Examples of continuous variables are 
length, velocity, time, weight, etc. 


2.6.1 Continuous Variables, Errors of Measurement, 
and “True Limits” of Numbers 


In our preceding discussion, we pointed out that continuously distributed vari- 
ables can take on an unlimited number of intermediate values. Therefore, we 
can never specify the exact value for any particular measurement, since it is 
possible that a more sensitive measuring instrument can increase the accuracy 
of our measurements a little more. For this reason, we stated that numerical 
values of continuously distributed variables are always approximate. However, 
it is possible to specify the limits within which the true value falls; e.g., the true 
limits of a value of a continuous variable are equal to that number plus or minus 
one half of the unit of measurement. Let us look at a few examples. You have 
a bathroom seale, which is calibrated in terms of pounds. When you step on 
the scale the pointer will usually be a little above or below a pound marker. 
However, you report your weight to the nearest pound. Thus, if the pointer 
were approximately three quarters of the distance between 212 pounds and 213 
pounds, you would report your weight as 213 pounds. It would be understood 


that the “true” limit of your weight, assuming an accurate scale, falls between 
212.5 pounds and 213.5 pounds. If, on the other hand, you are measuring the 
weight of whales, you would probably have a fairly gross unit of measurement, 
say 100 pounds. Thus, if you reported the weight of a whale at 32,000 pounds, 
you would mean that the whale weighed between 31,950 pounds and 32,050 
pounds. If the scale were calibrated in terms of 1000 pounds, the true limits of 
the whale’s weight would be between 31,500 pounds and 32,500 pounds. 
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perform this arithmeti 
which extends to an е 
to express the fractio 
obvious that we са, 


we shall be required to 


In most cases, the answer will be a value 
ndless number 


n $ in decimal 


2.7 
Rounding 19 


The answe ; 
ие ake to the first question is usually given in terms of the numb 
Renate = iss Fee opt (es are many good reasons for not following Сш 
шаша ricture to the letter. For simplici i 
BE г | ог simplicity and conven n 
pt the following policy with respect to rounding: о 


After ev oper "1 ^ nd round to two more laces than 
ery a p re in 
y operation, carry to three d Ci were 


the original data. 


Thus, i 
if rigi i 
answer ae or iginal data were in whole-numbered units, we would carr 
»e third decimal place and round to the second decimal. If in д. 
; 8, 


We w й 
aon round to the third decimal, and so forth. 
we have decided the number of places to carry our final figures, we а 
3 re 


Still ] 5 

а pe problem of representing the last digit. Fortunately, the rule 

ан а E E of the last digit is perfectly simple and explicit 

next higher ader beyond that digit is greater than 5, increase that digit to ilio 

thai digit ener If the remainder beyond that digit is less than 5, allow 
remain as it is. Let’s look at a few illustrations. In each садр we 


Shall 
round to the second decimal place: 


6.546 becomes 6.55, 
6.543 becomes 6.54, 
1.967 becomes 1.97, 
1.534 becomes 1.53. 


Y Ў i 
ou may ask, “In the above illustrations, what happens if the digit at the 


thi P 
hird decimal place is five?" 
Bis cs ош first determine W 
igit at Е ightest remainder, the above ru 
he second decimal place. If it is 


е Seco | р 

на nd decimal place remains the same. 
n arbitr: i ich i i 

an arbitrary convention which is accepted universally by mathematicians 


applies: 
es: Round the digit at the second decimal place to the nearest even number 


this digit i it i 
s digit is already even, then it is not changed. If it is odd, then add one to 
al illustrations in which we round 


is dip; 
ie to: make it even. Let's look 84 sever 
Second decimal place: 


hether or not the digit is exactly 5. If it is 5 
le holds and you must add one to the 
almost, but not quite 5, the digit at 
If it is exactly 5, with no remainder, 


6.545001 becomes 6.55. Why? 
6.545000 becomes 6.54. Why? 
1.9652 becomes 1.97. Why? 
0.00500 becomes 0.00. Why? 

Why? 


becomes 0.02. 


0.01500 
16.90. Why? 


16.89501 becomes 
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2.8 FREQUENCY, PROPORTION, AND PERCENTAGE 


Throughout the text we shall be dealing with data in terms of frequency, a! 
portion, and percentage. You should be aware of the relationship among these 
three terms. 

If there are 300 women in a class of 1200 students, the frequency of women 
is 300. The proportion (p) of women to the total is 300/1200 or, expressed 
decimally, p — 0.25. Finally, to express this proportion as a percentage, you 
simply multiply by 100, i.e., the percentage of women is 25% of the total: 


frequency of women 


n percentage of women 
— proportion of women — i 
total frequency 


100 


CHAPTER SUMMARY 


In this chapter, we pointed out that advanced knowledge of mathematics is 
not a prerequisite for success in this course. A sound background in high school 
mathematics plus steady application to assignments should be sufficient to per- 
mit mastery of the fundamental concepts put forth in this text. 

To aid the student who may not have had recent contact with mathematics, 
we have attempted to review some of the basic concepts of mathematics. In- 
cluded in this review are: (1) the grammar of mathematical notations, (2) types 
of numbers, (3) types of numerical scales, (4) continuous and discontinuous 


scales, (5) rounding and (6) ratios, frequencies, proportions and percentages. 
Students requiring а more thorough review of mathematics may refer to 
Appendix I. 


Terms to Remember: 


25 Discontinuous scales 
Nominal numeral Continuous scales 
Ordinal numeral Counting units 
Cardinal number Measuring units 
Variable or Variate True limit of a number 
Value of variable Rounding 

Nominal scale Frequency 

Frequency data Proportion 
Enumerative data Percentage 

Attributive data 


Categorical data 
Ordinal scale 
Interval scale 
Ratio scale 
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EXERCISES 


The following exercises are based on this chapter and Appendix I. 


1. Solve the following equations for X. 


a)a+N=b-—c b) 2Х -а = с c) аХ- ЊУ = с 
g) ELE =c в) (53) = У 0 z = ах? 
2. S i i i 1 а 
усо зарн enre g А ZANA 


b) a — а? = X, in whicha = 2 


с) (а2)(68) = X, inwhicha = & b = 
d). = X, in which a = 3 
a 
3 b x« в å ере 
е) а – - = Х, inwhicha = 2 b =$, с = " 
° Ww 


3. Round the following numbers to the second decimal place. 


а) 99.99500 b) 46.40501 

c) 2.96500 d) 0.00501 

e) 16.46500 B = 
10. 


&) 86.2139 
4. Determine the answers to the following problems to as many places as is standard 


procedure. 
a) 0.275 times 0.111 b) 0.3811 times 0.2222 
d) 150 divided by 400 


е) 0.999 times 0.121 x 
€) 0.1 divided by 0.9 f) 0.006 divided by 0.007 
f the following. 


5. Determine the proportion and percentage o 


a) Male students in your statistics class. 
b) Number of face cards in а conventional 52-card deck. 


c) 25 items correct on a quiz consisting of 33 items. 
d) 4652 voters out of a total registration of 9686. 
6. Determine the value of the following expressions in which Xi = 4, X» = 5, 


Хз = 7, X4 = 9, Xs = 10, Xo = 11, X; = 14. 


* 6 
"b b DX: = 32: 
i=l i= 


i=l 


5 N N 
Ух; = ө Ух: = РА 


i=l 


\ 


ї=2 
7. Express the following in summation notatii 
а) Xı + Хр + Хз 
©) X+ X1-- ХХ + X6 


on. 
b) Ха + Х2+ + Хи 
à xi X84 + XN 
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Basic mathematical concepts 


i i ire 1 у e of 
The answers to the following questionnaire items are based on what scal 
measurement? 


2) What is your height? 
b) What is your weight? 
c) What is your occupation? 


d) How does this course compare with others you have taken? 
e) What is your name? 


. In the following examples, identify the scale of measurement, and determine 
whether the italicized variable is continuous or discontinuous. 
8) Distance traveled from home to school. 
b) Number of infants born at varying times of the day. 


c) Number of votes compiled by each of three candidates for а political office. 


d) Number of servicemen at varying ranks in the U.S. Army. 


10. Determine the Square roots of the following numbers to two decimal places. 
a) 160 b) 16 с) 1.60 d) 0.16 e) 0.016 
11. State the true limits of the following numbers. 45 
a) 0 b) 0.5 ©) 1.0 4) 0.49 е) —5 p= 
12. 


13. 


14. 


15. 


16. 


Using the values of Xi given in Problem 6 above, show that 


Show that 


is a true statement by giving 
Discuss the special characteristics of each seale of measurement. Give two ех- 
amples of each type of scale. 

Which of the following 
scales of measurement? 
а) The number of 
b) The monthly in 
€) The temperatu 


ап example. 


Tepresent continuous scales and which represent discrete 
light bulbs sold each day in a hardware store. 
come of graduate students, 


res recorded every two hours in the meat department of à 


s in an experimental laboratory: 
at a hospital nursery, 

the college bookstore. 
Using the figures shown in the table below, 


Г answer the following questions: 
ents majoring in each 


a? 
academic area, what percentage is female’ 
at percentages are found in each academic area: 

Я females, what Percentages are found in each academic 
area? 
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d) Of all students majoring in the five areas, what percentage is male? What 


percentage is female? 
The number of students, by sex, majoring in each of five academic areas: 


Male Female 
Business administration 400 100 
Education 50 150 
Humanities 150 200 
Science 250 100 
200 200 


Social science 


“Prices reduced below cost.” What does this 


1 / 3 = 
7. А large discount house advertises, 
interpret the claim. Are the interpreta- 


claim mean to you? Ask your friends to 
tions all in agreement? 

18. Refer to Table 3.4, and answer the following. If 
hat and selected at random, what is the likelihood that: 
а) The score would be in the interval 145-149? 
b) The score would be between 130 and 138? 
с) The score would be 94 or below? 
4) The score would be 145 or above? 


19. Indicate which of the following variables represen 
2) The time it takes you to complete these problems. 
a given city on December 19, 1969. 


b) The number of newspapers sold in г > 
©) The amount of change in weight of 5 women during а period ot = weeks, 
4) The number of home runs hit by 10 pitchers, selected at random, during the 


all the scores were placed in a 


t discrete or continuous series. 


1970 baseball season. z А 

е) The number of stocks on the New York Stock Exchange that increased in 
selling price on January 3, 1970. 

of births in the United States (expressed 


20. Following i i у 
: owing is a list showing the number 
in thousands) between 1940 and 1960. (Source: The World Almanac, 1967 


р шы by млерарес Разне Звод Tros Nou p Башы 


Year Males Females 
1940 1212 1149 
1945 1405 1331 
1950 1824 1731 
1955 2074 1974 
1960 2180 2078 


Cale , "ear. 
‘leulate the percentage of males and females for each year. 
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31 GROUPING OF DATA 


Let us imagine that you hav 
a large senior high school. 


ares an equal chance 
of personal and scho- 
s intellectual ability, 
› “LQ. estimate.” You write 


Table 3.1 
1.0. Scores of 110 high school Students selected at random 


154 | 131 | 122 100 | 113 | 119 121 | 128 | 112 | 93 
133 | 119 | 115 117 | 110 | 104 125 | 85 | 120 | 135 
116 | 103 | 103 121 | 109 

128 | 93| 90 105 | 118 | 134 89 | 143 | 108 142 
85 | 108 | 108 136 | 115 | 117 110 | 80 
100 | 100 | 114 123 | 126 | 119 
105 | 111 | 127 108 | 106 | 91 
150 | 130 | 87 89 | 108 | 137 124 | 96 
118 | 104 | 127 94 | 115 | 101 125 | 129 | 131 110 
97 | 135 | 108 139 | 133 | 107 115 | 83 | 109 116 
10 | 113 | 112 82 | 114 | 112 


24 
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Table 3.2 
Frequency distribution of 1.О. scores of 110 high school students selected at random 


X f X f X f х 7 
154 | 135 | 116 | 97 | 
153 134 115 || 96 | 
152 138 || 114 95 

151 132 | 113 || 94 | 
150 | 131 || 112 | 93 | 
149 130 111 ||| 92 

148 129 110 TE 91 | 
147 | 128 109 90 

146 127 108 ME 89 | 
145 | 126 | 107 88 

144 125 106 | 87 

143 | 124 | 105 | 86 

142 || 123 | 104 | 85 

141 122 | 103 || 84 

140 121 | 102 83 

139 | 120 | 101 | 82 

138 119 | 100 ||| 81 

137 | 118 | 99 80 | 
136 | 117 | 98 


fashion. It occurs to you to list all the scores from highest to lowest and then 
place a slash mark alongside of each score every time it occurs (Table 3.2). 
The number of slash marks, then, represents the frequency of occurrence of 


each score. 

When you have done this, you ha 
tribution of scores. Note that, in t 
Spread out, a number of scores have a 
clear indication of central tendency. 
for most researchers to “group” the score 
intervals and then obtain a frequency distri 


ve constructed an ungrouped frequency dis- 
he present example, the scores are widely 
frequency of zero, and there is no “visually” 
Under these circumstances, it is customary 
scores into what is referred to as class 
bution of “grouped scores.” 


3.1.1 Grouping into Class Intervals 

s a sort of “collapsing the scale” in which 
lasses in which the classes are defined 
loyed. The reasons for grouping are 


Grouping into class intervals involve 
We assign scores to mutually exclusive* с 
in terms of the grouping intervals emp 

ders . "we 
* We refer to the classes as mutually exclusive because it is impossible for à subject's 
Score to belong to more than one class. 
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twofold: (1) It is uneconomical and unwieldy to deal with a large number in 
cases spread out over many scores unless automatic calculators are availab e. 
(2) Some of the scores have such low frequency counts associated with them 
that it is not warranted to maintain these scores as separate and distinct entities. 

On the negative side is, of course, the fact that grouping inevitably results 
in the loss of information. For example, individual scores lose their identity 
when we group into class intervals and some small errors in statistics based 
upon grouped scores are unavoidable. 

The question now becomes, "On what basis do we dec 
intervals which we will employ?" 
30 gross that we lose the discrim 
For example, if we were to divi 
classes; those below 100 and th 
tion inherent in the original sco 
intervals should not be so fine t. 
In answer to our question, the 
can be applied to all data, 
intervals must represent a j 


ide upon the grouping 
Obviously, the interval selected must not be 
ination provided by our original measurement. 
de the previously collected I.Q. scores into two 
ose 100 and above, practically all the informa- 
res would be lost. On the other hand, the class 
hat the purposes served by grouping are defeated. 
re is, unfortunately, no general prescription which 
Much of the time the choice of the number of class 

udgment based upon a consideration of the relative 
effects of grouping upon discriminability and presentational economy. How- 
ever, it is generally agreed that most data in the behavioral sciences can be 
accommodated by 10 to 20 class intervals. For uniformity, we shall aim for 
approximately 15 


class intervals for the data that we shall discuss in this text- 
Having decided и 


у one for the sake of consistency. The procedures to be em- 
ployed are as follows: 


Step 1. Find the differen 
contained in the original 
potential scores. In the p 


ce between the highest and the lowest score values 
data. Add 1 to obtain the total number of scores ОГ 
Tesent example, this result is (154-80) + 1 = 75. 


Step 2; Divide this figure by 15 to obtain the number 


я o5 
of scores or potential score 
ing value is not a whol 


e number, and it usually 15 


interval is 2$, or 5. 


i. In the example, i = 5- 

€ original data as the minimum value in the 
2 — 1 to obtain the maximum score of the 
Owest class interval of the data on hand 15 


Step 3. Take the lowest score in th 
lowest class interval. Add to this 


lowest class interval. Thus, the 1 
80 — 84. 
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Step 4. The next higher class interval begins at the integer following the maxi- 
mum score of the lower class interval. In the present example, the next integer 
is 85. Follow the same steps as in step 3 to obtain the maximum score of the 
second class interval. Follow these procedures for each successive higher class 
interval until all the scores are included in their appropriate class intervals. 


Step 5. Assign each obtained score to the class interval within which it is in- 
cluded. The grouped frequency distribution appearing in Table 3.3 was obtained 
by employing the above procedures. 


Table 3.3 
Grouped frequency distribution of 1.О. scores based 
upon data appearing in Table 3.2 


Class interval f | Class interval f 
150-154 2 110-114 17 
145-149 2 105-109 14 
140-144 3 100-104 12 
135-139 5 95-99 4 
130-134 7 90-94 5 
125-129 9 85-89 5 
120-124 9 80-84 3 
115-119 13 


М = 110 


You will note that by grouping we may obtain an immediate “picture” of 
the distribution of I.Q. scores among our high school students. For example, 
we note that there is a clustering of frequencies in the class intervals between 
the scores of 100 and 119. It is also apparent that the number of scores in the 
extremes tends to dwindle off. Thus, we have-achieved one of our objectives in 
&rouping, to provide an economical and manageable array of scores. 


31.2 The True Limits of a Class Interval 

“true limits” of a number, (Section 2.6.1) we 
f a number is equal to its apparent value 
f measurement. Of course, the same is true 


of these values even after they have been grouped into class intervals. Thus, 
although we write the limits of the lowest class interval as 80—84, the true 
limits of the interval are 79.5-84.5 (1.0, the lower real limit of 80 and the upper 
Teal limit of 84, respectively). ELS | 

It is important to keep in mind that the true limits of a class interval are not 
the same as the apparent limits. When calculating the median and percentile 
Tanks for grouped data, we shall make use of the true limits of the class interval. 


In our prior discussion of the 
Pointed out that the “true” value о 
Plus and minus one-half of the unit о 
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3.2 CUMULATIVE FREQUENCY AND CUMULATIVE 
PERCENTAGE DISTRIBUTIONS 


It is often desirable to arrange the data from a frequency distribution into a 
cumulative frequency distribution. Besides aiding in the interpretation of the 


frequency distribution, a cumulative frequency distribution is of great value 
in obtaining the median and the various 


percentile ranks of scores, as we shall 
see in Chapter 4. 


The cumulative frequency distribution is obtained in a very simple and 
straightforward manner. Let us attend to the data in Table 3.4. 

The entries in the frequency distribution indicate the number of high school 
students falling within each of the class intervals. Е 
tive frequency distribution in 


successive addition of the entries 
ve frequency corresponding to the 
в obtained by successive addition 
at the top entry in the cumulative 
you fail to obtain this result, you 
ating frequencies and should check 


Table 3.4 


Grouped frequenc 


У distribution and cumulative frequency 
distribution based 


upon data appearing in Table 3.3. N = 110 


Class interval y Cumulative f Cumulative % 
150-154 2 110 100 
145-149 2 108 98 
140-144 3 106 96 
135-139 5 103 94 
130-134 7 98 89 
125-129 9 91 83 
120-124 9 82 75 
115-119 13 73 66 
110-114 17 60 55 
105-109 14 43 39 
100-104 12 29 26 

95-99 4 17 15 
90-94 5 13 12 
85-89 5 8 7 
80-84 3 3 3 
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The cumulative percentage distribution, also shown in Table 3.4, is obtained 
by dividing each entry in the cumulative frequency column by N and multi- 
plying by 100. Note that the top entry must be 100% since all cases fall below 
the upper real limit of the highest interval. 


3.3 GRAPHING TECHNIQUES 


We have just examined some of the procedures involved in making sense out 
of a mass of unorganized data. As we pointed out, your work is usually just 
beginning when you have constructed frequency distributions of data. The 
next step, commonly, is to present the data in pictorial form so that the reader 
may readily apprehend the essential features of a frequency distribution and 
compare one with another if he desires. Such pictures, called graphs, should 
not be thought of as substitutes for statistical treatment of data but rather as 


visual aids for thinking about and discussing statistical problems. 


3.4 MISUSE OF GRAPHING TECHNIQUES 


As you are well aware, graphs are often employed in the practical world of 
commerce to mislead the reader. For example, by the astute manipulation of 
the vertical (ordinate or Y-axis) and horizontal (abscissa or X-axis) axes of a 
graph, it is possible to convey almost any impression that is desired. Figure 3.1 
illustrates this misapplication of graphing techniques. In it are shown two bar 
graphs of the same data in which the ordinate and the abscissa are successively 
elongated to produce two distinctly different impressions. | | 

It will be noted that graph (a) tends to exaggerate the difference in fre- 
quency counts among the four classes, whereas graph (b) tends to minimize 


these differences. 
а The differences might be furthe 
‘Gee whiz!” chart by Daryl Huff in 


г exaggerated by use of a device called the 
his excellent book, How to Lie with Statistics. 


@) © 


Fig. 3.1 Bar graphs representing the same data but producing different 
Varying the relative lengths of the ordinate and the abscissa. 


impressions by 
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Government payrolls up! Government payrolls stable! 


30 
20 
Millions of 
dollars m. 
p Dec 
June July Aug. Sept. Oct. Nov. Dec. June July Aug. Sept. Oct. Nov. 


1937 1937 
Fig. 3.2 The use of the 
printed from D. Huff, Ho 
with permission). 


"Gee Whiz” chart to exaggerate differences along the ordinate с 
W to Lie with Statistics. New York: W. W. Norton & Со., Inc., 1954, 


"This procedure consists of elimin 


ating the zero frequency from the vertical axis 
and beginning with a frequency 


count greater than zero. Figure 3.2 is borrowed 
from Mr. Huff's book and illustrates quite dramatically the way in which 
graphs may be employed for purposes of deception. 

It is obvious that the use of such devices are inimical to the aims of the stat- 
istician which are to present data with such clarity that misinterpretations are 
reduced to a minimum. We may overcome the Second source of error illustrated 
above by making the initial entry on the Y-axis а zero frequency. The first 
problem, however, which is the selection of scale units to represent the horizontal 
and vertical axes, remains. Clearly, the choice of these units is an arbitrary 


avoid graphic anarchy, it is necessary to adopt & 
convention, 


Three-Quarter High Rule 


y distributions, most statisticians have 


agreed upon a conventi nas the “three-quarter high rule" which is ex- 


on know 
pressed as follows, 


In plotting the Sreque 


а ; neies, the vertical axis should be laid out so that the height of 
the maximum point (representing the score with the highest associated frequency) 
18 approximately equal to th 


тее quarters the length of the horizontal axis. 
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of the three-quarter rule is illustrated in the forthcoming section dealing with 
bar graphs. However, this rule has also been applied to all the graphs appearing 
in the remainder of the chapter. 


3.5 NOMINALLY SCALED VARIABLES 


The bar graph, illustrated in Fig. 3.3, is the graphic device employed to repre- 
sent data which are either nominally or ordinally scaled. A vertical bar is 
drawn for cach category in which the height of the bar represents the number 
of members of that class. If we arbitrarily set the width of each bar at one unit, 
the area of each bar may be used to represent the frequency for that category. 
Thus the total area of all the bars is equal to М. 

In preparing frequency distributions of nominally scaled variables, you must 
keep two things in mind: (1) No order is assumed to underlie nominally scaled 
variables. Thus, the various categories can be represented along the abscissa 
in any order you choose. The authors prefer to arrange the categories alphabeti- 


160 


140 


120 


100 


80 


60|-— ———3À 


20L— — 


Life Physical Social 


i imanities > i 
Business pa sciences sciences sciences 


administration 


Fig. 3.3 Number of students enrolled in introductory economics courses who are 


Majoring in the various academic fields (hypothetical data). 
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саћу in keeping with their desire to eliminate any possibility of personal factors 
entering into the decision. (2) The bars should be separated rather than con- 
tiguous so that any implication of continuity among the categories is avoided. 

The use of the three-quarter rule is perfectly straightforward with graphs 
of nominally scaled variables. Parenthetically, in implementing the three- 
quarter rule, we recommend that you acquaint yourself with the use of the 
metric ruler. You will soon find that the metric system of measurement is far 
superior to the English system when it comes to dealing with fractions and 
decimals. 

The first decision which must be made concerning the length of the abscissa 
will be based on such factors as the amount of space available for the graphic 
representation. Once this decision is made, the remainder follows automatically. 

Let us say that available space permits us to represent the horizontal axis 
with a line approximately 100 millimeters (mm) in length. The height of the 
vertical axis would then be 2 x 100 or 75 mm. In Fig. 3.3, the maximum fre- 
quency is 150. Since 75 mm are to be shared by 150 frequencies, the number 
of millimeters representing each frequency is 15 


5 or 0.5 mm. In other words, 
each 5 mm along the Y-axis represents ten frequencies. 


30 


25 


20 


Wins 
15 


10 


4 5 
Post position 
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Finally, the five categories represented along the abscissa will occupy 100 mm 
or 20 mm per class. It will be recalled that the vertical bars should be separated 
to avoid the implication of continuity. Consequently, the vertical bars should 
be somewhat less than 20 mm in width to permit this separation. 


3.6 ORDINALLY SCALED VARIABLES 


It will be recalled that the seale values of ordinal scales carry the implication 
of an ordering which is expressible in terms of the algebra of inequalities (greater 
than, less than). In terms of our preceding discussion, ordinally scaled variables 
should be treated in the same way as nominally scaled variables except that the 
categories should be placed in their naturally occurring order along the abscissa. 
Figure 3.4 illustrates the use of the bar graph with an ordinally scaled variable. 


3.7 INTERVAL AND RATIO SCALED VARIABLES 


3.71 Histogram 


It will be recalled that interval and ratio scaled variables differ from ordinally 
scaled variables in one important way, i.e., equal differences in scale values are 
equal. This means that we may permit the vertical bars to touch one another 
in graphic representations of interval or ratio scaled frequency distributions. 
Such a graph is referred to аза histogram and replaces the bar graph employed 
with nominal and ordinal variables. Figure 3.5 illustrates the use of the his- 
togram with a discretely distributed ratio scaled variable. i 

We previously noted (Section 3.5) that frequency may be represented either 
by the area of a bar or by its height. However, there are many graphic applica- 
tions in which the height of the bar, or the ordinate, may give misleading in- 
formation concerning frequency. Consider Fig. ‚86, which shows the data 
grouped into unequal class intervals and the resulting histogram. 


138 


140} 


Fig. 3.5 Frequency distribution of the num- 
ber of children per family among 389 paT ловя 
Surveyed in а small suburban COMMUTE Number of children in family 


(hypothetical data). 


34 Frequency distributions and graphing techniques 3.7 


15 
А на; Frequency 
wa | æ _ 
5 10 12-14 Зои 
9-11 Sires 
бз | CES 
as | 
5 2: 13 _ 
1 и = 
0 AS 
aaa 
012 4 7 10 B 


20 
Days absent from work 


Fig. 3.6 Histogram employing unequal class intervals (hypothetical data). 


Score units. Thus, the hei ust equal 8 units. 

In general, it is advisable that we consider frequency in terms of area when- 
ever xi are dealing with variables in Which an underlying continuity may be 
assumed. 


3.7.2 Frequency Polygon 
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je T | ae ee el Tau] 
92 97 102 107 112 117 122 127 132 137 142 147 152 


Midpoints of class intervals 


Fig. 3.7 Frequency polygon based on the data appearing in Table 3.4. 


Figure 3.7 shows a frequency polygon based upon the grouped frequency dis- 


tribution appearing in Table 3.3. 
In frequency polygons, frequency cannot be represented by the height of 


the ordinate, but only by the area between the ordinates. 


3.8 FORMS OF FREQUENCY CURVES 
take on an unlimited number of different forms. 
However, many of the statistical procedures discussed in the text assume a 
particular form of distribution, namely, the “bell-shaped” normal curve. 

In Fig. 3.8, several forms of bell-shaped distributions are shown. Curve (а), 
which is characterized by a piling ир of scores in the center of the distribution, 
is referred to as a leptokurtic distribution. In curve (с), in which the opposite 
condition prevails, the distribution is referred to as platykurtic. And finally, 
curve (b) takes on the ideal form of the normal curve and is referred to as a 
mesokurtic distribution. | АГИДЕ А m 

The normal curve is referred to as a symmetrical distribution, since, if it is 

all symmetrical curves are bell- 


folded in half, the two sides will coincide. Not | 
Shaped, however. А number of different symmetrical curves are shown in 
, E 


Fig. 3.9, 


Frequency polygons may 


i 3.8 
36 Fregeuncy distributions and graphing techniques 


JN. А © 


Fig. 3.8 Three forms of bell-shaped distributions: (a) leptokurtic, (b) mesokurtic, and (c) platy- 
kurtic. 


(а) (6) © 


Fig. 3.9 Illustrations of several nonnormal symmetrical frequency curves. 


m | Va | | 
(a) (b) (c) 


Fig. 3.10 Illustration of skewed frequency curves. 


are represented in а 
; а frequency distribution of male and female adults 

of the same аре would probably yield a curve similar to Fi 

of grip task. 


"ig. 3.9(с) on a strength 


When а distribution is not Symmetrical, 16 is said to be skewed. If we say 
that a distribution is positively skewe 
at the high end of the h 


at this end. ТЕ, on the 
skewed, we mean that the 
hand, or low, side of 
skewed distributions, 


t d, we mean that the distribution tails off 
orizontal axis and there are relatively fewer frequencies 
other hand, we say that the distribution is negatively 
re are relatively fewer Scores associated with the left- 
the horizontal axis. Figure 3.10 presents several forms of 
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Figure 3.10(а) is referred to аз a J-curve and Fig. 3.10(b) is referred to as an 
ogive. A cumulative frequency distribution of normally distributed data will 
yield an ogive or S-shaped distribution. Figure 3.10(c) is positively skewed. 
Incidentally, Fig. 3.10(a) illustrates an extreme negative skew. 

It is not always possible to determine by inspection whether or not a dis- 
tribution is skewed. There is a precise mathematical method for determining 
both direction and magnitude of skew. It is beyond the scope of this book to 
go into a detailed discussion of this topic. In Chapter 4, however, we shall out- 
line the procedure for determining the direction, if not the magnitude, of skew. 


3.9 OTHER GRAPHIC REPRESENTATIONS 


Throughout this chapter we have been discussing graphic representations of 
frequency distributions. However, other types of data are frequently collected 
by behavioral scientists. We shall briefly discuss a few graphic representations 
of such data. 

We are frequently interested in comparing various groups or conditions with 
respect to a given characteristic. These groups or conditions constitute the in- 
dependent, or experimental, variable, whereas the characteristic we are measur- 
ing is referred to as the criterion or dependent variable. Figure 3.11 compares 


200 


150 


Mean number 1 
of bar presses 


50 


0 Day 1 = Day 2 Day 1 Day 2 Day 1 Day 2 
Male Blower 


le 
stimulus stimulus alone 


Fig. 3.11 M umber of bar presses among three groups of white rats (Runyon and 
. 3. ean п 
Kosacoff, 1965). 
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the mean number of bar pressing responses among three groups of animals re- 
ceiving three types of olfactory reinforcement, e.g., odors of female € 
of male rats, and the control of blower alone (Runyon and Kosacoff, 1965). 


will be noted that the experimental variable is represented along the X-axis 
and the criterion or dependent variable on the Y-axis. 


Proportion of 
pellets obtained 


Fig. 3.12 Proportion of food pellets obtained 

by animals at each position in the NFT hier- | | | 

archy (for nine animals at each position) 0 1 2 а 4 
(Випуоп апа Тигпег, 1964). 


Rank position in hierarchy 


In Fig. 3.12 we see 
ables in a social struct 
ment, four animals we 


a line graph showing the relationship between two vari- 


rner, 1964). In this experi- 


ood tray (NFT) 
control, the animals were rank orden 


number of NFT’s observed, Т 
mals at each rank position w 3.12 reveals a clear-cut 
decre: ained by the animals that were suc- 
cessively lower on the NFT hierarchy. 
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generalization gradients for Me 

three reinforcement groups (Haber and Kalish 5ol- 

1963). (Reprinted by permission from Science, 3 

142, 18 Oct. 1963 P. 412. Copyright 1963 oG | === 

by the American Association for the Advance- 550 540 530 520 819 e900) 490 
ment of Science.) 
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Figure 3.13 presents another line graph, this time representing data taken 
from three different reinforcement groups. In this study (Haber and Kalish, 
1963) groups of animals were trained to respond to a 550-ти stimulus under 
three different levels of reinforcement, and were then tested for generalization 
of the response by presenting stimuli along the continuum. The differential 
effects of various schedules of reinforcement were most evident in the differences 


among the gradients. 


CHAPTER SUMMARY 

This chapter was concerned with the techniques employed in “making sense” 
out of a mass of data. We demonstrated the construction of frequency dis- 
tributions of scores and presented various graphing techniques. When the 
scores are widely spread out, many have a frequency of zero, and when there is 
no clear indication of central tendency, it is customary to group scores into 


class intervals. The resulting distribution is referred to as a grouped frequency 


distribution. 7 " 
The basis for arriving at a decision concerning the grouping units to employ 


and the procedures for constructing à grouped frequency distribution were dis- 
cussed and demonstrated. It was seen that the true limits of a class interval are 
obtained in the same way as the true limits of a score. The procedures for con- 
verting а frequency distribution into a cumulative frequency distribution and 
а cumulative percentage distribution were demonstrated. 

We also reviewed the various graphing techniques employed in the behavioral 
sciences. The Базе purpose of graphical representation is to provide visual 
aids for thinking about and discussing statistical problems. The primary ob- 
ar, unambiguous fashion so that the reader 


jective is to present data in a cle | ‹ 
hips which we want to portray. 


may apprehend at a glance the relations! 

We discussed the following: 

Devices employed by unscrupulous individuals to mislead the unsophisti- 

cated reader. 

2. The use of the bar graph with nominally and ordinally scaled variables. 

3. The use of the histogram and the frequency polygon with continuous and 
discontinuous ratio or interval scaled variables. 

4. The use of the “three-quarter high” rule to standardize the representation 
of the abscissa and ordinate in graphic techniques. 

5. Various forms of normally distributed data, nonnormal symmetrical dis- 
tributions, and asymmetrical or skewed distributions.. | 

6. The use of the pie (circle) chart to represent distribution ratios. 

7. Finally, we discussed and demonstrated several graphic representations of 
data, other than frequency distributions, commonly employed in the be- 


havioral sciences. 
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Terms to Remember: 


Random 

Frequency distribution 
Grouped frequency distribution 
Class intervals 

Mutually exclusive 
Abscissa (X-axis) 
Ordinate (Y-axis) 

Bar graph 

“Gee Whiz” chart 
“Three-quarter high rule” 
Histogram 

Frequency polygon 
Normal curve 

Platykurtic distribution 
Leptokurtic distribution 


EXERCISES 


1. Give the true limits, the midpoints, 


following class intervals. 
a) 8-12 b) 6-7 
e) (—2)-(—8) f) 2.5-3.5 


. For each of the following sets of meas 
interval (i), (b) the apparent limits о! 


that interval, (d) the midpoint of tha 


i) 0 to 106 
iv) —30 to +30 


ii) 29 to 41 
v) 0.30 to 0.47 
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True limits of an interval 
Apparent limits of an interval 
Cumulative frequency distribution 
Cumulative percentage distribution 
Mesokurtic distribution 
Rectangular distribution 
U-distribution 

Ogive 

Skew 

J-curve 

Positively skewed distribution 
Negatively skewed distribution 


c) 0-2 


d) 5-14 
&) 1.50-1.75 


iii) 18 to 48 
vi) 0.206 to 0.293 


examination, use 7 = 


h) (—3)-(4-3) 
urements, state (a) the best width of class 


Ї the lowest interval, (c) the true limits of 
t interval. 


and the width of interval for each of the 


= 5 for the 


А р a frequency distribution: (b) li hi e limits 
and the midpoint of each inte ан 


Scores on a Statistics Examination 
63 


88 79 92 
68 76 46 81 
т 75 98 81 
94 79 52 82 


86 
92 
82 


87 83 78 41 
77 84 76 70 
81 87 78 70 
81 77 70 74 


rval; (c) prepare a cumulative frequency distribution 
е percentage distribution. 


67 
66 
60 
61 


11, 


12, 


- Construct a grouped frequency 


- Do Problem 8 again, using 3-7 


- Repeat Problem 8, using = 2 
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Given the following list of numbers: (а) Construct a grouped frequency distribu- 
tion. (b) List the true limits and the midpoint of each interval. Indicate the 


width employed. (с) Compare the results with those of Problems 3 and 4. 


7.9 9.2 8.6 8.7 8.3 7.8 4.1 6.7 


6.3 8.8 

6.8 7.6 4.6 8.1 9.2 T 8.4 8.6 7.0 6.6 
Th 7.5 9.8 8.1 8.2 8.1 8.7 7.8 7:0 6.0 
9.4 7.9 5.2 8.2 7.7 8.1 ТТ 7.0 7.4 6.1 


distribution showing the yield of corn per acre of 
What is the width of the interval? (b) What are 
val? (с) What are the midpoints of 


Several entries in а frequency 
land are 15-21, 8-14, 1-7. (а) 
the lower and upper real limits of each inter 


each interval? 
per share of 250 stocks sold on the New 


. Listed in Table 3.5 are the high prices 
1968, as shown in The New York Times, 


York Stock Exchange on January 27, 


January 27, 1968. | 
a) Round each price to the nearest dollar and group the results into a frequency 
distribution. | 
b) Try several grouping intervals and note changes on the form of the resulting 

frequency distributions. : 
€) Identify p apparent and real limits of the lowest class interval for each of 
the resulting frequency distributions. 
distribution, using 5 
s. List the width, m 


—9 as the lowest class interval, 
for the following list of number idpoint, and real limits of the 
highest class interval. 


67 56 55 53 53 54 54 
OE: es я ow = wx е а 
45 ne i 156 m 8 16 4 36 36 
35 nin idw ЈЕ ЯЕ 7 — 36 26 
25 36 26 5 44 13 33 33 17 33 


as the lowest class interval. Compare the resulting 


se of Problems 8, 10, and 11. 


frequency distribution with tho 
quency distribution sults with those of Problems 8, 9, 


Compare the re 


and 11. * 
1 esults with those of Problems 


Repeat Problem 8, using 
8, 9, and 10. 


Give an example of each of the foll 
a) normal distribution 

b) U-shaped distribution 
€) positively skewed distribution 
Ч) negatively skewed distribution 
е) rectangular distribution 

f) bimodal distribution 


4 = 10. Compare the г 


owing distributions: 
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Table 3.5 


High prices per share of 250 stocks 
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Exercises 43 


13. Given the following frequency distribution of the weights of 96 female students, 
draw a histogram. 


Class interval f Class interval ў 
160-164 1 130-134 17 
155-159 3 125-129 11 
150-154 10 120-124 8 
145-149 6 115-119 3 
140-144 14 110-114 1 
135-139 22 


14. Draw the appropriate graphic representations for each of the four examples in 
Chapter 2, Problem 9, using your own hypothetical data. 

15. Take а pair of dice, toss 100 times and record the sum (on the face of the two dice) 
for each toss. Prepare a bar graph, showing the number of times each sum occurs. 


16. Given the following monthly sales by five salesmen in a large appliance store: 


Salesmen Sales, $ Salesmen Sales $ 
Mr. Art 22,500 Mr. Warren 22,100 
Mr. Harold 17,900 Mr. Cye 20,700 
Mr. Marty 21,400 


Draw graphs to perpetrate the lies stated below. 

a) The sales manager wants to impress the owner of the store that all members of 
nctioning at a uniformly high level. 

r Mr. Harold to greater efforts. 

he sales manager to greater efforts. 


his sales force are fu 
b) The sales manager wants to spu 
е) The store owner wants to spur t 


17. Draw a graph of the data in Problem 16 which represents the true state of affairs. 


18. Below are the scores of two groups of fourth-grade students on a test of reading 


ability. 
Class Group A | Group B Class Group A | Group B 
interval y f interval f f 
50—52 5 2 29-31 9 22 
47-49 12 3 26-28 6 11 
44—46 18 5 23-25 4 9 
41-43 19 8 20-22 3 6 
38-40 26 12 17-19 1 4 
35-37 19 24 14-16 2 2 
32-34 13 35 БЕ = 
137 143 
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19. 


20. 


21. 
22. 


23. 


24. 


Frequency distributions and graphing techniques 


a) Construct a frequency polygon for each of these groups on the same axis. 
b) Describe and compare each distribution. 


Describe the types of distributions 
the following. 

a) Annual incomes of American families. 

b) The heights of adult American males. 

с) The heights of adult American females. 

9) The heights of American males and females combined in one graph. 


Given the following frequency distribution of the results of 73 students on a mid- 
term exam, draw a frequency polygon. 


you would expect if you were to graph each of 


Class interval 


f Class interval f 
95-99 2 65-69 H 
90-94 2 60-64 6 
85-89 5 55-59 3 
80-84 9 50-54 0 
75-79 16 45-49 1 
70-74 18 


For the data in Problem 20, draw a cumulative frequency polygon. 


Obtain the annual budget estimate of the President of the United States for 


this year. Show the allocation of funds by category, using both a bar graph 
and a pie chart. 


yed in advertising. 
financial statistics. 
labeled? Are any 


Followi ` | 
diodes the number of quarts of milk sold at a Supermarket on 52 consecutive 
4 56 64 78 88 57 - Б 
61 ^ M а Br i 77 62 
S © 4 M 

69 75 68 65 64 

66 63 69 
65 62 71 72 

61 64 7 
78 63 58 63 3 

64 
75 62 71 92 ^d 65 58 


65 61 


25. 
26. 


27. 


28. 


Exercises 45 


a) The manager of the dairy department decides to limit the number of quarts 
of milk on sale each Saturday to 70. Assuming that the sales figures will be 
the same the following year, what is the likelihood (1.е., the percentage of 
time) that his department will be caught short. 

b) Group the sales figures into a frequency distribution with the lower class 
limits of 56-58. 

c) Prepare a cumulative frequency distribution and cumulative percentage dis- 
tribution based on the above frequency distribution. 

d) Group the sales figures into a frequency distribution with the lower class limit 
of 55-59. Prepare a cumulative frequency distribution and cumulative per- 
centage distribution based on this frequency distribution. Compare the 
resulting distributions with those obtained above. 


Draw a frequency polygon for the frequency distribution obtained in Problem 8. 


Draw a frequency polygor 
Compare this distribution with that of Problem 25. 

Draw a cumulative frequency polygon for the frequency distribution obtained 
in Problem 8. 

Draw a cumulative frequency polygon for the frequency distribution obtained in 
Problem 9. Compare this distribution with that of Problem 27. 


1 for the frequency distribution obtained in Problem 9. 


4 
Percentiles 


41 INTRODUCTION 


i ; апа 
Let из suppose that a younger brother or sister came home from school 


i ; ” What 
announced, ^T received a score of 127 on my scholastic aptitude test. : pen 
would be your reaction? Commend him for obtaining such a fine gis ut 
icize him for not getting a higher one? Or reserve judgment until you le 


е E ? If 
more about the distribution of Scores within your sibling's class or а A 
you have passed the course up to this point, you have undoubtedly selecte 
last of these three alternatives. 


Some standard scale or base. Thus, if d] 
of the students scorec 
of reference for interpreting 
percentile rank of his score. 


k of 79 is to indicate that 79% 
each score is conside 
П, so that it would be equall 
group scored higher than 127 


Scored below 127. Inci 
point without dimensio 
21% of the comparison 


of the comparison geri 
red to be a hypothetica 
y meaningful to say that 


Obtaining the Percentile Rank of Scores from a Cumulative 
Percentage Graph 
In Chapter 3, we le 


tive percentage dis 
distribution, 


arned how to construct cum: 
tributions. If we were to 
we could read the percentile г 


ulative frequency and cumula- 
graph a cumulative percentage 


* 
anks directly from the graph. 
үче с=с А 

* Note that the reve 


rse is also true, i.e., give 
corresponding scores, 
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100 


Cumulative 
percentage 


d 127 


1 | 1 1 1 1 1 DJ 
84.5 | 94.5 |104.5 | 11451245 | 134.5 | 144.5 | 154.5 
89.5 99.5 109.5 119.5 129.5 139.5 149.5 

Score at the upper real limit of each interval 


Fig. 4.1 Graphic representation of a cumulative percentage distribution. 


Figure 4.1 presents a graphic form of the cumulative percentage distribution 
presented in Table 3.4. 

To illustrate, let us imagine that we wanted to determine the percentile 
rank of a score of 127. We locate 127 along the abscissa and construct a per- 
pendicular at that point so that it intercepts the curve. Reading directly across 
on the scale to the left, we see that the percentile rank is approximately 79. 
On the other hand, if we wanted to know the score at a given percentile, we 
could reverse the procedure. For example, what is the score at the 90th per- 
centile? We locate the 90th percentile on the ordinate, we read directly to the 
right until it intercepts the curve, we construct a line perpendicular to the 
abscissa, and we read the value on the scale of scores. In the present example, 
it сап be seen that the score at the 90th percentile is approximately 135. 


4.2.2 Obtaining the Percentile Rank of Scores Directly 


We are often called upon to determine the percentile rank of scores without the 
assistance of a cumulative percentage polygon or with greater precision than is 
possible with a graphical representation. To do this, it is usually necessary to 
interpolate within the cumulative frequency column to determine the precise 
cumulative frequency corresponding to а given core. 

Using the grouped frequency distribution found in Table 4.1, let us deter- 
mine directly the percentile rank of a score of 127 which we previously approxi- 
mated by the use of the cumulative percentage polygon. The first thing we 
should note is that a score of 127 falls within the interval 125-129. The total 
cumulative frequency below that interval is 82. Since a percentile rank of a 
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score is defined symbolically as 


um f 
Percentile rank = © N х 100, (4.1) 


uoi the precise cumulative frequency corresponding to a 

= ы к that ie cumulative frequency corresponding to a score 
ot 127 lies somewhere between the 82nd and the 91st cases, the еме 
frequencies at both extremes of the interval. What we must do is to interpolate 
within the interval 124.5-129.5 to find the 
score of 127. In doing this, we are actually t 
of distance that we must move into the inter 
cases included up to a Score of 127. 


exact cumulative frequency of а 
tying to determine the proportion 
val in order to find the number of 


Table 4.1 


Grouped frequency distribution and cumulative 


frequency distribution of Scores in an educational test 
(hypothetical data) 


Class interval 7 Cumulative y 
meti cci: ВИ 
150-154 2 110 
145-149 2 108 
140-144 3 106 
135-139 5 103 
130-134 7 98 
125-129 9 91 
120-124 9 82 
115-119 13 73 
110-114 17 60 
105-109 14 43 
100-104 12 29 
95-99 4 17 
90-94 5 13 
85-89 5 8 
80-84 3 3 
N = 110 


A Score of 127 is 2.5 Score units aboye the lower real limit of the interval 
(that is, 127 = 124.5 = 2.5), Since there are 5 score units within the interval, 
a Score of 127 is 2.5/5 of the distance through the interval, We now make a 
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very important assumption, 1.е., that the cases or frequencies within a particular 
interval are evenly distributed throughout that interval. Since there are 9 cases 
within the interval, we may now calculate that a score of 127 is 2.5/5 X 9, ог 
the 4.5th case within the interval. In other words, the frequency 4.5 in the 
interval corresponds exactly to a score of 127. We have already seen, however, 
that 82 cases fall below the lower real limit of the interval. Adding the two to- 
gether, we find that the score of 127 has a cumulative frequency of exactly 86.5. 
Substituting 86.5 into formula (4.1), we obtain the following: 


Percentile rank of 127 = 803 x 100 = 78.64. 
You will note that this answer, when rounded to the nearest percentile, agrees 
with the approximation obtained by the use of the graphical representation of 


a cumulative percentage distribution (Fig. 4.1). 


Scale of scores 
within interval 


124.5 127 129.5 


cum f below interval E Scale of frequencies 
equals 82 0 9 within interval 


Fig. 4.2 Graphic representation of the procedures involved in finding the cumu- 
lative frequency corresponding to a given score. 


Figure 4.2 summarizes graphically the procedures involved in finding the 
cumulative frequency of a given score. You will note that the interval 124.5- 
129.5 is divided into 5 equal units corresponding to the scores within that in- 
terval, whereas the frequency seale is divided into 9 equal units corresponding 
to the 9 frequencies within that interval. What we are accomplishing, in effect, 
in finding the frequency corresponding to a score, Is a linear transformation 
from a scale of scores to a scale of frequencies, which is analogous to converting 


Fahrenheit readings to values on à centigrade scale and conversely. | 
Formula (4.2) presents а generalized formula for calculating the percentile 


rank of a given score. = = 
cum fu + (E) (fà 


их 100, 


2 
Percentile rank — N (4.2) 
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where cum fu = cumulative frequency at the lower real limit 
of the interval containing X, 
X = given score, 
Хи = score at lower real limit of interval contain- 
ing X, 
width of interval, 


number of cases within the interval contain- 
ing Х. 


|| 


== 
| 


4.2.3 Finding the Score Corresponding to a Given Percentile Value 


Let us imagine that your younger brother, inste: 
reported, instead, his percentile rank. He tell 
percentile. What was his score? 


cum f below interval Scale of frequencies 
equals 103 within interval 
0 1 6. 3 
Scale of scores 
139.5 144.5 Within interval 


Fig. 4.3 Graphic representation 
Corresponding to a given freque 


ad of apprising you of his score, 
5 you his score was at the 96th 


of the procedures involved 


in finding the score 
псу within the interval, 


i 96th percentile. It follows 
algebraically from formula (4.1) that 


cum f = SE HUNC UY % (4.3) 


ith ш, Ме 41, we seo that the frequency 105.6 is in the interval 
with the real limits of 139.5-144.5. Indeed, it is 2.6 frequencies into the interval 
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since the cum f at the lower real limit of the interval is 103, which is 2.6 less 
than 105.6. There are three cases in all within the interval. Thus the frequency 
105.6 is 2.6/3 of the way through an interval with a lower real limit of 139.5 
and an upper real limit of 144.5. In other words, it is 2.6/3 of the way through 
5 score units. Expressed in terms of score units, then, it is (2.6/3) Х 5 or 4.33 
score units above the lower real limit of the interval. By adding 4.33 to 139.5, 
we obtain the score at the 96th percentile, which is 143.83. 

Figure 4.3 represents, graphically, the procedures involved in the linear 
transformation from units of the frequency scale to units of the scale of scores. 
Гог the students desiring a generalized method for determining scores cor- 
responding to a given percentile, formula (4.4) should be helpful. 


s ; (cu — 
Score at a given percentile = Хи + кшп = cum fu) , (4.4) 
i 
where Хи = score at lower real limit of the interval containing cum f, 


i = width of the interval, 
cum f = cumulative frequency of the score, 
cumulative frequency at the lower real limit of the 


interval containing cum f, 
f; = number of cases within the interval containing cum f. 


cum fu = 


To illustrate the use of the formula, let us employ an example with which 


we are already familiar. What score is at the 78.64th percentile? First, by em- 


ploying formula (4.3) we obtain 


78.64 X 110 
cum f = ОЕ = 86.50. 


The score at the lower real limit of the interval containing the frequency 


86.50 is 124.5; 7 is 5; cum f to the lower real limit of the interval is 82, and the 


number of cases within the interval is 9. Substituting the above values into 


formula (4.4), we obtain: 
3 5(86.50 — 82) 
score at 78.64 percentile = 124.5 + 9 


= 124.5 + 2.50 = 127.00. 


Note that this is the score from which we previously obtained the percentile 
rank 78.64 and that this formula illustrates, incidentally, a good procedure for 
checking the accuracy of our calculations. In other words, whenever you find 
the percentile rank of a score, you may take that answer and determine the 
Score corresponding to that percentile value. You should obtain the original 
Score. Similarly, whenever you obtain a score corresponding to a given per- 
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centile rank you may take that answer and determine the percentile nie s 
that score. You should always come back to the original percentile ran E 
Failure to do so indicates that you have made an error. It is preferable to repea 
the solution without reference to your prior answer rather than to attempt to 
find the mistake in your prior solution. Such errors are frequently of the “proof- 


reader” type which defy detection, are time consuming to locate, and are highly 
frustrating. 


4.3 PERCENTILE RANK AND REFERENCE GROUP 


ight not be terribly impressed if the reference 
d only the eighth grade. On 
of individuals holding a doc- 
ude would unquestionably be quite different. 
loyed in psychology, edueation, and industry 
ious referenee groups. Table 4.2 shows the 
raw-score equivalents for selected percentile points on a test widely employed 
for graduate-school admissions, You will note that a person obtaining a raw 
score of 50 on this test, would obtain a percentile rank of 25, 35, 40, and 50 
when compared successively with reference groups in the bi 


ological sciences, 
medical science, agriculture, and social work. 


CHAPTER SUMMARY 


1. Percentile ranks о 


3. A percentile rank 


: is meaningless in the abstr: 
їп relation to so 


‘act. It must always be expressed 
me reference group. 
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Terms to Remember: 


Percentile rank 
Percentile 
Reference group 


EXERCISES 


$ 


N 


Estimate the percentile rank of the following scores, employing Fig. 4.1. 
a) 104.5 b) 112 c) 134 
Calculate the percentile rank of the scores in Problem 1, employing Table 4.1 


3. Estimate the scores corresponding to the following percentiles, employing Fig. 4.1. 


a) 25 b) 50 c) 75 

Calculate the scores corresponding to the percentiles in Problem 3, employing 
Table 4.1. 

A younger sibling informs you he obtained a score of 130 on a standard vocabulary 
test. What additional information might you seek in order to interpret his score? 


. Refer back to Chapter 3, Problem 18. 


a) A student in group A obtained a score of 45 on the test of reading ability. 


What is his percentile rank in the group? 
b) What is the percentile rank of a student in group B who also obtained a score 


of 45? 

c) Combine both groups into an overall frequency distribution and obtain the 
percentile rank of a score of 45. What happens to the percentile rank of the 
student in group A? group B? Why? 

If we were to place all the scores shown in Table 4.1 into a hat, what is the likeli- 

hood that, selecting at random, we would obtain: 

a) a score equal to or higher than 131? 

b) a score equal to or lower than 131? 

с) a score equal to or below 84? 

d) a score equal to or above 154? 

e) a score between 117 and 133? 

f) a score equal to or greater than 148, or equal to or less than 82? 

The following questions are based on Table 4.2, ra f | | 

a) John Н. proudly proclaims that he obtained a “higher” percentile ranking 


than his friend, Howard. Investigation of the fact reveals that his score on the 
test was actually lower. Must it be concluded that John Н. was lying, or is 


: BORN 
some other explanation possible? Е | 
b) Jack Н. obtained а percentile rank of 65 on the social work scale. What was 


his score? What score would he have had to obtain to achieve the same per- 


H sei 5 9 
centile rank on the physical sciences scale? 


Б4 Percentiles 


Table 4.2 Raw-score equivalents of selected percentile points on the Miller analogies test 


for eight graduate and professional school groups. (Reproduced by permission. Copyright by 
The Psychological Corporation, New York, N.Y. All rights reserved.) 


Physical Medical Biological 
Percentile sciences Agriculture science sciences 

99 93 89 92 88 
95 91 86 83 87 
90 88 77 78 86 
85 85 72 76 80 
80 82 67 74 76 
75 80 64 71 70 
70 78 61 67 68 
65 76 59 64 67 
60 74 57 60 65 
55 70 56 58 63 
50 68 54 57 61 
45 65 51 55 58 
40 63 50 53 55 
35 60 48 50 53 
30 58 43 47 52 
25 55 40 45 50 
20 51 37 43 48 
15 47 34 41 47 
10 43 31 34 41 

5 39 26 30 37 

1 28 5 24 28 
N 251 125 103 84 

Mean 66.7 53.6 57.6 61.5 

SD 16.6 17.3 16.2 15.6 


с) World Law School employs the Miller Analogies Test as an element of the 


admissions procedure. No applicant obtaining a percentile rank below 75 is 
considered for admission regardless of his other qualifications. Thus the 75th 


Percentile might be called a “cutoff” point. Which reference group is most likely 
involved in the decision? What score constitutes the cutoff point for this 
distribution? 


9. Employing the frequency distribution obtained in Problem 8, Chapter 3, calculate 
the percentile ranks of the following scores: А 
а) 9.5 b) 17.5 е) 24 d) 32 е) 34.5 f) 52.5 

10. Repeat P. 


roblem 9, employing the frequency distrib: 


Chapter 3. Compare the results with those of Р, 


ution obtained in Problem 9, 
roblems 9, 11, and 12. 
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Languages 
Social Social and Law school 
sciences work literature freshmen Percentile 

90 81 87 84 99 
85 76 84 79 95 
82 67 80 73 90 
79 64 76 66 85 
76 61 74 63 80 
74 60 73 60 75 
69 58 68 58 70 
67 57 66 55 65 
64 54 65 53 60 
63 52 61 51 55 
61 50 59 49 50 
58 47 56 47 45 
56 46 53 45 40 
53 45 51 42 35 
51 41 46 40 30 
49 39 43 37 95 
46 37 41 35 20 
44 32 38 32 15 
39 27 35 30 10 
32 22 29 25 5 
18 9 Ж 18 u 

229 116 145 558 N 
60.2 49.4 57.7 49.6 Mean 
16.0 15.2 174 16.1 SD 


ll. 


12. 


13. 


14, 


15. 


16. 


the frequency distribution obtained in Problem 10, 
Its with those of Problems 9, 10, and 12. 


Repeat Problem 9, employing the frequency distribution obtained in Problem 11, 
Chapter 3. Compare the results with those of Problems 9, 10, and 11. 

Employing the frequency distributior 
the scores corresponding to the following percentiles: 
a) 10 b) 20 с) 50 а) 60 е) 75. 
Repeat Problem 13, employing the 


Chapter 3. Compare the results wit! 
oying the frequency distribution obtained in Problem 10, 


Repeat Problem 13, empl s 
Chapter 3. Compare the results with those of Problems 13, 14, and 16. 
Repeat Problem 13, employing the | 
Chapter 3. Compare the results wi 


Repeat Problem 9, employing 
Chapter 3. Compare the resu 


ution obtained in Problem 8, Chapter 3, find 


frequency distribution obtained in Problem 9, 
h those of Problems 13, 15, and 16. 


frequency distribution obtained in Problem 11, 
th those of Problems 13, 14, and 15. 
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5.1 INTRODUCTION 


One of the greatest sources of confusion among 1 
for their suspicions that statistics is more of 
the ambiguity in the use of the term “avera 
of average salaries, and frequently cite n 
disagreement with each other; television programs and commercials are said to 
be prepared with the average viewer in mind; politicians are deeply concerned 
about the views of the average American voter; the average family size is fre- 
quently given as a fractional value, a statistical abstraction which is ludicrous 
to some and an absurdity to others; the term “average” is commonly used as a 
Synonym for the term “normal;” the TV weatherman tells us we had an average 
day or that rainfall for the month is above or below average. Indeed, the term 
“average” has so many popular connotations that many statisticians prefer to 
drop it from the technical vocabulary and refer, instead, to measures of central 
tendency. We shall define a measure of central tendency as an index of central 
location employed in the description of frequency distributions. Since the center 
of a distribution may be defined in different ways, there will be a number of 
different measures of central tendency. In this chapter, we shall concern our- 


selves with three of the most frequently employed measures of central tendency: 
the mean, the median, and the mode. 


ay people and, perhaps, a cause 
an art than a science revolves about 
ge.” Unions and management speak 
umerical values which are in sharp 


5.1.1 Why Describe Central Tendency? 


| & We concerned ourselves primarily 
with organizing data j i seful form. Beyond this, however, 
we want to describe our data in such ways that quantitative statements ean be 
made. A frequency distribution represents an organization of data but it does 
not, in itself, permit us to make quantitative Statements either describing the 
distribution or comparing two or more distributions, 


56 
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There are two features of many frequency distributions which statisticians 
have noted and have developed quantitative methods for describing: (1) Fre- 
quently data cluster around a central value which is between the two extreme 
values of the variable under study. (2) The data may tend to be dispersed and 
distributed about the central value in a way which can be specified quantita- 
tively. The first of these features is the topic of the present chapter, whereas 
the second (dispersion) is discussed in the forthcoming chapter. 

Being able to locate a point of central tendency, particularly when coupled 
with a description of the dispersion of scores about that point, can be very 
useful to the behavioral scientist. For example, he may be able to reduce a 
mass of data to a simple quantitative value which may be understood and 
communicated to other scientists. 

We have already stated that the b 
upon to compare the measurements obt 
jects for the purpose of drawing inferences 
variable. Measures of central tendency greatl 
conclusions. 


chavioral scientist is frequently called 
ained from two or more groups of sub- 
about the effects of an independent 
у simplify the task of drawing 


5.2 THE ARITHMETIC MEAN 


5.2.1 Methods of Calculation 

You are probably intimately familiar with the arithmetic mean, for whenever 
you obtain an "average" of grades by summing the grades and dividing by the 
number of grades, you are calculating the arithmetic mean. In short, the mean 
is the sum of the morii or values of a variable divided by their number. Stated in 


algebraic form: 
зз Жу X А 
Х + %s t T4 = 5; | (51) 


where 


X = the mean and is referred to as Х bar,* 


N = the number of scores, and | 
У = the mathematical verb directing us to sum all the measurements. 


Thus the arithmetic mean of the scores 8, 12, 15, 19, 24 is Х = 18 = 15.60. 


* y Зала :tali ters would be employed to represent sample 
In Section 1.2 we indicated that italic letters wo 0 р 
Wieso ud pes letters to represent population parameters. The Greek letter ш 


Will be used to represent the population mean. 
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Table 5.1 


Computational procedures for calculating the mean 
with ungrouped frequency distributions 


X jv | ope 

12 1 12 

11 2 22 A 
10 5 50 X = Mm 
9 | 4 | 36 N 
8 6 48 ү — 232 
7 4 28 É 29 
6 3 18 X = 8.00 
5 2 10 

4 2 8 


№=29 Уух = 232 


Obtaining the mean from an ungrouped frequency distribution. You will recall that we 
constructed a frequency distribution 


repetition of scores that occur with 
single entry in the frequency column 


Score occurs. Thus, in Table 5.1, we know, from the column headed J, that the 
score of 8 occurred 6 times. 


quency prior to summing, 
tions as follows: 


0323 
== 


, the midpoint of each in 
that interval. The midpoint of е; 
frequency, 


ployed in calculating the mean from a grouped frequency distribution are 
demonstrated in Table 5.2. 
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Table 5.2 
Computational procedures for calculating the mean from a grouped 
frequency distribution 


1 2 3 4 
Class Frequency Midpoint Frequency X 
interval f x midpoint 
ЇХ 
125-129 2 127 254 Y= yx 
120-124 5 122 610 та 
118-119 8 117 936 _ 10195 
110-114 10 112 1120 7100. 
105-109 15 107 1605 — 101.95 
100-104 20 102 2040 
95-99 15 97 1455 
90-94 10 92 920 
85-89 8 87 696 
80-84 4 82 328 
75-79 3 77 231 


УУХ = 10195 


5.2.2 Properties of the Arithmetic Mean 
s of the mean is that it 28 the point in a 


А : ropertie cse 
One of the most important prop bout which the summed deviations are equal 


distribution of measurements or scores ai 


to zero. In other words, m И 
v(x — Х) = 0. (5.3) 


The algebraic proof of this statement 15 


braic proof, it is important to note that (1) since 


nOA 
TA 


In following this alge 


it follows that ZX = NX and (2) summing the mean over all the scores (2X) 
is the same as multiplying X by N, that 15, NX. 


5.2 
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Table 5.3 


Comparison of the means of two arrays of 


scores, one of which contains an extreme 
value 


Xi X2 


2 2 
3 3 
5 5 
T 7 
8 33 


УХ, = 25 УХ» = 50 
Х, = 5.00 Хә = 10.00 


Therefore the mean is a score ог a potenti 
Scores on either side of it. 
teeter board. In playing on 
sible for a small individu 


e lighter than you) on a teeter board, you would move 
gy leads to a second impor- 
is very sensitive to extreme 
ed on both sides of it. 

An array is an arrangement 
the smallest to the largest value. Note 
re the same except for the very large 
me score is sufficient to double the size 
an to extreme scores is a characteristic 


plications governing our use of it. These implications 


will be discussed in Section 5.5, in which we compare the three measures of 
central tendency. 


Score of 33 in column X». This one extre 
of the mean. The sensitivity of the me 


potential score. 
To illustrate this characteristic of the mean, Table 
the sum of Squares when deviations are taken from the mean and various other 
Scores in a distribution. ТЕ can be seen that the sum of squares is smallest in 
column 2, when deviations are taken from the mean. 
This property of the mean provides us with another definition, i.e., the 
mean 78 that measure of central tendency which makes the sum of squared 


5.4 shows the squares and 


deviations 
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Table 5.4 
The squares and sum of squares of deviations taken from various 
scores in a distribution 


1 2 3 4 5 6 
X (XX)? (X — 2)? (X — 3)? (X — 5)? (X — 6)? 
2 4 0 1 9 16 
3 1 1 0 4 9 
4 0 4 1 | 4 
5 1 9 4 0 1 
6 4 16 9 1 0 
N = 5 
Х = 4 


around й minimal. The method of locating the mean by finding the minimum 
sum of squares is referred to as the least squares method. The least squares 
method is of considerable value in statistics, particularly when it is applied to 


curve fitting. 


5.2.3 The Weighted Mean 


Let us imagine that four classes in introductory sociology obtained the following 
mean scores on the final examination: 75, 78, 72, and 80. Could you sum these 
four means together and divide by four to obtain an overall mean for all four 
classes? This could be done only if the n in each class is identical. W hat if, as 
а matter of fact, the mean of 75 is based on an т of 30, the second mean is based 


Р 95 i x 
on 40 observations, the third on п = 25, and the fourth onn 50. | 
The total sum of scores may be obtained by multiplying each mean by its 


respective т and summing. 
Thus, 


(н. X) = 30075) + 40(78) + 25072) + 50680) 
1 


ап, Хи, can be expressed as the sum of the mean of each 
ап, p, Сё 


The wei 1 m 
им eiie ht (the n in each group) divided by the 


group multiplied by its respective weig 
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sum of the weights (i.e., Уо = Yon = N). 


X, = XX). 0. Х) 


Èw N 
Y 30(75) + 40(78) + 25(72) + 50(80) 
а 145 
= 11,170 
145 
= 77.03 


5.3 THE MEDIAN 


With grouped frequency distributions, the median is defined as that score or 
potential score in a distribution of scores, above and below which one-half of the 
frequencies fall. If this definition sounds vaguely familiar to you, it is not by 
accident. The median is merely a special case of a percentile rank. Indeed, the 
median is the score at the 50th percentile. It should be clear that the generalized 
procedures discussed in Chapter 4 for determining the score at various per- 
centile ranks may be applied to the calculation of the median. 


Modifying formula (4.4) for application to the special case of the median, 
we obtain the following: 


median = Ху + i We = чал) У (5.4) 


i 


Applied to the data appearing in Table 4.1 (Section 4.2.2) the median becomes 


median — 109.5 4- 5010/2 — 43) 


| 


(55 — 43) 
109.5 + 5 АЕ 


|| 


109.5 + 3.53 = 113.03. 


5.3.1 The Median of an Array of Scores 
Occasionally, it will be necessary to obtain the median when the М is not suf- 
ficient to justify casting the data into the form of a frequency distribution or a 
grouped frequency distribution. Consider the following array of scores: 5, 19, 
37, 39, 45. Note that the Scores are arranged in order of magnitude and that № 


is an odd number. A score of 37 is the median Since two scores fall above it and 
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two scores fall below it.* If N is an even number, the median is the arithmetic 
mean of the two middle values. The two middle values in the array of scores 
8, 26, 35, 43, 47, 73 are 35 and 43. The arithmetic mean of these two values is 
(35 + 43)/2, ог 39. Therefore the median is 39. 


5.3.2 Characteristics of the Median 


An outstanding characteristic of the median is its insensitivity to extreme 
scores. Consider the following set of scores: 2, 5, 8, 11, 48. The median is 8. 
This is true, in spite of the fact that the set contains one extreme score of 48. 
Had the 48 been a score of 97, the median would remain the same. This charac- 
teristic of the median makes it valuable for describing central tendency in 
certain types of distributions in which the mean is an unacceptable measure of 
central tendency due to its sensitivity to extreme scores. This point will be 
further claborated in Section 5.5 when the uses of the three measures of central 


tendency are discussed. 


5.4 THE MODE 


Of all measures of central tendency, the mode is the most easily determined 
since it is obtained by inspection rather than by computation. The mode is 
simply the score which occurs with greatest frequency. For grouped data, the 
mode is designated as the midpoint of the interval containing the highest fre- 
quency count. In Table 5.2 the mode is a score of 102 since it is the midpoint 
of the interval (100-104) containing the greatest frequency. А 

In some distributions, which we shall not consider here, there will be two 
high points which produce the appearance of two humps, as on a camel’s back. 
Such distributions are referred to as being bimodal. A distribution containing 
more than two humps is referred to as being multimodal. 


5.5 COMPARISON OF MEAN, MEDIAN, AND MODE 


We have seen that the mean is a measure of central tendency in which the вит 
of the deviations on one side of it equals the sum of the deviations on the other 
side. The median, on the other hand, divides the area under the curve into two 


of numbers where N is odd, the definition of the median 
le above, in which the median is 37, two scores 
half of N. If the score of 37 is regarded 
в disparity is reconciled. 


* When working with an array 
does not quite hold, i.e., in the examp 
lie below it and two above it, as opposed to one-halí 
as falling one-half on either side of the median, thi 
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equal halves so that the number of scores below the median equals the number 
of scores above the median. | 

In general, the arithmetic mean is the preferred statistic for representing 
central tendency because of several desirable properties that it possesses. To 
begin with, the mean is a member of a mathematical system which permits its 
use in more advanced statistical analyses. We have used deviations from the 
mean to demonstrate two of its most important characteristics, i.e., the sum of 
deviations is zero and the sum of squares is minimal. Deviations of scores from 
the mean provide valuable information about any distribution. We shall be 
making frequent use of deviation scores throughout the remainder of the text. 
In contrast, deviation scores from the median and the corresponding squared 
deviations have only limited applications to more advanced statistical considera- 
tions. Another important feature of the mean is that it is the more stable or 
reliable measure of central tendency. If we were to take repeated samples from 
а given population, the mean would usually show less fluctuation than either the 
median or the mode. In other words, the mean generally provides a better esti- 
mate of the corresponding population parameter. 

On the other hand, there are certain situations in which the median is pre- 
ferred as the measure of central tendency. When the distribution is sym- 
metrical, the mean and the median are identical. Under these circumstances, 
the mean should be employed. However, as we have seen, when the distribution 
is markedly skewed, the mean will provide a misleading estimate of central 
tendency. In column Х of Table 5.3, the mean is 10 even though four of the 
five scores are below this value. Annual family income is a commonly studied 
variable in which the median is preferred over the mean since the distribution 
of this variable is distinctly skewed in the direction of high salaries, with the 
result that the mean overestimates the income obtained by most families. 

The median is also the measure of choice in distributions in which there are 
indeterminate values. To illustrate, when running rats in a maze, there will be 
occasions when one or more rats will simply not run. Their time scores are, 
therefore, indeterminate. Their “scores” cannot simply be thrown out since the 
fact of their not running may be of considerable significance in evaluating the 
effects of the independent variable. Under these circumstances, the median 
should be employed as the measure of central tendency. 

The mode is the appropriate statistic whenever a quick, rough estimate of 


central tendency is desired or when we are interested only in the typical case. 
It is rarely used in the behavioral sciences. 


5.6 THE MEAN, MEDIAN, AND SKEWNESS 


In Chapter 3, we demonstrated several forms of skewed distributions. We 
pointed out, however, that skew cannot always be determined by inspection. 
If you have understood the differences between the mean and the median, you 
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should be able to suggest a method for determining whether or not а distribu- 
tion is skewed and, if so, determine the direction of the skew. The basic fact 
to keep in mind is that the mean is drawn in the direction of the skew whereas 
the median, unaffected by extreme scores, is not. Thus, when the mean is 
higher than the median, the distribution may be said to be positively skewed; 
when the mean is lower than the median, the distribution is negatively skewed. 
Figure 5.1 demonstrates the relation between the mean and the median in posi- 


tively and negatively skewed distributions. 


Fig. 5.1 The relation 
between the mean and 
median т (а) posi- 
tively and (b) nega- 

ТГ "en TESTES tively skewed distri- 


Median Mean butions. 
(a) (b) 


CHAPTER SUMMARY 


In this chapter we discussed, demonstrated the calculation of, and compared 
three indices of central tendency that are frequently employed in the description 
of frequency distributions: the mean, the median, and the mode. Е 

We saw that the mean may be defined variously as the sum of scores divided 
by their number, the point in a distribution which makes the summed deviations 
equal to zero, or the point in the distribution which makes the sum of the 
Squared deviations minimal. The median divides the area of the curve into two 
equal halves so that the number of scores below the median equals the number 
of scores above it. Finally, the mode is defined as the most frequently occurring 
score. We demonstrated the method for obtaining the weighted mean of a set 
of means when each of the individual means is based on à different n. 

Because of special properties it possesses, the mean is the most frequently 
employed measure of central tendency. However, because of its sensitivity to 
extreme scores which are not balanced on both sides of the distribution, the 
median is usually the measure of choice when distributions are markedly 
skewed. The mode is rarely employed in the behavioral sciences. 

Finally, we demonstrated the relationship between the mean and the median 


in negatively and positively skewed distributions. 


Terms to Remember: 

Mode 

Sum of squares 
Least squares method 


Array 
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Mean 

Weighted mean 

Median 
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EXERCISES 


L. 


. Calculate the me 


. On the basis of the following measures 


Find the mean, the median, and the mode for each of the following sets of mea- 
surements. Show that У(Х — X) = 0. 


а) 10, 8, 6, 0, 8, 3, 2, 2, 8,0 
b) 1, 3, 3, 5, 5, 5, 7, 7,9 
с) 120, 5, 4, 4, 4, 2, 1,0 


- In which of the sets of measurements in Problem 1 is the mean a poor measure of 


central tendency? Why? 


. For each of the sets of measurements in Problem 1, show that the sum of squares of 


deviations from the arithmetic mean is less than the sum of squares of deviations about 
any other score or potential score. 


. You have calculated the maximum speed of various automobiles. You later dis- 


cover that all the speedometers were set 5 miles per hour too fast. How will the 


measures of central tendency based on the corrected data compare with those 
calculated from the original data? 


- You have calculated measures of central tendency on the weights of barbells, 


expressing your data in terms of ounces. 
divided all the weights by 16 to convert t 
measures of central tendency? 


You decide to recompute after you have 
hem to pounds. How will this affect the 


asures of central tendency for the data in Chapter 3, Problems 
13 and 20. 


In Problem 1(c) above, if the score of 12 


0 were changed to a score of 20, how 
would the various measures of central tendency be affected? 


of central tendency, indicate whether or 


not there is evidence of skew and, if so, what is its direction? 


a) X = 56 Median = 62 Mode = 68 
b) Х = 68 Median = 62 Mode = 56 
е) Х = 62 Median = 62 Mode = 62 
d) X = 62 Median = 62 Mode = 30, Mode = 94 


- What is the nature of the distributions in Problem 8(с) and (d)? 
10. 


Calculate the mean of the foll 


с) Alternately add and subtract the same со! 


subtracting the same constant an equal 
5? 


4) 2. Recalculate the mean. Generalize: 
What is the effect on the mean of multiplying each score by a constant? 

e) Divide each score by the same constant. Recalculate the mean, Generalize: 
What is the effect on the mean of dividing each score by a constant? 


TL. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Refer to Problem 18, Chapter 3. Which measure of central tendency might best be 
used to describe group A? group B? Why? 

In Scetion 5.5 we stated that the mean is usually more reliable than the median, 
i.e., less subject to fluctuations. We conducted an experiment consisting of 30 
tosses of three dice. The results were as follows: 6, 6, 2; 4, 1, 1; 6, 5, 5; 6, 4, 3; 
4, 2,1; 5, 4, 3; 4, 4, 3; 6, 6, 4; 5, 3, 2; 6, 3, 3; 4, 3, 2; 6, 4, 1,6,4,2;5,1 1 

4; 2, 1, 1; 5, 4, 3; 5, 4, 4; 4, 3, 1; 4, 2, 2; 6, 5, 3; 5, 1, 1; 6, 5, 2; 6, 3, 3; 6, 
6, 5, 4; 6, 2, 1; 5, 4, 3; 5, 4, 1; 6, 3, 1. 

a) Calculate the 30 means and 30 medians. 
b) Employing grouping intervals starting with the real limits of the lower interval 
0.5-1.5, group the means and medians into separate frequency distributions. 

c) Draw histograms for the two distributions. Do they support the contention 

that the mean is a more stable estimator of central tendency? Explain. 
d) Given that we were to place the medians and means into two separate hats and 

were to draw one at random from each. What is the likelihood that: 

i) a statistic greater than 5.5 would be obtained? 

ii) a statistic less than 1.5 would be obtained? 

iii) a statistic greater than 5.5 or less than 1.5 would be obtained? 
If we know that the mean and median of a set of scores are equal, what can we say 
about the form of the distribution? 
year you purchased а common stock in the following 
t $3 per share, 400 at $2.50 per share, 100 at $4.25 


сл сл 


During the course of the 
amounts and prices: 150 а 
per share, 200 at $3.50 per share. 
a) What is the break-even point? 
b) If the commissions on the purchases were $13.50, $30.00, $12.75, and $21.00, 
respectively, calculate the break-even point, taking the commission into account. 


(Hint: Consider adding the sum of the commissions to 7w- X prior to dividing). 
In a departmental final exam, the following mean grades were obtained based on 
n’s of 25, 40, 30, 45, 50, and 20: 72.5, 68.4, 75.0, 71.3, 70.6, and 78.1. 


a) What is the total mean over all sections of the course? 
b) Draw a line graph showing the size of the class along the abscissa and the 


corresponding means along the ordinate. Does there appear to be a relationship 


between class size and mean grades on the final exam? 
Give examples of data in which the preferred measure of central tendency would 


be the 

a) mean, b) median, с) mode. 
Find the mean, median, and mode for the following array of scores: —9.0, —6.0, 
—5.0, —5.0, —0.5, 0, 0.1, 2.0, 40, 5.0. | | 
Find the mean, median, and mode of the numbers in Problem 17 by first adding 
9.0 to each number and then subtracting 9.0 from each of the measures of central 


tendency. 

List at least three specific instances т whic 
important in describing & group of people. 
List at least three specific instances in which a measure of central tendency was 


utilized to compare groups of people. 


ћ а measure of central tendency was 
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21. 


22. 


23. 


24. 
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List at least three specific instances in which a measure of central tendency was 
estimated for a large group of people from data obtained from a sample of that 
large group. 

On the basis of examination performance, an instructor identifies the following 
groups of students: 

a) Those with a percentile rank of 90 or higher. 

b) Those with a percentile rank of 10 or less. 

с) Those with percentile ranks between 40 and 49. 

9) Those with percentile ranks between 51 and 60. 

Which group would the instructor work with if he wished to raise the median 
performance of the total group? Which group would he work with if he wished 
to raise the mean performance of the total group? 


Which of the measures of central tendency is most affected by the degree of skew 
in the distribution? Explain. 


What can we say about the relationships among the mean, median, and mode in a 
negatively skewed distribution? in a positively skewed distribution? 
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6.1 INTRODUCTION 

hapter 4, we saw that a score by itself is meaningless, 
and takes on meaning only when it is compared with other scores or other 
statistics. Thus if we know the mean of the distribution of a given variable, we 
can determine whether а particular score is higher or lower than the mean. 
But how much higher or lower? It is clear at this point that a measure of cen- 
tral tendency such as the mean only provides a limited amount of information. 
To more fully describe a distribution, ог to more fully interpret a score, it is 
clear that additional information is required concerning the dispersion of scores 


about our measure of central tendency. 


In the introduction to C 


X 128 X 128 
110 110 
Scale of scores Scale of scores 
(b) 


(а) 


Fig. 6.1 Two frequency polygons with identical means but differing in 


dispersion or variability. 

In both examples of frequency poly- 
tly the same. However, note the dif- 
f 128. In (a), because the scores are 


(a) and (b). 


Consider Fig. 6.1, parts 
tion is exac 


gons, the mean of the distribu 
ference in the interpretations of a score © 
69 


i 6.2 
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widely dispersed about the mean, a score of 198 may be considered only mod- 
erately high. Quite a few individuals in the distribution scored above 128, as 
indicated by the area to the right of 128. In (b), on the other hand, the scores 
are compactly distributed about the same mean. This is а more homogeneous 
distribution. Consequently, the score of 128 is now virtually at the top of the 
distribution and it may therefore be considered a very high score. 

It сап be seen, then, that in interpreting individual Scores, we must find a 
companion to the mean or the median. This companion must in some way 
express the degree of dispersion of scores about the measure of central tendency. 
We shall discuss five such measures of dispersion or variability: the range, the 
interquartile range, the mean deviation, the variance, and the standard deviation. 
Of the five, we shall find the standard deviation to be our most useful measure 
of dispersion in both descriptive and inferential statistics. In advanced inferen- 


tial statistics, as in analysis of variance (Chapter 15), the variance will become 
a most useful measure of variability. 


6.2 THE RANGE 


must look for an index of varia 
of scores. 

One of the first measures of 
crude range. The range is by f. 
measure of dispersion. It consi 


width of the class interval (Section 3.1.1), we sub- 
m the highest score and added 1. Thus we have 


Although the range is meaningful 
instability. Note that if there i 
Sion of scores will appear to 


reveal an otherwise "compact" distribution. Sev 
an institution for retarded persons was found to h. 
Imagine the erroneo 

the inmates was reported as, say, 20-140 or 121! Stated another way, the range 
reflects only the two most extrem 


eral years ago, an inmate of 
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6.3 THE INTERQUARTILE RANGE 


In order to overcome the instability of the crude range as a measure of disper- 
sion, the interquartile range is sometimes employed. The interquartile range is 
calculated by simply subtracting the score at the 25th percentile (referred to 
as the first quartile ог 01) from the score at the 75th percentile (the third quar- 
tile or Q). Although this measure of variability of scores is far more meaning- 
ful than the crude range, it has two important shortcomings: (1) like the crude 
range, it does not by itself permit the precise interpretation of a score within a 
distribution, and (2) like the median, it does not enter into any of the “higher” 
mathematical relationships that are basic to inferential statistics. Consequently, 
we shall not devote any more discussion to the interquartile range. 


6.4 THE MEAN DEVIATION 


In Chapter 5, we pointed out that, when we are dealing with data from normally 
distributed populations, the mean is our most useful measure of central ten- 
dency. We obtained the mean by adding together all the scores and dividing 
them by М. If we carried these procedures one step further, we could subtract 
the mean from each score, sum the deviations from the mean, and thereby ob- 
tain an estimate of the typical amount of deviation from the mean. By dividing 
by N, we would have a measure that would be analogous to the arithmetic 
mean except that it would represent the dispersion of scores from the arith- 
metic mean. i | 

If you think for a moment about the characteristics of the mean which we 
discussed in the preceding chapter, you will encounter one serious difficulty. 
The sum of the deviations of all scores from the mean must add up to zero. 
Thus if we defined the mean deviation (M.D.) as this sum divided by N, the 
mean deviation would have to be zero. You will recall that we employed the 
fact that У(Х — X) = 00 arrive at one of several definitions of the mean. 

Now, if we were to add all the deviations without regard to sign and divide 
by М, we would still have a measure reflecting the mean deviation from the 
arithmetic mean. The resulting statistic would, of course, be based upon the 
absolute value of the deviations. The absolute value of a positive number or of 
zero is the number itself. The absolute value of a negative number can be 
found by changing the sign to а positive one. Thus the pam m of +3 
or —3 is 3, The symbol for an absolute value is |. Thus [—3| = 3. 


jation i m in Table 6.1. 
T i he mean deviation 15 shown in Table 6.1. 
ree а of the dispersion of several distributions, the mean 


deviation has some value. For example, the greater the mean Е the 
Breater the dispersion of scores. However, for interpreting scores within а 
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distribution, the mean deviation is less useful since there is no precise mathe- 
matical relationship between the mean deviation, as such, and the location of 
scores within a distribution. 

You may wonder why we have bothered to demonstrate the mean deviation 
when it is of so little use in statistical analysis. There are two reasons: (1) The 
standard deviation and the variance, which have great value in statistical analy- 
sis, are very close relatives of the mean deviation. In order to calculate the 
standard deviation and the variance, we shall need only to add one column to 


Table 6.1. (2) We want you to understand that measures of dispersion represent, 
in a sense, bases for estimating errors in prediction. 


Table 6.1 


Computational procedures for calculating the M.D. from an array of scores 


х (xX — Х|) 


ol 
9| 
FI 
—1| 
—2 
—2 
|—3| 
1-4 


УХ =75 У(Х — X] = 26 
М = 15 


= кю CO CO н> oH» Cn Cn сл сл мї мї C бо Ф 


Х = 5 


* Гог scores arranged in the form of istributi 
a frequency distribut; i ula 
for the mean deviation should be used: ^ Ана ш OE 


M.D. = УХХ — Х|уум. 
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Before taking up the standard deviation, let us examine the second point a 
bit further by posing a question. In the absence of any specific information, what 
is our best single basis for predicting a score that is obtained by any given in- 
dividual? If the data are drawn from a normally distributed population, it 
turns out that the mean (or any measure of central tendency) is our best single 
predictor. The largest error that we can make in prediction when we employ 
the mean is the most extreme score minus the mean. On the other hand, if we 
use any other score for prediction, the maximum error possible is the entire 
range of the distribution. This large an error will occur when we predict the 
highest score in the distribution for an individual actually obtaining the lowest 
score, or vice versa. 

In our subsequent discussion of the standard deviation and other statistics 
based on it, we shall stress the fact that these measures provide estimates of 


error in the prediction of scores. 


6.5 THE VARIANCE (s?) AND STANDARD DEVIATION (s)* 


Following a perusal of Table 6.1, you might pose this question, “We had to 
treat the values in the column headed (X — X) as absolute numbers because 
their sum was equal to zero. Why could we not square each (X — X), and 
then add the squared deviations? In this way, we would nid ourselves of the 
minus signs in a perfectly legitimate way while still preserving the information 
that is inherent in these deviation scores. ü . Зе "e 
The answer is: We could, if, by so doing, we arrived at a statistie which is of 
greater value in judging dispersion than those we have already discussed. It 
is most fortunate that the standard deviation, based on the squaring of these 
deviation scores, is of immense value in three different respects. (1) Тһе stand- 
ts dispersion of scores $0 that the variability of different dis- 
1 in terms of the standard deviation (s). (2) The 
he precise interpretation of scores within a distribu- 
the mean, is à member of a mathematical 
ed statistical considerations. Thus, 
dvance into inferential statis- 
tive aspects of s after we have 


ard deviation reflec 
tributions may be compared 
standard deviation permits t 
tion, (3) The standard deviation, like 
system which permits its use in more advance 
We shall employ measures based upon 8 when we а 
tics. We shall have more to say about the interpre 
shown how it is calculated. 


—— 

* We remind you that italic letter 
letters to represent population param 
and о represents the population standard 5 
ulation parameters from sample values will be 


present sample statistics, and Greek 
eters; €.£» c? represents the population variance 
ard deviation. The problem of estimating pop- 
s discussed in Chapter 12. 


s are used to re 
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6.5.1 Calculation of variance and standard deviation, 
mean deviation method, with ungrouped scores 


The variance is defined verbally as the sum of the squared dev 


tations from the mean 
divided by М. Symbolically, it is represented as 


X — Xy? у 
8° = хау. (6.2) 1 


At times it is more convenient to use the symbol x to represent X — Х. Thus 
= X-YX. (6.3) 
The variance then becomes 


ros = А (0.4) 


The standard deviation is the square root of the variance and is defined as 


bati 
-NZE -T (6.5) 


s N 
= к. (6.6) 


The computational procedures for calculating the standard deviation, utilizing 
the mean deviation method, are shown in Table 6.2. 

You will recall that the sum of the (X — X)? column [that 15. БХ = X] 
is known аз the sum of squares or the sum Squares and that this sum is minimal 
When deviations are taken about the mean. From this point on in the course 
we shall encounter the sum of Squares with regularity. It will take on a number 


or 


, whatever the form, the sum Squares 
from the mean. 
as shown only to impress you with the fact 
ed on the deviation of Scores from the mean. 
dy for use in caleulation, particularly when 
ctional value, which is usually the case. Consequently, in the 
succeeding paragraphs we shall examine a number of alternative ways of cal- 
culating the sum squares, 


T The important distinction between biased У(Х — X)2/N and unbiased 


У(Х — Хум — 1) 
estimates of the population variance will be discussed in Chapter 12. 
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Table 6.2 
Computational procedures for calculating s, mean deviation method, 
from an array of scores 


Ж X-X (к -e 
9 +4 16 Ze NEA X)2* 
8 +3 9 тре 
Ы EE : = 4/72/15 
7 +2 4 = V480 
5 0 0 = 2.19 
5 0 0 
5 0 0 
5 0 0 
4 —1 1 
4 —1 1 
3 —2 4 
3 —2 4 
2 —3 9 
1 —4 16 
ЗЕ SE-B = SAHA 2 
М = 15 
X=5 


* Por data cast in the form of a frequency distribution, the formula for the standard 


deviation is 
три 
s= N 


: EN. ye 
multipli i ;onding frequency prior to sum 1 
s aa x xe inti this formula is the most general for the frequency of each 
чым 15 У 2 Tr this reason, you should regard the f as implied even when 
s „буу = Ls 


it is not given. 


6.5.2 Calculation of Standard Deviation, Raw Score Method, with 


Ungrouped Scores 


It can be shown mathematically that : 
pue Ox, (6.7) 
n xem уух? 2EXX- XX. 
S 
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Table 6.3 


Computational procedures for calculating s, raw score 
method, from an array of scores 


X x? 
1 1 5 X^ = 
2 4 а= а x 
3 9 447 2 
3 9 ао 
4 16 = V29.80 — 25.00 
4 16 = 
5 25 = V480 = 2.19 
5 25 
5 25 
5 25 
7 49 
ү 49 
7 49 
8 64 
9 81 
УХ = 75 DX? = 447 
М = 15 
Х=5 


However, Y X = NX and summing the mean s 


quare over all values of X is 
the same as multiplying by М. Thus 


Уа? = УХ? — on xX? 4 yy 


—IZX4 = МХ? 
X)? 

== 2 (53)* 
rx QXY. 
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thus 


Le DX? — ОМ 
X N ү — \ 


N 
w ea ж, 
N N N 


You will note that the result agrees with the answer which we obtained by the 
mean deviation method. Table 6.3 summarizes the computational procedure. 


6.5.3 Errors to Watch For 


In calculating the standard deviation, using the raw score method, it is common 
for students to confuse the similar-appearing terms УХ? and (УХ). It is 
important to remember that the former represents the sum of the squares of 
each of the individual scores, whereas the latter represents the square of the 
sum of the scores. By definition, it is impossible to obtain a negative sum of 
squares or a negative standard deviation. In the event that you obtain a nega- 
tive value under the square root sign, you have probably confused these two 
terms. 

A rule of thumb for estimating the standard deviation is that the ratio of 
the range to the standard deviation is rarely smaller than 2 or greater than 6. 
In our preceding example, the ratio is 9/2.19 = 4.11. If we obtain a standard 
deviation which yields a ratio greater than 6 or smaller than 2, we have almost 


Certainly made an error. 


6.6 INTERPRETATION OF THE STANDARD DEVIATION 


of the standard deviation hinges on a knowl- 
he standard deviation and the normal dis- 
tribution, Thus, in order to be able to interpret the standard deviations that are 
calculated in this chapter, it will be necessary to explore the relationship between 
the raw scores, the standard deviation, and the normal distribution. This 


Material is presented in the following chapter. 


An understanding of the meaning 
edge of the relationship between t 


CHAPTER SUMMARY 

We have seen that to fully describe a distribution of scores, we require more 
han a measure of central tendency. We must be able to describe how п 
Scores are dispersed about central tendency. In this connection we discusse 


78 Measures of dispersion 


five measures of dispersion: the range, the interquartile range, the mean devia- 
tion, the standard deviation, and the variance. 

For normally distributed variables, the two measures based on the squaring 
of deviations about the mean (the variance and the standard deviation) are 
maximally useful. We discussed and demonstrated the procedures for calculating 
the standard deviation employing the mean deviation method and the raw 
score method with ungrouped frequency distributions. We also pointed out 
several of the errors commonly made in calculating standard deviations. 


Terms to Remember: 
Dispersion 

Range 

Interquartile range 
Mean deviation 

Mean deviation method 


Raw score method 
Standard deviation 
Variance 


Absolute value of a number 
Sum of squares 


EXERCISES 


1. Calculate s? and 5 for the following array of scores: 3, 4, 5, 5, 6, 7. 

a) Add a constant, say, 2, to each score. Recalculate 52 and s. Would the results 
be any different if you had added а larger constant, say, 200? Generalize: What 
is the effect on s and s? of adding a constant to an array of scores? Does the 
variability increase as we increase the magnitude of the Scores? 

b) Subtract the same constant from each score. Recalculate s? and з. Would the 


results be any different if you had subtracted a larger constant, say, 200? 
Generalize: What is the effect on s and s? of subtracting a constant from an 
array of scores? 


с) Alternately add and subtract the same constant from each score бе, 3-- 2, 
4 — 2, 5 + 2, etc). Recaleulate s and 52. Would the results be any different 
if you had added and subtracted a larger constant? Generalize: What is the 
effect on s and s? of adding and subtracting a constant from an array of scores? 
(Note: this generalization is extremely important with relation to subsequent 
chapters when we discuss the effect of random errors on measures of vari- 
ability.) 

d) Multiply each score by a constant, за; 


What is the effect on s and s? of multiplying each score by a constant? 
e) Divide each score by the Same constant. Recalculate 5 and 52. Generalize: 
What is the effect on s and s? of dividing each score by a constant? 


alizations with those made in relation to the mean 


У, 2. Recalculate s and 52, Generalize: 


10. 


Ll. 


12. 
13, 


14, 


15. 


. Determine the range for the sets of measurements 
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each score or observation, the measure of variation remains unchanged. (b) If 
each score is multiplied or divided by a constant, the measure of variation is also 
multiplied or divided by that number. Check the following for the satisfaction 
of these conditions: 

i) the mean, ii) the median, iii) the mode, 

iv) the mean deviation, v) the standard deviation, vi) the variance. 


If the properties defining measures of dispersion were extended to include 
powers of the constant by which each score is multiplied, would the variance 
qualify as a measure of dispersion? 

How would the standard deviation be affected by the situations described in 
Problems 4 and 5, Chapter 5? 

What is the nature of the distribution if s — 0? 

Calculate the standard deviations for the following sets of measurements. 


а) 10, 8, 6, 0, 8, 3, 2, 2, 8, 0 
B) 1, 3, 8,5, 525, 1. 0, 9 
с) 20, 1, 2, 5, 4, 4, 4,0 
9) 5, 5, 5, 5, 5, 5, 5, 5, 5, 5 


. Why is the standard deviation in part (с) of Problem 6 so large? Describe the ef- 


fect of extreme deviations on s. 
in Problem 6. For which of 


these is the range a misleading index of variability, and why? 


. Calculate the mean and standard deviation for the 250 stocks listed in Problem 7, 


(Table 3.5), Chapter 3, employing two different grouping intervals. The calculated 
standard deviation has a somewhat different value in each instance. To what до 


you attribute the difference? 
and standard deviation {ог the frequency distributions ob- 


tained in Problems 8, 9, 10, and 11 of Chapter 3. Compare and discuss the results, 
A comparison shopper compares prices of chopped chuck at a number of different 
supermarkets. She finds the following prices per pound (in cents): 

56, 65, 48, 73, 59, 72, 63, 65, 60, 63, 44, 79, 63, 61, 66, 69, 64, 71, 58, 63. 

8) Find the mean. 
b) Find the range, à 
с) Find the standard deviation and variance. 

Give one advantage of the standard deviation over the variance. Give an example 
Referring back to Problem 24, Chapter 3, find the mean and standard deviation 
of the number of quarts of milk sold at the supermarket. M 
List at least three specific instances in which & measure of variability was im- 
portant in describing & group. 

List at least three specific instances i 
in comparing groups of people. 


Caleulate the mean 


interquartile range, and mean deviation. 


n which а measure of variability was important 
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16. The following data list the maximum daily temperature recorded for New York 
City for the months of January and May, 1965 and 1966.* 


Date Jan. 1965 Jan. 1966 May 1965 May 1966 
1 35 62 71 66 
2 29 52 7 60 
3 32 46 71 68 
4 39 45 90 59 
5 43 53 62 70 
6 44 47 78 83 
7 44 47 52 66 
8 49 44 60 61 
9 55 30 78 52 

10 40 48 92 57 
11 35 42 88 63 
12 36 27 78 57 
13 41 32 80 67 
14 37 42 74 64 
15 19 41 82 74 
16 17 26 87 71 
17 16 39 83 68 
18 25 38 13 66 
19 25 35 70 64 
20 38 44 80 84 
21 36 42 72 85 
22 50 39 80 75 
23 47 37 79 85 
me ws 38 70 80 
75 38 32 79 76 
26 44 26 94 84 
27 42 36 92 82 
28 38 19 83 73 
29 27 23 68 82 
30 20 38 67 73 
31 30 28 74 68 


For each month and year: 
a) Find the mean. 
b) Find the range and mean deviation. 


c) Find the standard deviation and variance. 


* The data for this problem were extracted from The W. 
New York: Newspaper Enterprise Association, Inc., 1967 


orld Almanac, pp. 558-559. 
. Reprinted by permission. 


The Standard Deviation and the 7 
Standard Normal Distribution 


71 INTRODUCTION 


We previously noted that scores derived from scales employed by behavioral 
scientists are generally meaningless by themselves. To take on meaning they 
must be compared to the distribution of scores from some reference group. In- 
deed, the scores derived from any scale, including those employed by the phy- 
sical scientists, become more meaningful when they are compared to some refer- 
ence group of objects or persons. Thus, if we were to learn that a Canadian 
fisherman caught а northern pike weighing 50 lb, we might or might not be 
impressed, depending upon the extent of our knowledge concerning the usual 
weight of this type of fish. However, once a reference group 18 established, the 
measurement becomes meaningful. Since most northern pike weigh under 10 lb 
and only rarely achieve weights as high as 20 Ib, the achievement of our apoc- 


ryphal fisherman must be considered Bunyanesque. 


7.2 THE CONCEPT OF STANDARD SCORES 


In interpreting à single score, We want to place it in some position with respect 
to a collection of scores from some reference group. In Chapter 4, you learned to 
place a score by determining its percentile rank. It will be recalled that the per- 


centile rank of a score tells us the percentage of scores that are of lower scale 
value. Another approach 


for interpretation of a single score might be to view 
it with reference to some central point, such as the mean. Thus, т score of E 
in a distribution with a mean of 23 might be reported as —3. Fina y, we mig 
express this deviation Score in terms of standard deviation units. Thus, if our 
standard deviation is 1.5, the score of 20 would be two standard deviations be- 
low the mean (that is, = у = 


—2). This process of dividing a deviation of 
а score from the mean by the standard deviation is known as the transformation 
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{о z-scores. Symbolically, г is defined as 


==“. (7.1) 
Since we previously employed x to represent (X — X), we may also state that 


2 = #/8. (7.2) 


It will be noted that every score in the distribution may be transformed into 


a z-score, in which case each z will represent the deviation of a specific score from 
the mean expressed in standard deviation units. 


In order to fully appreciate the value of transforming to z-scores, let us 
look at some of the properties of z-scores. 


1. The sum of the z-scores is zero. Symbolically stated, 


Ea = 0. (7.3) [ 
2. The mean of z-scores is zero. Thus 
_ 2 
а= 0. (7.4) 


3.* The sum of the squared z-scores equals №. Thus 


Уг? = М. (7.5) 


This characteristic may be demonstrated mathematically: 


X-X) = 
re = ЖЕ Ж 1 yy ур 


(7.6) 
To demonstrate: 


о? = Хе —2)? 


* This property of z-scores is 1 
5 18 Import; ; Р 
formulas for calculating the а н understanding опе of many alternative 


son correlation coefficient 7 (See Section 8.2.) 
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Since z = 0, then 


S s Ez и 
Ca дү 
Since $72? = М, then 
N 
с? = 25 =1, 


What is the value of transforming to а z-score? Simply this: if the popula- 
tion of scores on a given variable is normal, we may express any score as a per- 
centile rank by referring our z to the standard normal distribution. In addition, 
Since z-scores represent abstract numbers as opposed to the concrete values of 
the original scores (inches, pounds, I.Q. scores, etc.), we may compare an in- 
dividual’s position on one variable with his position on a second. To understand 
these two important characteristics of z-scores, we must make reference to the 


standard normal distribution. 


7.8 THE STANDARD NORMAL DISTRIBUTION 


The standard normal distribution has a џ of 0, a т of 1, and a total area equal 
to 1.00.* There is a fixed proportion of cases between a vertical line, or ordinate 
d an ordinate erected at any other point. Taking 


erected at any one point an 
g the normal curve, we can make the following 


a few reference points alon 
Statements: 

1) Between the mean and 1 standar 
34.13% of all cases. Similarly, 34.1370 


d deviation above the mean are found 
of all cases fall between the mean and 1 


Greek letters и and с represent the population mean and 
The equation of the normal curve is: 


tut (6—0? 
© сут 20° 


* Tt will be recalled that the Gr 
the standard deviation, respectively. 


in which 
cy at a given value of X, 
d deviation of the distribution, 


proximately 3.1416, 


the frequen 
the standar 
а constant equaling ap 
approximately 2.7183, ^. 
total frequency of the distribution, 
the mean of the distribution, 

the width of the interval, 

any score in the distribution. 


oF Cada 
ow now wn 


X 
which may be called normal. 


n а family of curves 
ав сае 1 = 0 and total area under the 


Tt sh ar : 
oni ен generated in which ш 


By setting Ni = 1, a distribution is 
curve equals 1. 
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standard deviation below the mean. Stated in another way, 34.13% ot the area 
under the curve is found between the mean and 1 standard deviation above the 
mean, and 34.13% of the area falls between the mean and — 1 standard deviation. 


2) Between the mean and 2 standard deviations above the mean are found 
47.72% of all cases. Since the normal curve is symmetrical, 47.72% of the area 
also falls between the mean and —2 standard deviations. 


8) Finally, between the mean and 3 standard deviations above the mean are 
found 49.87% of all the cases. Similarly, 49.87% of the cases fall between the 
mean and —3 standard deviations. Thus, 99.74% of all cases fall between +3 
standard deviations. These relationships are shown in Fig. 7.1. 


Fig. 7.1 Areas between selected points under 
the normal curve. 


Now, by transforming the scores of a normally distributed variable to z- 
scores, we are, in effect, expressing these scores in units of the standard normal 
curve. For any given value of X with a certain proportion of area beyond it, 
there is a corresponding value of z with the same proportion of area beyond it. 
Thus, if we have a population in which и = 30 ando = 10, the z of a score at 
the mean (X = 30) will equal zero, and the z of scores 1 standard deviation 


above and below the mean (X = 40 and X = 20) will be +1.00 and —1.00, 
respectively. 


7.31 Finding Area Between Given Scores 


For expositional purposes, we confined our preceding discussion of area under 
the standard normal curve to selected points. As a matter of actual fact, how- 
ever, it is possible to determine the percent of areas between ату two points 
by making use of the tabled values of the area under the normal curve (Table А). 
The left-hand column headed by z represents the deviation from the mean ex- 
pressed in standard deviation units. By referring to the body of the table, we can 
determine the proportion of total area between а given score and the mean (Column 
B), and the area beyond a given score (Column C). Thus, if an individual obtained 


a score of 24.65 on a normally distributed variable with и = 16 and а = 5, 
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his z-score would be 
24.65 — 16 _ 


z= 5 1.73. 


Referring to Column В in Table A, we find that 0.4582 or 45.82%* of the 
area lies between his score and the mean. Since 50% of the area also falls below 
the mean in а symmetrical distribution, we may conclude that 95.82% of all 


the area falls below a score of 24.65. Note that we can now translate this score 


into a percentile rank of 95.82. , 
Let us suppose another individual obtained a sc 


normally distributed variable. His z-score would be 


ore of 7.35 on the same 


z= 185.18 = —1.73. 
о 


Since the normal curve is symmetrical, only the areas corresponding to the 
Positive z-values are given in Table A. Negative z-values will have precisely the 
same proportions as their positive counterparts. Thus, the area between the 
mean and a z of —1.73 is also 45.82%. The percentile rank of a score below 
the mean may be obtained either by subtracting 45.82% from 50%, or directly 
from Column C. In either case, the percentile rank of a score of 7.35 is 4.18. 

You should carefully note that these relationships apply only to scores from 
normally distributed populations. Transforming the raw scores to standard 
Scores does not, in any Way, alter the form of the original distribution. The 
only change is to convert the mean to zero and the standard deviation to one. 


50 60 70 80 


Raw score 20 30 40 
z-score Sara оӣ up o4 4*4 
Percentile rank Ja 228 1587 5000 8413 97.72 99.87 


scores, and percentile 


Fig. 7. i i mong raw scores, Z- 
9.7.2 Relationships а 9 Мак 


ranks of a normally distributed variable in which p 


= 

* ortions of area. To convert 
The areas under the normal curve are expressed as prop 1 

to percentage of area, multiply by 100 or merely move the decimal two places to the 

right. 
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Thus, if the original distribution of scores is nonnormal, the distribution of z-scores 
will be nonnormal. In other words, our transformation to z's will not convert a 
nonnormal distribution to a normal distribution. 

Figure 7.2 further clarifies the relationships among raw scores, z-scores, and 


percentile ranks of a normally distributed variable. It assumes that u = 50 
апас = 10. 


7.4 ILLUSTRATIVE PROBLEMS 
Let us take several sample problems in which we assume that the mean of the 


general population, и, is equal to 100 on a standard Т.О. test, and the standard 
deviation, с, is 16. It is assumed that the variable is normally distributed. 


Total area 
below a 
score of 125 


Area below 
score of 93? 


Fig. 7.3 Proportion of area below a score of Fig. 7.4 Proportion of area below a score of 
125 in a normal distribution with р = 100 93 in a normal distribution with в = 100 
апа с = 16. апа с = 16. 


Problem 1 


John Doe obtains a score of 125 on an LQ. test. What percent of cases fall 
between his score and the mean? What is his percentile rank in the general 
population? 


| At the outset, it is wise to construct a crude diagram representing the rela- 
tionships in question. Thus, in the present example, the diagram would appear 
as shown in Fig. 7.3. To find the value of z corresponding to X = 125, we 
subtract the population mean from 125 and divide by 16. Thus 

_ 125 — 100 
Е 6 = 1.56. 


Looking up 1.56 in Column В (Table A), 
falls between the mean and 1.56 standard d 
Doe’s percentile rank is, therefore, 50 + 44.0 


we find that 44.06% of the area 


eviations above the mean. John 
6 or 94.06. 
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Problem 2 
Mary Jones scores 93 оп an I.Q. te 
population (Fig. 7.4)? 


st. What is her percentile rank in the general 


_ 98 — 100 _ 
i= ТО 


—0.44. 


s below the mean. Looking up 0.44 in 


The minus sign indicates that the score i 
cases fall below her score. Thus her 


Column С, we find that 33.00% of the 
percentile rank is 33.00. 
Area between 


scores of 
123 and 135 


Area between 


scores of 
88 and 120 


—— ______ Ышш ae ш 
Е 123 135 


Fig. 7.5 Proportion of area between the 
Scores 88 and 120 in a normal distribution 
With p = 100 апас = 16. 


Problem 3 
What percent of cases fall between # 
Note that to answer this quest 


ability cu 


a score of 7.9 
ion we do not subtract 88 from 120 and divide 


Fig. 7.6 Proportion of area between the 
scores 123 and 135 in a normal distribution 


with в = 100 апас = 16. 


120 and a score of 88 (Fig. 7.5)? 


rve are designated in relation to the 


Бус. Т i ] prob 
ms oe "is. in the Lot We must, therefore, separately caleulate the 
ола porni о е of 120 апа the area between the mean and a 


area between the mean and а scor 


Score of 88. We then add the two areas to answer our problem. 


Procedure: 
Ste ; ng to == 120: 
P 1. Find the z corresponding 


_ 120 — 100 _ 1.25. 


я 16 


Step 2. Find the 2 corresponding to Х = 88: 
_ 88—100 = —055. 


E 16 
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Step 3. Find the required areas by referring to Column В (Table A): 


Area between the mean and z = 1.25 is 39.44%. 
Area between the mean and 2 = —0.75 is 27.34%. 


Step 4. Add the two areas together. 
Thus, the area between 88 and 120 = 66.78%. 


Problem 4 


What percent of the area falls between a score of 123 and 135 (Fig. 7.6)? 
Again, we cannot obtain the answer directly, we must find the area between 

the mean and a score of 123 and subtract this from the area between the mean 

and a score of 135. 

Procedure: 


Step 1. Find the z corresponding to X = 135. 


135 — 100 
И = 2.19, 
Step 2. Find the 2 corresponding to X = 123. 
123 — 100 
— ieee -— 1.44. 


Step 3. Find the required areas by referring to Column В. 
Area between the mean and 2 = 2.19 is 48.57%. 
Area between the mean and z = 1.44 is 42.51%. 


Step 4. Subtract to obtain the area between 123 and 135. The result is 


48.57 — 42.51 = 6.06%. 
Problem 5 


We stated earlier that our transformation to z-scores permits us to compare an 
individual's position on one variable with his position on another. Let us il- 
lustrate this important use of z-scores. 

On a standard aptitude test, John G. obtained a score of 245 on the verbal 
scale and 175 on the mathematics scale. The means and the standard devia- 
tions of each of these normally distributed scales are as follows: Verbal, и = 220, 
с = 50; Math, u = 150, с = 25. On which scale did John score higher? All 
that we need to do is compare John’s z-score on each variable. Thus: 


245 — 220 
Verbal z = er es 
= 0.50 


_ 175 — 150 
Math z = жан 
= 1.00. 
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We may conclude, therefore, that John scored higher on the math scale of 
the aptitude test. Of course, if we so desire, we may express these scores as per- 
centile ranks. Thus John’s percentile rank is 84.13 on the math scale and only 


69.15 on the verbal scale. 


7.5 THE STANDARD DEVIATION AS AN ESTIMATE OF ERROR 


When discussing the mean deviation at the beginning of Chapter 6, we pointed 
out that the mean of a distribution can be considered our best single predictor 
of a score in the absence of any other information. The more compactly our 
scores are distributed about the mean, the smaller our errors will be in predic- 
tion, on the average. Since the standard deviation reflects the dispersion of 
Scores, it becomes, in a sense, an estimate of error. Thus, if we have two distribu- 
tions with identical means but with standard deviations of, say, 10 and 30 
errors, on the average, when we employ the 


respectively, we will make larger 
mean as a basis for predicting scores in the latter distribution. This characteristic 
the understanding of certain derivatives 


of the standard deviation is important in 
of с which we shall be discussing in subsequent chapters. 


7.6 THE TRANSFORMATION TO T-SCORES 


Many psychological and educational tests have been purposely constructed so 
as to yield a normal distribution of z-scores. Since it is inconvenient and some- 
times confusing to deal with a distribution containing many negative values, 
the z-scores are frequently converted to T-scores employing the following trans- 


formation equation: 
T* = 50+ 10z. 


This transformation now yields a distribution with a mean equal to 50 and 
а standard deviation equal to 10. 
T-scores may readily be reconver 


бе seek 
ато 


а T of 65 would have а corresponding 


ted to units of the standard normal curve: 


Thus, a person obtaining 


i stituti y desir 5 i he 
© ransfor i ү ve the substitution of any desired constants into t 
и овај oe ыт ard deviation of 20 is desired, the trans- 


equation. Thus, if a mean of 100 and a stand: 
formation equation becomes: 100 + 202. 
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Employing the standard normal curve, his score is found to have a correspond- 
ing percentile rank of 93.32. 


CHAPTER SUMMARY 


In this chapter, we demonstrated the value of the standard deviation for com- 
parison of the dispersion of scores in different distributions of a variable, the 
interpretation of a score with respect to a single distribution, and the compari- 
son of scores on two or more variables. We showed how to convert raw scores 
into units of the standard normal curve (transformation to z-scores) and the 
various characteristics of the standard normal curve were explained. А series 
of worked problems demonstrated the various applications of the conversion of 
normally distributed variables to z-scores. 

Finally, we discussed the standard deviation as an estimate of error and 
as an estimate of precision. We demonstrated the use of the T-transformation 


as a convenient method for eliminating the negative values occurring when 
scores are expressed in terms of 2. 


Terms to Remember: 


Standard normal distribution 


Standard score (z-score) 
T-transformation 


EXERCISES 


1. Given a normal distribution with a mean of 45.2 and a standard deviation of 10.4, 
find the standard score equivalents for the following scores, 
a) 55 b) 41 с) 45.2 
d) 31.5 e) 68.4 f) 18.9 


2. Find the proportion of area und 


er the normal curve between the mean and the 
following z-scores. 


а) —2.05 b) —1.90 c) —0.25 
d) +0.40 e) +1.65 f) 4-1.96 
g) +2.33 В) +2.58 i) +3.08 


3. Given a normal distribution b; 
deviation of 10, find 
а) the proportion of area and 
following scores: 


ased on 1000 cases with a mean of 50 and a standard 


the number of cases between the mean and the 


60, 70, 45, 25. 
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b) the proportion of area and the number of cases above the following scores: 
60, 70, 45, 25, 50. 
с) the proportion of area and the number of cases between the following scores: 
60 — 70, 25 — 60, 45 — 70, 25 — 45. 


. Below are given Student Spiegel's scores, the mean, and the standard deviation on 
each of three tests given to 3,000 students. 


Test и c Spiegel's score 
Arithmetic 47.2 4.8 53 
Verbal comprehension 64.6 8.3 71 
Geography 75.4 11.7 72 


a) Convert each of Spiegel's test scores to standard scores. 
b) On which test did Spiegel stand highest? On which lowest? 
с) Spiegel’s score in arithmetic was surpassed by how many students? In Verbal 


Comprehension? In Geography? | 
d) What assumption must be made in order to answer the preceding question? 


‚ On а normally distributed mathematics aptitude test, for females, 
р= 60, с =10, 


and for males, 
и = 64, г = 8. 


a) Arthur obtained a score of 62. What is his percentile rank on both the male 


and the female norms? " Р 
b) Helen’s percentile rank is 73 оп the female norms. What is her percentile 


rank on the male norms? 


- If frequency polygons were constructed for each of the following, which do you 


feel would approximate a normal curve? | 
a) Heights of a large representative sample of adult Ameri 
b) Means of a large number of samples with a fixed М (say, М = 100) drawn from 


can males. 


а normally distributed population of scores. 
c) Means of a large number of samples of a tixed № (say, N = 100), drawn from 


a moderately skewed distribution of scores. 
d) Weights, in ounces, of ears of corn selected randomly from a cornfield. i 
e) Annual income, in dollars, of the “breadwinner” of a large number of American 


families selected at random. : А 
f) Weight, in ounces, of all fish caught in а popular fishing resort. 


- In a normal distribution with и = 72 апа с = 12: 
a) What is the score at the 25th percentile? 
b) What is the score at the 75th percentile? 


c) What is the score atrthe 90th percentile? 
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d) Find the percent of cases scoring above 80. 

e) Find the percent of cases scoring below 66. 

f) Between what scores do the middle 50 percent of the cases lie? 
g) Beyond what scores do the most extreme 5 percent lie? 

h) Beyond what scores do the most extreme 1 percent lie? 


8. Answer the above questions (a through h) for 


и = 72 апа с = 8; 
и = 72 апа д =4; 
и = 72 апа с = 2. 


9. Employing the following information, did Larry do better on Test I or Test 11? 
Which test did Mindy do better on? 


у 11 
Larry 18 20 
Mindy 17 22 
Alan 17 22 
Gary 16 21 
John 12 31 


10. Are all sets of z-scores normally distributed? Why? 


11. Is there more than one normal distribution? 


12. Employing the data in Problem 16, Chapter 6, convert each of the temperature 


readings for the four time periods to standard scores. 
13. The following data list the number of home runs made by 


the home run leaders 
in the National and American Leagues from 1943-1966: 


Year National League American League 
1943 29 34 
1944 33 22 
1945 28 24 
1946 23 44 
1947 51 32 
1948 40 39 
1949 54 43 
1950 47 37 
1951 42 33 
1952 37 32 
1953 47 43 
1954 49 32 
1955 51 37 
1956 43 52 
1957 44 42 
1958 47 


42 
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Year National League American League 
1959 46 42 
1960 41 40 
1961 46 61 
1962 49 48 
1963 44 45 
1964 47 49 
1965 52 32 
1966 44 49 


a) Find the mean and standard deviation for each league. 
b) Convert the number of home runs for each league to standard scores. 
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8.1 THE CONCEPT OF CORRELATION 


Up to this point in the course, we have been interested in calculating various 
statistics which permit us to thoroughly describe the distribution of the values 
of a single variable, and to relate these statistics to the interpretation of in- 
dividual scores. However, as you are well aware, many of the problems in the 
behavioral sciences go beyond the description of a single variable in its various 
and sundry ramifications. We are frequently called upon to determine the rela- 
tionships among two or more variables. For example, college administration 
officers are vitally concerned with the relationship between high school averages 
or College Entrance Examination Board (CEEB) scores and performance at 
college. Do students who do well in high school or who score high on the CEEB 
also perform well in college? Conversely, do poor high school students or those 
who score low on the CEEB perform poorly at college? Do parents with high 
intelligence tend to have children of high intelligence? Is there a relationship 
between the declared dividend on stocks and their paper value in the exchange? 
Is there a relationship between the socio-economic class and recidivism in crime? 

As soon as we raise questions concerning the relationships among variables, 
we are thrust into the fascinating area of correlation. In order to express quan- 
titatively the extent to which two variables are related, it is necessary to calcu- 
late a correlation coefficient. There are many types of correlation coefficients. 
The decision of which one to employ with a specific set of data depends upon 
such factors as (1) the type of scale of measurement in which each variable is 
expressed ; (2) the nature of the underlying distribution (continuous or discrete) ; 
and (3) the characteristics of the distribution of the scores (linear or nonlinear). 
We present two correlation coefficients in this text: the Pearson r, or the Pearson 
product moment correlation coefficient, employed with interval or ratio scaled vari- 


ables, and та, or the Spearman rank order correlation coefficient employed with 
ordered or ranked data. 
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г= 1.00 r=0.82 r=0.57 
| 2 | A 
X X 
r=0.00 r= —0.38 r=—1.00 


B > 
x x 


x 
Fig. 8.1 Scatter diagrams showing various degrees of relationship between two variables. 


No matter which correlational technique we use, all have certain charac- 


teristics in common. 

1. Two sets of measurements are obtained on the same individuals (or events) 
or on pairs of individuals who are matched on some basis. 

2. The values of the correlation coefficients vary between +1.00 and —1.00. 
Both of these extremes represent perfect relationships between the variables, 


and 0.00 represents the absence of a relationship. 

3. A positive relationship means that individuals obtaining high scores on one 
variable tend to obtain high scores on а second variable. The converse is also 
true, i.e., individuals scoring low on one variable tend to score low on a second 


variable. 
4. А negative relationship means that individuals scoring low on one variable 


tend to score high опа second variable. Conversely, individuals scoring high 


on one variable tend to score low on a second variable. 

ries of scatter diagrams illustrating various degrees of 
variables, X and Y. In interpreting the figures it is 
presents two values: an individual’s 
"s score on the Y-variable. As in- 
ted along the abscissa 


Figure 8.1 shows а se 
relationships between two Р 
important to remember that every circle re 
Score on the X-variable and the same person’ 
dicated earlier (Section 3.4), the X-variable is represen 


and the Y-variable along the ordinate. 
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Table 8.1 


Raw scores and corresponding z-scores made by 7 subjects 
on two variables (hypothetical data) 


Subject | X 2 22 ды Y y y? £y зу 
А 1 —6 36 —1.5 4 9 81 —1.5 2:25 
В 3 —4 16 —1.0 vé 6 36 —1.0 1.00 
C 5 —2 4 —0.5 10 3 9 —0.5 0.25 
D 7 0 0 0 13 0 0 0 0 
E 9 2 4 0.5 16 3 9 0.5 0.25 
Е 11 4 16 1.0 19 6 36 1.0 1.00 
G 13 6 36 1.5 22 9 81 1.5 2.25 


УУХ =49 or? 112 SY =91 Dy? = 252 JD = 7.00 
Х = 7.00 5, = УЧЕ = 400 Y= 13.00 s, = У = 6.00 


8.2 PEARSON r AND z-SCORES 


A high positive Pearson r indicates that each individual obtains approximately 
the same z-score on both variables. In a perfect positive correlation, each in- 
dividual obtains exactly the same z-score on both variables. 

With a high negative r, each individual obtains approximately the same 
z-score on both variables, but the sigma scores are opposite in sign. 

Remembering that the z-score represents a measure of relative position on a 
given variable (1.е., a high positive z represents a high score relative to the 
remainder of the distribution, and a high negative z represents a low score rela- 
tive to the remainder of the distribution), we may now generalize the meaning 
of the Pearson r. 

Pearson т represents the extent to which the same individuals or events occupy 

the same relative position on two variables. 

In order to explore the fundamental characteristics of the Pearson r, let us 
examine a simplified example of a perfect positive correlation. In Table 8.1, we 
find the paired scores of 7 individuals on the two variables, X and У. 

ТЕ will be noted that the scale values of X and У do not need to be the same 
for the calculation of a Pearson r. In the example, we see that X ranges from 1 
through 13, whereas Y ranges from 4 through 22. This independence of r from 
specific scale values permits us to investigate the relationships among an un- 
limited variety of variables. We can even correlate the length of the big toe 
with the I.Q. if we feel so inclined! 

Note, also, as we have already pointed out, that the z-scores of each subject 
on each variable are identical in the event of a perfect positive correlation. Had 
we reversed the order of either variable, i.e., paired 1 with 22, paired 3 with 19, 
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ete., the z-scores would still be identical, but would be opposite in sign. In this 
latter case, our correlation would be a maximum negative (r = —1.00). 

If we multiply our paired z-scores and then sum the results, we will obtain 
maximum values only when our correlation is 1.00. Indeed, as the correlation 
approaches zero, the sum of the products of the paired z-scores also approaches 
zero. Note that when the correlation is perfect, the sum of the products of the 
paired z-scores is equal to п, where п equals the number of pairs. These facts 
lead to one of the many different but algebraically equivalent formulas for г. 


= L lezzy) . (8.1)* 


n 


It is suggested that you take the data in Table S.1, rearrange them in a 
number of different ways, and calculate r, employing the above formula. You 
will arrive at а far more thorough understanding of r in this way than by read- 
ing the text (not that we are discouraging the latter). 

It so happens that the formula is unwieldy in practice since it requires the 
calculation of separate z's for each score of each individual. Imagine the Her- 
culean task of calculating г when n exceeds 50 cases, as it often does in be- 


havioral research! 
For this reason, 

ployed. In this text, w 

formula, and (2) the raw score formula. 


a number of different computational formulas are em- 
с shall illustrate the use of two: (1) the mean deviation 


8.3 CALCULATION OF PEARSON г 


8.3.1 Mean Deviation Method 
ulating a Pearson 7, like the z-score formula 


al scientists because it involves more 
hniques. It is being presented here 


The mean deviation method for cale i 
above, is not often employed by behavior: 


time and effort than other computational tec ist 
primarily because it sheds further light on the characteristies of the Pearson r. 
it is as convenient a computational formula as any, 


is available. The computational formula for the 
thod is 


However, with small n's, 
unless an automatie caleulator é 
Pearson r, employing the mean deviation me 


У ту (cross products) 3 (82) 


т Vas Dy? 


* Tn Section 7.2, we pointed out that е = You will поба tlistwhen енй 
tion is perfect cach z-score on the X-v: ble ip identical to its ai ipi te а 
on the Y-variable. Thus czy = 2222 = 7:22, when г = 1.00. In m words, 
in a perfect correlation, 2:2 = "^ The Pearson r then becomes n/n or 1.00. 


Кл E эы 
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Let us illustrate the mean deviation method employing the figures in 
Table 8.1 but arranged in a different sequence (Table 8.2). 

The computational procedures, employing the mean deviation method, 
should be perfectly familiar to you. The Ух? and the Ууу? have already been 
confronted when we were studying the standard deviation. In fact, in caleu- 
lating r only one step has been added, namely, the one to obtain the sum of 
the cross products (zy). This is obtained easily enough by multiplying the 
deviation of each individual’s score from the mean of the X-variable by his 
corresponding deviation on the Y-variable and then summing all of the cross 
products. Incidentally, you should notice the similarity of Day to Ð (zzz) 
which is discussed in Section 8.2. Everything that has been said with respect 
to the relationship between the variations in È (2z2y) and r holds also for Vay 
and г. Notice that, if maximum deviations in X had lined up with maximum 
deviations in Y, and so on down through the array, xy would have been 
equal to 168.00, which is the same as the value of the denominator, and would 
have produced a correlation of 1.00. 


8.3.2 Raw Score Method 


We have already seen that the 


raw score formula for caloulating the sum of 
squares is 


2 2 
=e = Sx? — xy and Si? = Sr? — rr . 
By analogy, the raw score formula for the sum of the cross products is 


3 X bá 
ay = XY = om. (8.3) 
Tn calculating the Pearson 7, by the raw seore method, you have the option 


of calculating all the above quantities separately and substituting them into 


formula (8.2) or defining r in terms of raw scores as in formula (8.4) or (8.5) 
as follows: 


уху _ СОС 


ТОРТИШИБ. оных iN 
| | Ме Qao [se en] = 
EXY ур 


n 
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Table 8.2 
Computational procedures for Pearson r employing mean deviation 
method (hypothetical data) 


Subject bd z т? Y y y? ту 
А 1 —6 36 7 —6 36 36 
B 3 —4 16 4 —9 81 36 
С 5 —2 4 13 0 0 0 
р 7 0 0 16 3 9 0 
E 9 2 4 10 —8 9 —6 
F 11 4 16 22 9 81 36 
G 13 6 36 19 6 36 36 
> 22 = 112 Уу? = 252 Yay = 138 
Ery 138 138 Use 


Е Vs. Yy ~ Vüi2)952) 108.00 


Table 8.3 : 
Computational procedures for Pearson г employing raw score method 


(hypothetical data) 


5 Р m > 

Subject ba ХА 1 y XY 
А 1 1 7 49 7 

B 3 9 4 16 12 

С 5 25 18 169 65 

р 7 49 16 256 112 

E 9 81 10 100 90 

F 11 121 22 484 242 

18 169 19 361 247 


Ух = 49 УХ? = 455 с = 91 ХУ? = 1435 ZXY = 775 


Х =7 = 13 
s = VI — (M = V65 — 49 = V16 = 4 
sy = VIZE — (13? = 4/205 — 169 = V36 = 6 


ХУ = 
Eun _ 148 — (003) 
ЕНИКИ 
110.71 91 _ 19.71 _ 0.82 
Р 24 24 
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You may have noticed that the denominator in formula (8.5) consists of 
the standard deviation of X (s+) multiplied by the standard deviation of У (sy). 
This provides an alternative formula for calculating the Pearson т, namely 


A e таса S л (8.6) 


The procedures for calculating r by the raw score method are summarized 
in Table 8.3. Here we find exactly the same coefficient as we did before. As 
with the mean deviation method, all the procedures, except those of obtaining 
the cross products, are familiar to you from our earlier use of the raw score 
formula to obtain the standard deviation. The quantity УХУ is obtained very 


simply by multiplying each X-value by its corresponding Y and then summing 
these products. 


8.4 A WORD OF CAUTION 


When low correlations are found, one is strongly tempted to conclude that 
there is little or no relationship between the two variables under study. How- 
ever, it must be remembered that the Pearson r reflects only the linear relation- 
ship between two variables. The failure to find evidence of a relationship may 
be due to one of two possibilities: (1) the variables are, in fact, unrelated, or 
(2) the variables are related in a nonlinear fashion. In the latter instance, the 
Pearson r would not be an appropriate measure of the degree of relationship 
between the variables. To illustrate, if we were plotting the relationship be- 
tween age and strength of grip, we might obtain a picture somewhat like Fig. 8.2. 

It is usually possible to determine whether there is a substantial departure 
from linearity by examining the scatter diagram. If the distribution of points 
in the scatter diagram is elliptical, without the decided bending of the ellipse 


that occurs in Fig. 8.2, it may safely be assumed that the relationship is linear. 
Any small departures from linearity will not greatly 


i 1 influence the size of the 
correlation coefficient. 


Strength 
of grip 


Fig. 8.2 Scatter diagram of two variables which 


are related in a nonlinear fashion (hypothetical 
Age data). 
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с there is marked curvilinearity, as in Fig. 8.2, a 
ion would better reflect the relationship be- 
tween the two variables under investigation. Although it is beyond the scope 
of this text to investigate nonlinear coefficients of correlation, you should be 
aware of this possibility and, as a matter of course, you should construct a scat- 
ter diagram prior to your calculation of the Pearson r. 

The assumption of linearity of relationship is the most important require- 
ment to justify the use of the Pearson т as à measure of relationship between 
two variables. It is not necessary that 7 be calculated only with normally dis- 
tributed variables. So long as the distributions are unimodal and relatively 
symmetrical, a Pearson r may legitimately be computed. = . 

Another situation giving rise to spuriously low correlation coefficients re- 
sults from restricting the range of values of one of the variables. For example, 
if we were interested in the relationship between age and height for children 
from 3 years to 16 years of age, undoubtedly we would obtain a rather high 


coefficient of correlation between these two variables. However, suppose that 
e of our variables? What effect would this 


We were to restrict the range of on t 1 | 
have on the size of the coefficient? That is, let us look at the same relationship 
between age and height but only for those children between the ages of 9 and 10. 
We would probably end up with a rather low coefficient. Let us look at this 


graphically. T "X , 
You will note that the overall relationship illustrated in Fig. 8.3 is rather 


high. "The inset illustrates what happens when we restrict our mum Note that 
the scatter diagram contained in the inset represents a very ‘ow correlation. 


This restriction of the range is frequently referred to as the truncaled range. 
is not uncommon in behavioral research, since 


The pro runcated range 1 vioral 1 
ab sym ма | а in the colleges среди aug a oy 
jects have been preselected for intelligence and pa p aoe = 
represent a fairly homogeneous group with — us relationshi between 
Sequently, when an attempt is made to demonstrate p 


On the other hand, wher 
curvilinear coefficient of correlat 


Height 


Scatter diagram illustrating high correla- 
ge of X- and Y-values, but low 
cated (hypothetical 


Fig. 8.3 | 
tion over entire ran у 
correlation when range is trun 


data). 


Age 
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variables like CEEB scores and college grades, the resulting coefficient may be 
lowered because of the truncated range. Furthermore, the correlations would 


be expected to be lower for colleges which select their students from within a 
narrow range of CEEB scores. 


8.5 ORDINALLY SCALED VARIABLES AND лм 


Let us imagine that you are a grade school teacher. After long years of observa- 
tion in the classroom, you have developed a strong suspicion that intelligence 
and leadership are related variables. In an effort to test this hypothesis, you 
obtain I.Q. estimates on all the children in your class. However, you discover 
that no scales are available to measure classroom leadership and you can think 
of no satisfactory way to quantify this variable. Nevertheless, from numerous 
observations of the children in different leadership situations, you feel con- 
fident that you are able to rank the children from those highest in leadership 
to those lowest in this quality. The resulting measurements constitute, of 


Table 8.4 


Computational procedures for calculating го from ranked variables 
(hypothetical data) 


1.0. | Leadership 

rank rank D р? 
1 4 —3 9 1 62 D? 
y a ч 2.1 5:20 
5 7 => И 15(224) 
6 10 — 16 _1_ 124 
7 8 —1 1 Е 3360 
н ы E 25 = 1— 0.36 

16 = 

10 3 7 49 = 064 

11 11 0 0 

12 6 6 36 

13 12 1 1 

14 15 = 1 

15 14 1 1 
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course, an ordinal scale. Although we could obtain a Pearson r with ranked 
data, a variant of the product moment correlation coefficient, which is referred 
to аз the Spearman т, тт, or the rank correlation coefficient, reduces the 
computational task involved in obtaining the correlation. The Spearman r 
is appropriate when one scale constitutes ordinal measurement and the re- 
maining scale is either ordinal or higher. However, prior to applying the Гуо 
formula, both scales must be expressed as ranks. 

Realizing that your knowledge of the children’s I.Q. scores might “contami- 
nate” your estimates of their leadership qualities, you ask a fellow teacher to 
provide ranks for his children based on leadership qualities. You then obtain, 
independent of ranks, an estimate of their LQ.s. Following this, you rank the 
1.Q.’s from highest to lowest. 

The rank correlation coefficient requires that you obtain the differences in 
the ranks, square and sum the squared differences, and substitute the resulting 


values into the formula 


6D? (87) 


fio = 1 gr — 1)' 


in which D = rank X — rank Y. 
Table 8.4 shows the hypothetical data and the procedures involved in cal- 
culating Trho- 
As a matter of course, У. should be obtained even though it is not used in 
any of the calculations. It constitutes a useful check on the accuracy of your 
calculations up to this point since 3; D must equal zero. If you obtain any value 
other than zero, you should recheck your original ranks and the subsequent 
subtractions. . 
Occasionally, when it is necessary to convert scores to ranks, as in the present 
example, you will find two or more tied scores. In this event, assign the mean 
rank to each of the tied scores. The next score in the array receives the rank 
normally assigned to it. Thus, the ranks of the scores 128, 122, 115, 115, 115, 
107, 103 would be 1, 2, 4, 4, 4, 6, 7. -— 
You may wonder how the formula for rho reflects the degree of relationship 
between two ordinally scaled variables. To engage in extensive mathematical 
proofs is, as you know, beyond the scope of this book. However, à few of the 
fundamentals of the mathematics involved may permit you to grasp intuitively 


“how the formula works.” 


First, you may note that, when the correlation is maximum positive (+1.00), 


5 4 d. 
the difference between each pair of ranks is equal to zero; thus 22D" = 0. Ps 
the other hand, when the correlation is maximum negative (—1.00), the differ- 
ence between ranks is maximum and SD? is maximum. Now, if we wanted to 
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“invent” a formula which reflects these facts, we could define rho as follows: 


тло = 1 — I 

max 

For a moment, let us concentrate on one term in our "invented" formula, 
that is, 5;D?/5;,D2,.. This term reflects, in any data we are analyzing, the 
obtained proportion of the maximum possible sum of the squared differences in 
ranks. If our correlation is maximum positive, in which ZD? = 0, the term 
reduces to zero. If we were to multiply it by any constant, it would, of course, 
remain zero. On the other hand, if our correlation is maximum negative, the 
term reduces to unity, i.e., 52D2,,/»,D?,, = 1. In order that the correlation 
coefficient may vary between +1.00 and — 1.00, it is necessary to multiply the 
numerator by the constant 2 and subtract the entire term from 1.00. 

Now, it ean be proved mathematically that X Dax = n(n? — 1)/3. You 
may check this empirically by setting up several sets of data with maximum 
negative correlations. You will find that the above formulation always holds. 

Substituting this term in our "invented" formula, rho becomes 


" е И jf Aem 
о n(n? — 1) n(n2 — 1)’ 


which is, of course, the formula for the Spearman rank coefficient. 


CHAPTER SUMMARY 


In this chapter we discussed the concept of correlation and demonstrated the 
calculation of two correlation coefficients, i.e., the Pearson r, employed with 
interval or ratio scaled data and го used with ordinally scaled variables. 

We saw that correlation is concerned with determining the extent to which 
two variables are related or tend to vary together. The quantitative expression 
of the extent of the relationship is given in terms of the magnitude of the cor- 
relation coefficient. Correlation coefficients vary between values of — 1.00 to 
+1.00; both extremes represent perfect relationships. A coefficient of zero in- 
dicates the absence of a relationship between two variables. 

We noted that the Pearson r is appropriate only for variables which are re- 
lated in а linear fashion. With ranked data, the Spearman rank correlation co- 
efficient is the exact counterpart of the Pearson т. The various computational 
formulas for the Pearson r may be employed in calculating то from ranked 
data. However, à computational formula for Trho Was demonstrated which 
considerably simplifies the caleulation of the rank correlation coefficient. 
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Terms to Remember: 


Correlation Positive relationship 
Correlation coefficient Negative relationship 
Pearson r (product moment Scatter diagram 
correlation coefficient) Cross products 
Spearman т (rimo or rank Truncated range 


correlation coefficient) 


EXERCISES 


1. The data below show the scores obtained by a group of 20 students on a college 
entrance examination and а verbal comprehension test. Prepare a scatter diagram 


and calculate а Pearson т for these data. 


College Verbal College Verbal 
Student entrance comprehension | Student entrance comprehension 

exam (X) test (Y) exam (X) test (Y) 
A 52 49 K 64 53 
B 49 49 L 28 17 
С 26 17 M 49 40 
D 28 34 N 43 41 
Е 63 52 О 30 15 
Е 44 41 Р 65 50 
G 70 45 Q 35 28 
H 32 32 R 60 55 
I 49 29 5 49 37 
J 51 49 T 66 50 


by 10 students on à statistics examina- 


2. The data below represent scores obtained 
Prepare a scatter diagram and calculate 


tion and their final grade point average. 
a Pearson r for these data. 


Student Statistics Grade point | Student Statistics Grade point 
examination average examination average 
A 90 2.50 F 70 1.00 
B 85 2.00 G 70 1.00 
С 80 2.50 H 60 0.50 
D 75 2.00 I 60 0.50 
Е 70 1.50 J 50 0.50 
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3. 


Correlation 


A psychological study involved the rating of rats along a dominance-submissive- 


ness continuum. In order to determine the reliability of the ratings, the ranks 
given by two different observers were tabulated: 


Я Rank Rank = Капк Капк 
Animal observer А observer B Animal observer А observer B 
A 12 15 I 6 5 
B 2 1 J 9 9 
С 8 7 K 7 6 
D 1 4 L 10 12 
E 4 2 M 15 13 
F 5 3 N 8 8 
G 14 1 о 13 14 
н 11 10 Р 16 16 


8. 


- The following scores were made b 


Are the ratings reliable? Explain your answer. 


. Explain in your own words the meaning of correlation. 


. In each of the examples presented below, identify a possible source of contamina- 


tion in the collection and/or interpretation of the results of a correlational analysis. 

a) The relationship between age and reaction time for subjects from three months 
to 65 years of age. 

b) The correlation between I.Q. and grades for honor students at а university. 


c) The relationship between vocabulary and reading speed among children in & 
"eulturally deprived" community. 


- For a group of 50 individuals Уг. z, is 41.3. What is tlie correlation between the 


two variables? 


y 5 students on two tests. Calculate the Pearson 
т (using r = Уз, (п). Convert to ranks and calculate Tio: 


Student Test X Test Y 


Ejjoou» 
CY л л л ct 
~ сло н 


Generalize: What is the effect of tied ranks on ras? 
Show algebraically that 


DX ary AY 
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. What effect does a departure from linearity have on the Pearson r? 

. How does the range of scores sampled affect the size of the correlation coefficient? 

. In Problem 15, Chapter 5, we showed the mean grades obtained by classes with 
varying numbers of students. What is the correlation between class size and 
mean grades on the final exam? 


. Following are the data showing scores on college entrance examinations and 
college grade-point averages following the first semester. What is the relationship 


between these two variables? 


Entrance Grade point Entrance Grade point 

examinations averages examinations averages 
440 1.57 528 2.08 
448 1.83 550 2.15 
455 2.05 582 3.44 
460 1.14 569 3.05 
473 2.73 585 3.19 
485 1.65 593 3.42 
489 2.02 620 3.87 
500 2.98 650 3.00 
512 1.79 690 3.12 
518 2.63 


. Following are data showing the latitude of 35 cities in the northern hemisphere 
and the mean high and mean low annual temperatures. 
a) What is the correlation between latitude and mean high temperature? 
b) What is the correlation between latitude and mean low temperature? 
c) What is the correlation between mean high and mean low temperature? 


Latitude to Mean high Mean low 
nearest degree temperature temperature 


City 

Acapulco 17 88 73 
Accra 6 86 74 
Algiers 37 76 es 
Amsterdam 52 54 T 
Belgrade 45 62 

Berlin 53 55 40 
Bogota 5 $ a 
Bombay 19 A 42 
Bucharest 44 0 70 
Calcutta 22 z 55 
Casablanca 34 7 

56 52 41 (cont.) 


Copenhagen 
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Latitude to Mean High Mean low 


City nearest degree temperature temperature 
Dakar 15 84 70 
Dublin 53 56 42 
Helsinki 60 46 35 
Hong Kong 22 T4 68 
Istanbul 41 64 50 
Jerusalem 32 74 54 
Karachi 25 87 70 
Leningrad 60 46 33 
Lisbon 39 67 55 
London 52 58 44 
Madrid 40 66 47 
Manila 15 89 73 
Monrovia 6 84 73 
Montreal 46 50 35 
Oslo 60 50 36 
Ottawa 45 51 32 
Paris 49 59 43 
Pnom Penh 12 89 74 
Prague 50 54 42 
Rangoon 17 89 73 
Rome 42 71 51 
Saigon 11 90 74 
Shanghai 31 69 53 


14. Obtain rank correlation coefficients for the data in Problem 13. How closely do 
the по approach the Pearson 757 


15. Refer back to Problem 16, Chapter 6: 
a) Find the correlation between the maximum d 
and January, 1966. 
b) Find the correlation between the maxi 
and May, 1966. 
c) Is there a correlation between the da: 
temperature in January, 


aily temperature in January, 1965 
mum daily temperature in May, 1965 


y of the month and the maximum daily 
1965? January, 1966? May, 1965? May, 1966? 


Obtain rank correlation coefficients for Problems 15(a) and (Ъ). 
Trho'S With the previously obtained Pearson T's. 


17. Listed below are the 1967 earnings per share of 37 United States Industries and 
the closing eost per share of stock for February 15, 1968. 
2) Find the correlation between cost per sh 
b) Express the earnings as a percentage c 
€) Is there 


16. Compare the 


аге and 1967 earnings per share. 
f cost per share. 


a correlation between percentage of earnings and cost per share? 


Exercises 109 


1967 Earnings per share (in cents) Cost per share (to nearest dollar) 

130 34 
56 23 
8 7 

9 6 
200 48 
195 22 
177 28 
7 20 
361 46 
167 22 
93 21 
94 14 
168 27 
86 41 
70 19 
287 41 
214 37 
84 28 
237 29 
33 15 
36 14 
157 40 
304 30 
115 8 
68 44 
73 11 
69 34 
16 35 
88 17 
122 10 
147 НА 
160 w 
367 20 
35 18 
38) 5 
159 34 
105 ја 


18. Employ the data in Problem 13, Chapter igo 
a) Determine whether there is any relationship between the number of home runs 


obtained by the National and American League leaders over the 24-year period. 
b) Assuming that the year constitutes an ordinal seale, determine the correlation 
between the year and the number of home runs hit by the leader in each league. 

= —0.76. 


19. Explain the difference between 7 = 0.76 апат 
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9.1 INTRODUCTION TO PREDICTION 


Knowing a person’s I.Q., what can we say about his prospects of satisfactorily 
completing a college curriculum? Knowing his prior voting record, can we 
make any informed guesses concerning his vote in the coming election? Know- 
ing his mathematics aptitude score, can we estimate the quality of his per- 
formance in a course in statistics? 

Let us look at an example. Suppose we are trying to predict Student Jones’ 
score on the final exam. If the only information available was that the class 
mean on the final was 75 (Y = 75), the best guess we could make is that he 
would obtain a score of 75 on the final.* However, far more information is 
usually available, e.g., Mr. Jones obtained a score of 62 on the midterm examina- 
tion. How can we use this information to make a better prediction about his 
performance on the final exam? If we know that the class mean on the midterm 
examination was 70 (X = 70), we could reason that since he scored below the 
mean on the midterm, he would probably score below the mean on the final. 
At this point, we appear to be closing in on a more accurate prediction of his 
performance. How might we further improve the accuracy of our prediction? 
Simply knowing that he scored below the mean on the midterm does not give 
us a clear picture of his relative standing on this exam. If, however, we know 
the standard deviation on the midterm, we could express his score in terms of 
his relative position, 1.е., his z-score. Let us imagine that the standard devia- 
tion on the midterm was 4 (5, = 4). Since he scored 2 standard deviations 
below the mean (2, = —2), would we be justified in guessing that he would 
score 2 standard deviations below the mean on the final (2, = —2)? That is, 
if s, = 8, would you predict a score of 59 on the fi 


nal? No! You will note that 
an important piece of information is missing, i.e., the correlation between the 


* See Section 5.2.2, in which we demonstrated that the 
mean is zero and that the sum of s 
less than the sum of squares of devi 


sum of the deviations from the 

quares of deviations from the arithmetic mean is 

ations about any other score or potential score. 
110 
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midterm and the final. You may recall from our discussion of correlation* 
that the Pearson r represents the extent to which the same individuals or events 
occupy the same relative position on two variables. Thus, we are only justified 
in predicting a score of exactly 59 on the final when the correlation is perfect 
(that 13, when г = +1.00). Suppose that the correlation is equal to zero. 
Then it should certainly be obvious that we are not justified in predicting a 
score of 59; rather, we are once again back to our original prediction of 75 
(that is, Y). 

In summary, when r = 0, our best prediction is 75 (Y); when r = +1.00, 
our best prediction is 59 (2, = 22). It should be clear that predictions from 
intermediate values of r will fall somewhere between 59 and 751. 

An outstanding advantage, then, of a correlational analysis stems from its 
application to problems involving predictions from one variable to another. 
Psychologists, educators, biologists, sociologists, and economists are constantly 
being called upon to perform this function. To provide an adequate explanation 
of т and to illustrate its specific applications, it is necessary to digress into an 


analysis of linear regression. 


9.2 LINEAR REGRESSION 


To simplify our discussion, let us start with an example of two variables which 
are usually perfectly or almost perfectly related: monthly salary and yearly 
income. In Table 9.1 we have listed the monthly income of eight wage earners 


Table 9.1 
Monthly salaries and annual income of eight 


wage earners in an electronics firm (hypo- 


thetical data) 


Monthly Annual 
Employee salary income 
A 400 4800 
B 450 5400 
С 500 6000 
D 515 6900 
E 600 7200 
Е 625 7500 
G 650 7800 
H 675 8100 
Co 
жа : 
See Section 8.2. tive. If the correlation were —1.00, our 


We are assuming that the correlation is posi 


best prediction would be a score of 91, that is, z; = —2= 
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9000 — 
8000 — 


Р 7000 — 
Annual income 


in dollars, Y 6000 — 


5000 — 


| | | | | | | 
#000 400 450 500 550 600 650 700 


Monthly salary in dollars, X 


Fig. 9.1 Relation of monthly salaries to annual income for eight 
employees in an electronics firm. 


in a small electronics firm. These data are shown graphically in Fig. 9.1. It 
is customary to refer to the horizontal axis as the X-axis, or abscissa, and to the 
vertical axis as the ordinate, or Y-axis. If the variables are temporally related, 
the prior one is represented on the X-axis. It will be noted that all salaries are 


represented on a straight line extending diagonally from the lower left-hand 
corner to the upper right-hand corner. 


9.2.1 Formula for Linear Relationships 
The formula relating monthly salary to annual salary may be represented as 
Y= 12k, 


You may substitute any value of X into the formula and obtain directly 


the value of Y. For example, if another employee’s monthly salary were $700, 
his annual income would be 


Y = 12-700 = 8400. 


Let us add one more factor to this linear relationship. Let us suppose that 
the electronics firm had an exceptionally good year and that it decided to give 
each of its employees a Christmas bonus of $500. The equation would now read 


У = 500 + 12X. 


| Perhaps, thinking back to your high school days of algebra, you will recog- 

nize the above formula as a special case of the general formula for a straight 
line, that is, 

Y = a +b,X, (9.1) 

in which Y and X represent variables which change from individual to in- 

dividual, and a and b, represent constants for a particular set of data. More 
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specifically, b, represents the slope of a line relating values of У to values of Х. 
This is referred to as the regression of У on Х. In the present example, the 
slope of the line is 12 which means that Y changes by a factor of 12 for each 
change in Х. The letter a represents the value of У when ==. 

You may also note that the above formula may be regarded as a method for 
predicting Y from known values of X. When the correlation is 1.00 (as in the 


present case), the predictions are perfect. 


9.2.2 Predicting X and Y from Data on Two Variables 


In behavioral research, however, the correlations we obtain are almost never 
perfect. "Therefore we must find a straight line which best fits our data and we 
must make predietions from that line. But what do we mean by *best fit?" 
You will recall that when diseussing the mean and the standard deviation, we 
defined the mean as that point in a distribution that makes the sum of squares 
of deviations from it minimal (least sum squares). When applying the least 
sum square method to correlation and regression, the best filling straight line 


is defined as that line which makes the squared deviations around it minimal. 


This straight line is referred to as à regression line. 

We might note at this time that the term prediction, as employed in statis- 
necessary implication of futurity. The term 
“predict” simply refers to the fact that we are using information about one 
variable to obtain information about another. Thus, if we know a student's 
grade point average in college, we may use this information to “predict” his 
intelligence (which in our more generous moods, we assume preceded his 
entrance into college). ^ ES 

At this point, we shall introduce two new symbols: a and ) ^ These may 
be read as “X prime and Y prime," "X and Y predicted,” or estimated X and 
Y." We use these symbols whenever we employ the regression line or the 
regression equation to estimate or predict a score on one variable from a known 


Score on another variable. 
Returning to the formula for 

of determining b and a for а particul 
The formula for obtaining the slope oF 

known as the line of regression of Y on X, is 


tics, does not carry with it any 


a straight line, we are faced with the problem 
ar set of data so that Y’ may be obtained. 
f the line relating Y to X, which is 


(9.2) 


From formula (9.2) we may derive another useful formula for determining 


the slope of the line of У on X. 
Уху 
by = ўт 
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But 


Ery = туа? · Ly? 
апа 
Мз? 
М$ў. 


N22. 
№; sy 


= 


Thus: 


Ns2 
А. NszSy 


№52 
3i. 


or 


It will be noted that all the quantities shown in formulas (9. 


9.2 


(9.3) 


(9.4) 


(9.5) 


2) through 


(9.5) may be readily obtained in the course of calculating Pearson т. 


The constant a is given by the formula 
а= Ү – ,Х 


In the computation of У’, it is unwieldy to obt 
separately and substitute them into the formula for a straight line 
by algebraically combining formulas 


formula (9.1), we obtain a much more useful formula for Y’: 


Pega dq 
r 


*Binte Y' = ара = Y — bX, and b, = r(s,/s;), then 


Ш 


rre 


(9.6) 


ain each of these values 


. However, 


(9.3) and (9.6) and relating the result to 


(9.7) 


iol (X — 50. 
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Since there is also a separate regression equation for predicting scores on 
the X-variable from values of the Y-variable, the formula for X’ is 


Ye Зети Т). (9.8) 
Sy 


Concentrating our attention upon the second term on the right of each 
equation, we can see that the larger the 7, the greater the magnitude of the 
entire term. This term also represents the predicted deviation from the sample 
mean resulting from the regression of Y on X or X on Y. Thus, we may con- 
clude that the greater the correlation, the greater the predicted deviation from 
the sample mean. In the event of a perfect correlation, the entire predicted 
deviation is maximal. On the other hand, when r = 0, the predicted deviation 
is also zero. Thus, when r = 0, we have Х' = X, and Y’ = Y. All of this 
is another way of saying that in the absence of a correlation between two vari- 
ables, our best prediction of any given score on a specified variable is the mean 


of the distribution of that variable. 


9.2.3 Illustrative Regression Problems 


Let us solve two sample problems employing the data introduced in Section 9.1. 


Problem 1 
ed 62 on the midterm examination. What is our 


Mr. Jones, you will recall, scor s o 
on the final examination? The relevant statistics 


prediction concerning his score 
àre reproduced below. 


X Y 
Midterm Final 
X = 70 У = 75 
зе == 5, = 8 

т = 0.60 


Employing formula (9.7), we find 


ү' = 75 + 0.60 (8) (62-70) 
= 75 — 9.60 = 65.40. 


Problem 2 
test, scored 76. What is our prediction con- 


Mr. Smi 5 idterm 
Qo Oe m 1? Employing the data appearing in 


cerning his score on the final examinatior 
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Problem 1, we obtain the following results: 


У’ = 75 + 0.60 (8) (76-70) 
= 75 + 7.20 = 82.20. 


Had our problem been to “predict” X-scores from known values of Y, the 
procedures would have been precisely the same as above except that formula 
(9.8) would have been employed. 

A reasonable question at this point is, “Since we know У and s, in the above 
problems, we presumably have all the observed data at hand. Therefore, why 
do we wish to predict У from X?” It should be pointed out that the purpose 
of these examples was to acquaint you with the prediction formulas. In actual 
practice, however, correlational techniques are most commonly employed in 
making predictions about future samples where Y is unknown. 

For example, let us suppose that the admissions officer of a college has con- 
structed an entrance examination which he has administered to all the appli- 
cants over a period of years. During this time he has accumulated much in- 
formation concerning the relationship between entrance scores and subsequent, 
quality point averages in school. He finds that it is now possible to use scores 
on the entrance examination (X-variable) to predict subsequent quality point 
averages (Y-variable), and then use this information to establish an entrance 
policy for future applicants. 

Since we have repeatedly stressed the relati 
2-scores, it should be apparent that the 
in terms of z-scores. Mathematically, 


onship between Pearson r and 
prediction formulas may be expressed 
it can be shown that 


A. * 
gy = Та», 


(9.9) 
where z = У’ expressed in terms of a z-score. 


Returning to Problem 1, Mr. Jon 
pressed as az = —2.00. Thus Zy 
To assure yourself of the co 


that is, Eqs. (9.7) and (9.9), 
score, Y’. 


es’ score of 62 on the midterm can be ex- 
' = 0.60(—2.00) = —1.20. 


mparability of the two 


prediction formulas, 
you should translate the 


2,/-score into a raw 


*y'- Y. т(8,/8.)(Х — X). Ву transposing terms: 
Y —Y (X — X) 
-— , 


E but 
Sy Sz 


х—Х 4 
Р = 2, and 4 


Therefore zy = rz,. 
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9.2.4 Constructing Lines of Regression 


Let us return to the problem of constructing regression lines for predicting 
scores on the variables X and Y. As we have already pointed out, the regression 
line will not pass through all the paired scores. It will, in fact, pass among the 
paired scores in such a way as to minimize the squared deviations between the 
regression line (predicted scores) and the obtained scores. Earlier we pointed 
out that the mean is the point in a distribution which makes the squared devia- 
tions around it minimal. In discussing regression, the regression line is analogous 
to the mean, since, as we shall demonstrate, the sum of deviations of scores 
around the regression line is zero and the sum squares of these deviations are 
minimal. 

It will be recalled that all the values required to calculate predicted scores 
are readily found during the course of calculating т, that is, X, У, sz, зу. Now 
to construct our regression line for predicting Y from X, all we need to do is 
take two extreme values of X, predict Y from each of these values, and then 
join these two points on the scatter diagram. The line joining these points 
represents the regression line for predicting Y from X, which is also referred to 
as the line of regression of Y on X. Similarly, to construct the regression line 
for predicting X from Y, we take two extreme values of Y, predict X for each 
of these values, and then join these two points on the scatter diagram. This is 
precisely what was done in Fig. 9.2 to construct the two regression lines from 
the data in Table 8.3. 

You will note that both regression lines intersect at the means of X and Y. 
In conceptualizing the relationship between the regression lines and the mag- 
nitude of r, it is helpful to think of the regression lines as rotating about the 
joint means of X and У. When r = 1.00, both regression lines will have 
identical slopes and will be superimposed upon one another since they pass 


22 i Line predicting X from 
known values of Y 


Line predicting Y from 
M known values of X 


Fig. 9.2 Scatter diagram representing paired 
iables and regression lines for 

1 13 scores on two varia 

Е - мА predicting X from У апа У from x. 
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directly through all the paired scores. However, as г becomes increasingly 
small, the regression lines rotate away from each other so that in the limiting 
case when r = 0, they are perpendicular to each other. At this point the re- 
gression line for predicting X from known values of Y is X, and the regression 
line for predicting Y from known values of X is Y. 


9.3 RESIDUAL VARIANCE AND STANDARD ERROR OF ESTIMATE 


Figure 9.3 shows a series of scatter diagrams, 
showing only one regression line: the line for p 
of X. Although our present discussion will be 
line, all the conclusions we draw 
X from known values of У. 

The regression line represents our best basis for predicting Y scores from 
known values of X. As we can see, not all the obt 
gression line. However, if the correlation had been 1.00, all the scores would 
have fallen right on the regression line. The deviations (Y — Y") in Fig. 9.3 
represent our errors in prediction. 

You will note the similarity of Y — Y’ 
regression line) to Y — Y (the deviation of 
gebraic sum of these deviations around the 


each reproduced from Fig. 9.2, 
redicting Y from known values 
directed only to this regression 
will be equally applicable to the line predicting 


ained scores fall on the re- 


(the deviation of scores from the 
Scores from the mean). 'The al- 
regression line is equal to zero. 


о EU ED. жа. a 


xı 


e mean of istributi y 
(from data in Table 8.3). n of the distributio - 
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Earlier, we saw that the algebraic sum of the deviations around the mean is 
also equal to zero. In a sense, then, the regression line is a sort of “floating mean:” 
one that takes on different values depending on the values of X that are em- 
ployed in prediction. 

You will also recall that in calculating the variance, 52, we squared the 
deviations from the mean, summed, and divided by №. Finally, the square root 
of the variance provided our standard deviation. Now, if we were to square and 
sum the deviations of the scores from the regression line, У(У — Y’)?, we 
would have a basis for caleulating another variance and standard deviation. 
The variance around the regression line is known as the residual variance and 
is defined as follows: 


nd -- 9 (9.10) 


2 
Sesty — n 
When predictions are made from Y to X, the residual variance of X is 


з ЕН (9.11) 


Sestz = Л 


The standard deviation around the regression line (referred to as the standard 
error of estimate) is, of course, the square root of the residual variance. Thus 


7 Em = Hs (9.12) 


Sesty 


When predictions are made from Y to X, the standard error of estimate of 


15 


* elm. (9.13) 
Sestz = n 


You may be justifiably aghast at the amount of computation that is im- 
plied in the above formulas for calculating the standard error of estimate. 
However, as has been our practice throughout this text, we have shown the 

asic formulas so that you may have а conceptual grasp of the meaning of the 

Standard error of estimate. It is, as we have seen, the standard d of 

Scores around the regression line rather than around the mean of the distri ries 
Fortunately, as in all previous illustrations 1n the text, there is a simplifie 


Method for calculating воку and Sestz: 


Шаст е (9.14) 
and 
ar I=" (9.15) 


Sestz 
1 directly from Table Н. Thus forr = 0.82, 


жоу, * 
: The values of МТ = т? may be obtained 
We have YT — 2 = (0.5724). 
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Fig. 9.4 Line of regression for predicting У 
from X with parallel lines 1Sesty above and 
below the regression line (from data in Prob- 


lem 1, Chapter 8). Circles indicate individuals’ 
Scores оп X and У. 


Tape M АИ ЫИ Ma] 
25 30 35 40 45 50 55 60 65 70 


x 


00, вез, у = 0, which means there are no 
gression line, and therefore no errors in prediction. On 


You will note that when r = +1. 
deviations from the re 
the other hand, when r = 0, the errors 
distribution, that is, Sesty = Sy. 


With the data in Problem 1, Chapter 8, the following statisties were cal- 
culated: 


of prediction are maximal for that given 


College entrance exam Verbal comprehension exam 


x ЈЕ 
== TTE 
Х = 47.65 У = 39.15 
Sz = 13.82 Sy = 12.35 


Thus 


Sesty = 12.351 — 0.842 
= 12.35(0.5268) = 6.51. 


rows is homogeneous. This condition 1 

Using the above data, we have @ 
line for predicting Y from known values of X in Fig. 9.4. These 
1 standard error of estimate (6.51) from the regression lin 
sents an individual's scores on the X- and the y- 
18 of the 20 Scores, or 65%, 


fairly good agreement with the expected percentage of 68. Wit 
approximation would be better. 


the columns and the 
as homoscedasticity, 


rawn two lines parallel to the regression 


lines are both 
i е. Each circle repre- 
variables. It can be seen that 
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9.4 EXPLAINED AND UNEXPLAINED VARIATION* 


Tf we look again at Fig. 9.3, we can see that there are three separate sum squares 
that can be calculated from the data. These are: 

1. Variation of scores around the sample mean (Fig. 9.3b). This variation is 
given by (У — У)? and is, of course, basic to the determination of the variance 
and the standard deviation of the sample. 

2. Variation of scores around the regression line (or predicted scores) (Fig. 9.3a). 
This variation is given by (У — Y")? and is referred to as unexplained variation. 
The reason for this choice of terminology should be clear. If the correlation 
between two variables is +1.00, all the scores fall on the regression line. Con- 
sequently, we have, in effect, explained all the variation in Y in terms of the 
variation in X and, conversely, all the variation of X in terms of the variation 
in Y. In other words, in the event of a perfect relationship, there is no unex- 
plained variation. However, when the correlation is less than perfect, many 
of the scores will not fall right on the regression line, as we have seen. The devia- 
tions of these scores from the regression line represent variation which is not 
accounted for in terms of the correlation between two variables. Hence, the 
term “unexplained variation” is employed. 

З. Variation of predicted scores about the mean of the distribution (Fig. 9.3c). 
This variation is given by (Y^ — Y)? and is referred to as explained variation. 
The reason for this terminology should be clear from our discussion in the pre- 
ceding paragraph and our prior reference to predicted deviation (Section 9.3). 
You will recall our previous observation that the greater the correlation, the 
greater the predicted deviation from the sample mean. It follows further that 
the greater the predicted deviation, the greater the explained variation. When 
the predicted deviation is maximum, the correlation is perfect, and the ex- 


plained variation is 100%. 

It can be shown mathematically that the total sum squares consists of two 
components which may be added together. These two components represent 
explained variation and unexplained variation respectively. Thus 

ry — Ӯ)? = Dv — У)? + (У У. (9.16) 
Total variation = unexplained variation + explained variation. 

Now, when r = 0.00, then X(Y' — Y)? = 0.00. (Why? See Section 9.2). 

Consequently, the total variation is equal to the unexplained variation. Stated 


another way, when r = 0, all the variation is unexplained. On the other hand, 
When r = 100 then Z(Y — У”)? = 0.00, since all the scores are on the re- 


s not covered until Chapter 15, much of the material 


Po EN Lon o di 
* x: 

Although analysis riance i 
i шо adi o some of the basie concepts of analysis 


Ш this section will serve as an introduction t 
9f variance, 
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Proportion of variation 
accounted for 


| | | | 


| 
Џ 1 
—1.00 —0.80 —0.60 —0.40 —0.20 0 0.20 0.40 0.60 0.80 1.00 


Magnitude of r 


Fig. 9.5 The proportion of the variation on one variable accounted for in terms of variations 
of a correlated variable at varying values of г. 


gression line. Under these circumstances, total vari 
plained variation. In other words, all the variation is explained when т = 1.00. 


The ratio of the explained variation to the total variation is referred to as 


the coefficient of determination and is symbolized by 72. The formula for the 
coefficient of determination is 


ation is the same as ex- 


2 _ explained variation уу’ — У)? * 
r => s о. (9.17) 
total variation У(Ү—Ү)? 


It can be seen that the coefficient of determination indicates the proportion 
of total variation which is explained in te: 


rms of the magnitude of the correlation 
coefficient. When т = 0, the coefficient of determination 7?, equals 0. When 
r = 0.5, the coefficient of determination is 0.25. In other words, 25% of the 
total variation is accounted for. Finally, when т = 1.00, then r? = 1.00 and 
all variation is accounted for. 
Figure 9.5 depicts graphically the Proportion of variation in one variable 
that is accounted for by the variation in another variable when г takes on dif- 
ferent values, 


т = 4 „ јехрјатед variation L(Y’ — У)? 


total variation SY = у)? (9.18) 
сш ©. 


* Table H in Appendix 11 umber of functions of 
including such useful functions as 72, 1 — 72, and МТ — 72 
yourself with this table, К 


т for various values of r, 
You should familiarize 
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Since r? represents the proportion of variation accounted for, (1 — т?) 
represents the proportion of variation which is not explained in terms of the 
correlation between X and Y. This concept is known as the coefficient of non- 
determination and is symbolized by k?. Thus К? represents the proportion of 
variation in Y which must be explained by variables other than X. 

Summarizing the relationship between k? and r^: 


12 =1- (9.19) 


ог 
kh pr = 1 (9.20) 


9.5 CORRELATION AND CAUSATION 


You have seen that when two variables are related it is possible to predict one 
from your knowledge of the other, This relationship between correlation and 
prediction often leads to a serious error in reasoning, i.e., the relationship be- 
tween two variables frequently carries with it the implication that one has 
caused the other. This is especially true when there is a temporal relationship 
between the variables in question, 1.е., when one precedes the other in time. 
What is often overlooked is the fact that the variables may not be causally 
connected in any way, but that they may vary together by virtue of a common 
link with a third variable. Thus, if you are a bird watcher, you may note that 
as the number of birds increases in the spring, the grass becomes progressively 
greener. However, recognizing that the extended number of hours and the 
increasing warmth of the sun is à third factor influencing both of these variables, 
you are not likely to conclude that the birds cause the grass to turn green or 
vice versa. However, there are many oceasions, particularly in the behavioral 
Sciences, when it is not so easy to identify the third factor. № 
Suppose that you have demonstrated that there isa high positive correlation 
between the number of hours students spend studying for an exam and their 
Subsequent grades on that exam. You may be tempted to conclude that the 
number of hours of study causes grades to vary. This seems to be a perfectly 
reasonable conclusion, and is probably in close agreement with what your 
parents and instructors have been telling you for years. Let us look closer at 
the implications of a causal relationship. On the assumption that a greater 
number of hours of study causes grades to increase, we would be led to expect 
that any student who devotes more time to study is guaranteed a high grade 
and that one who spends less time with his books is going to receive a low 
grade. This is not necessarily the case. We have overlooked the fact that 16 
might be that the better student (by virtue of higher intelligence, stronger 
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motivation, better study habits, etc.) who devotes more time to study, per- 
forms better simply because he has a greater capacity to do so. 

What we are saying is that correlational studies simply do not permit in- 
ferences of causation. Correlation is a necessary but not a sufficient condition 
to establish a causal relationship between two variables. In short, to establish 
a causal relationship it is necessary to conduct an experiment in which an 
independent variable is manipulated by the experimenter, and the effects of 
these manipulations are reflected in the dependent, or criterion, variable. A 
correlational study lacks the requirement of independent manipulation. 

Huff's book* includes an excellent chapter devoted to the confusion of corre- 
lation with causation. He refers to faulty causal inferences from correlational 
data as the post hoc fallacy. The following excerpt illustrates a common example 
of the post hoc fallacy. 

Reams of pages of figures have been collected to show the value in dollars of & 
college education, and stacks of pamphlets have been published to bring these figures 
—and conclusions more or less based on them— to the attention of potential students. 
Iam not quarreling with the intention. I am in favor of education myself, particularly 
if it includes a course in elementary statistics. Now these figures have pretty con- 
clusively demonstrated that people who have gone to college make more money than 
people who have not. The exceptions are numerous, of course, but the tendency is 
strong and clear. 

The only thing wrong is that along with the figures and facts goes a totally un- 
warranted conclusion. This is the post hoc fallacy at its best. It says that these figures 
show that if you (your son, your daughter) attend college you will probably earn more 
money than if you decide to spend the next four years in some other manner. This 
unwarranted conclusion has for its basis the equally unwarranted assumption that 
Since college trained folks make more money, they make it because they went to 
college. Actually we don't know but that these are the people who would have made 
more money even if they had not gone to college. There are a couple of things that 
indicate rather strongly that this is so. Colleges get а disproportionate number of 
two groups of kids—the bright and the rich. The bright might show good earning 
power without college knowledge. And as for the rich ones ... well money breeds 


money in several obvious ways. Few sons of rich men are found in low-income brackets 
whether they go to college or not. 


CHAPTER SUMMARY 


Let us briefly review what we have learned in this chapter. We have seen that 
it is possible to “fit” two straight lines to a bivariate distribution of scores, one 
for predicting Y-scores from known X-values and one for predicting X-scores 
from known Y-values. 

We saw that, when the correlation is perfect, all the scores fall upon the 
regression line. There is, therefore, no error in prediction. The lower the rela- 


* Op. cit. 
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tionship, the greater the dispersion of scores around the regression line, and the 
greater the errors of prediction. Finally, when r = 0, the mean of the sample 
provides our “best” predictor for a given variable. 

The regression line was shown to be analogous to the mean: the summed 
deviations around it are zero and the sum squares are minimal. The standard 
error of estimate was shown to be analogous to the standard deviation. 

We saw that Шлес separate sum squares, reflecting variability, may be 
calculated from correlational data. 

1. Variation about the mean of the distribution for each variable. This varia- 
tion is referred to as the total sum squares. 
2. Variation of each score about the regression line. This variation is known 


as unexplained variation. 
3. Variation of each predicted score about the mean of the distribution for 
m as explained variation. 


each variable. This variation is know 


_ We saw that the sum of the explained variation 
tion is equal to the total variation. 

Finally, we saw that the ratio of the explai 
provides us with the proportion of the total 
term applied to this proportion is coefficient 
converse concept of coefficient of nondetermination w: 


and the unexplained varia- 


ned variation to the total variation 
variation which is explained. The 
of determination. In addition, the 
as discussed. 


Terms to Remember: 


Line of “best fit” 
Regression line 


Residual variance 
Unexplained variation 


Prediction Explained variation 
Regression equation Coefficient of determination 
Homoscedasticity Coefficient of nondetermination 


Standard error of estimate “Post hoc" fallacy 


i 
Floating mean” 


EXERCISES 
1. Find the equation of the regression line for the following data. 
X 1 2 3 4 5 
zer ER а 


2. Ina study concerned with the relationship between two variables, X and Y, the 


following was obtained, 
1.30 


0.55 
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a) Sally B. obtained a score of 130 on the X-variable. Predict her score on the 
Y-variable. 


b) A score of 1.28 on the Y-variable was predicted for Bill B. What was his score 
on the X-variable? 


c) Determine the standard error of estimate of Y. 


. A study was undertaken to find the relationship between “emotional stability” 


and performance in college. The following results were obtained. 


Emotional stability College average 
X = 49 Ү = 1.35 
Sz = 12 sy = 0.50 
r = 0.36 
n = 60 


a) Norma obtained a score of 65 on the X-variable. 
her score on the Y-variable? 


b) Determine the standard error of estimate of X and Y. 
c) What proportion of total variation is accounted for by explained variation? 


What is our prediction of 


. Assume that X = 80, 5, = 5; Y = 45, з, = 8. Draw а separate graph for each 


pair of regression lines for the following values of r. 

a) 0.00 b) 0.20 с) 0.40 

d) 0.60 e) 0.80 f) 1.00 

Generalize: What is the relationship between the size of т and the angle formed by 


the regression lines? If the values of г given above, (b) through (f), were all 
negative, what is the relationship? 


. Given: The standard deviation of scores on a standardized vocabulary test is 15. 


The correlation of this test with I.Q. is 0.80. What would you expect the standard 


deviation on the vocabulary test to be for a large group of students with the same 
I.Q.? Explain your answer. 


- A student obtains a score on test X which is 1.5 standard deviations above the 


mean. What standard score would you predict for him on test Y if r equals 
а) 0.00, b) 0.40, е) 0.80, d) 1.00, e) —0.50, f) —0.80. 


A personnel manager has made a study of employees involved in one aspect of а 
manufacturing process. He finds that after they have been on the job for a year, 
he is able to obtain a performance measure which accurately reflects their pro- 
ficiency. He designs a selection test aimed at predicting their eventual proficiency, 
and obtains a correlation of 0.65 with the proficiency measure (У). The mean 


of the test is 50, sz = 6; У = 100, s, = 10. Answer the following questions 

based on these facts: 

a) Herman J. obtained a score of 40 on the selection test. What is his predicted 
proficiency score? 


b) How likely is it that he will score as hi 


€) A score of 80 on the Y-variable is considered satisfactory for the job; below 80 
is unsatisfactory. If the X-test is to be used as a selection device whith score 
should be used as a cutoff point? (Hint: Find the value of X which leads to a 
prediction of 80 on Y. Be sure to employ the appropriate prediction formula.) 


gh as 110 on the proficiency scale? 
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d 7 i 
) Sonya J. obtained a score of 30 on X. How likely is it that she will achieve an 


acceptable score on У? 
с) Leon М. obtained a score of 60 on Х. 
an acceptable score on У? 
f) For a person to have prospects for 
higher on Y is deemed essential. W 
и m of potential supervisory personnel? 
B Mi ск Tb on X which pun s Y = 120, approximately 
rone б em will obtain Y scores below 120? Above 130? Below 110? 
. Pa es of a mail-order house ad 
ses rear Since personnel in the 
Fees d on it is important for him to 
tho n n each batch of daily mail so th: 
m: eee day. He hit on the idea of weig 
| грее ht with the actual number of orders. 
ined the following results: 


How likely is it that he will fail to achieve 


а supervisory position, а score of 120 or 
hat value of X should be employed for the 


vertises that all orders are shipped within 
shipping department are hired on a day- 
be able to predict the number of orders 
that he can hire sufficient personnel for 
hing each day’s mail and correlating 
Over a successive 30-day period, 


Weight Number Weight Number 
20 5400 26 5400 
15 4200 21 5000 
23 5800 24 5400 
17 5000 16 4300 
12 3500 34 6700 
35 6400 28 6100 
29 6000 15 3600 
21 5200 11 3200 
10 4000 18 5300 
13 3800 27 5800 
25 5700 30 5900 
14 4000 22 5500 
18 4800 20 5200 
30 6200 24 5000 
33 6600 13 3700 


a) Find the correlation between the weight of mail and the number of orders. 
(Hint: In calculating the correlation, consider dropping the final two digits 
b) m the Y-variable). 
b 10 persons are required to handle 1000 
е hired to handle 22 pounds of mail? 15? 3 
9. pe ployees are hired only in groups of 10). 
s the magazine section of your Sunday n 
sion, and radio advertisements for examples 0 


orders per day, how many should 
0? 38? (Note: Assume that em- 


ewspaper, monthly magazines, 
{ the post hoc fallacy. 
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10. Referring back to Problem 1, Chapter 8: 


11. 


a) Estelle obtained a score of 40 on her college entrance examination. Predict 


her score on the verbal comprehension test. 


b) How likely is it that she will score at least 40 on the verbal comprehension test? 
c) Howard obtained a score of 40 on the verbal comprehension test. Predict his 


score on the college entrance examination. 


d) How likely is it that he will score at least 40 on the college entrance examination? 
e) REC University finds that students who score at least 45 on the verbal com- 


prehension test are most successful. What score on the college entrance ex- 
amination should be used as the cutoff point for selection? 


f) Harris obtained a score of 55 on the college entrance examination. Would he 


be selected by REC University? What are his chances of achieving an ac- 
ceptable score on the verbal comprehension test? 


g) Rona obtained a score of 60 on the college entrance examination. Would she 


be accepted by REC University? How likely is it that he will not achieve an 
acceptable score on the verbal comprehension test? 


On the basis of the obtained data (below) an experimenter asserts that the older 


a child is the fewer irrelevant responses he makes in an experimental situation. 
a) Determine whether this conclusion is valid. 
b) Mindy, age 13, enters the experimental situation: 
i) What is the most probable number of irrelevant responses the experimenter 
would perdict for Mindy? 
ii) What is the likelihood that she will make no irrelevant responses? 


Age Number Age Number 

irrelevant responses irrelevant responses 
2 11 T 12 
3 12 9 8 
4 10 9 7 
4 13 10 3 
5 1 11 6 
5 9 11 5 
6 10 12 5 
7 Т 


12. Why do we have two regression lines? 


Review of Section | 


DESCRIPTIVE STATISTICS 


E Pas preceding 9 chapters you have seen that there are many different ways 
ш data. The application of the various descriptive techniques on the 
lowing two sets of data will give you an opportunity to see how these tech- 
niques can be integrated to describe data. = 


Review Problem 1 


A. Draw a graph to illustrate the relationship between the final standing and 


the number of home runs hit. 


B. Calculate: 
1) Mean number of times the American League teams were shut out. 


2) Median number of home runs hit in the American League. 
3) Standard deviation of the distribution of shut-outs. 


C. Determine the relationship between 
1) the number of home runs and the final standing. 
2) the number of home runs and the number of times shut-out. 


Final standings Home runs | Times shut out 
Minnesota 150 3 
Chicago 125 9 
Baltimore 125 12 
Detroit 162 11 
Cleveland 156 15 
New York 149 16 
California 92 16 
Washington 136 14 
Boston 165 11 
Kansas City 110 10 
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Review Problem 2* 


A. Draw a graph to illustrate the changes from 1946-1963 in average daily 
cost per hospital patient. 
B. Draw a frequency distribution of the average length of hospital stay from 
the data presented below. Describe the distribution. 
C. For the 18-year period from 1946-1963, calculate the mean and standard 
deviation of the average length of hospital stay. 
D. Determine the relationship between the average cost per patient per hos- 
pital day and the average length of hospital stay. 
Average cost | Average length Average cost | Average length 
per patient of hospital per patient of hospital 
per hospital day | stay (in days) per hospital day | stay (in days) 
1946 $ 9.39 9.1 1955 $23.12 7.8 
1947 11.09 8.0 1956 24.15 T 
1948 13.09 8.7 1957 26.02 7.6 
1949 14.33 8.3 1958 28.27 7.6 
1950 15.62 8.1 1959 30.19 7.8 
1951 16.77 8.3 1960 32.23 7.6 
1952 18.35 8.1 1961 34.98 7.6 
1953 19.95 7.9 1962 36.83 7.6 
1954 21.76 7.8 1963 38.91 77 


* The data for this problem were adapted from Reader’s Digest 
York: Reader’s Digest Association, 1966, with permission. 


m 


) A person who spends one week (7 days) in a hospital can expect his stay 
to average how much daily? 


) On the basis of these caleulations, patient X concludes that the longer 
he stays in the hospital the less it will cost him per day. He decides that 
if he can prolong his hospital stay for 10 days he can expect an average 
daily cost of ? What is the fallacy in his conclusion? [H int: 


Criticize this inference in the light of what you know about correlation 
and causation.] 


Almanac, p. 489. New 
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Inferential Statistics 


A. PARAMETRIC TESTS OF SIGNIFICANCE 


Probability 10 


10.1 AN INTRODUCTION TO PROBABILITY THEORY 


In the past few chapters, we have been primarily concerned with the exposition 
of techniques employed by statisticians and scientists to describe and present 
data in the most economical and meaningful form. However, we pointed out 
in Chapter 1, that the interests of scientists go beyond the mere description of 
data. Fundamental to the strategy of science is the formulation of general 
statements about populations or the effects of experimental conditions on 
criterion variables. Thus, as we have already pointed out, the scientist is not 
usually satisfied to report merely that the arithmetic mean of the drug group 
tested on variable X is higher or lower than the mean of the placebo group 
tested on this variable. He also wants to make general statements such as: 
“The difference between the two groups is of such magnitude that we cannot 
reasonably ascribe it to chance variation. We may therefore conclude that the 
drug had an effect on the variable studied. More specifically, this effect was . . . 
ete., ete.” 

The problem of chance variation is an important one. We all know that the 
variability of our data in the behavioral sciences engenders the risk of drawing 
an incorrect conclusion. Take a look at the following example: From casual 
observations, Experimenter A hypothesizes that first grade girls have higher 
1.Q. scores than first grade boys. He administers an I.Q. test to four boys and 
four girls in a first grade class. He finds that the mean of the girls is higher: 
110 to 103. Is Experimenter A justified in concluding that his hypothesis has 
been confirmed? The answer is obviously in the negative. But why? After all, 
there is a difference between the sample means, isn’t there? Intuitively, we 
might argue that the variability of intelligence among first graders is so great, 
and the N in the study so small, that some differences 1п the means 18 inevitable 
as a result of our selection procedures. The critical questions which must be 
answered by inferential statistics then become: “Is the apparent difference in 
intelligence among first graders reliable? That is, will it appear regularly in 


133 


10.1 
134 Probability 


repetitions of the study? Or is the difference the result of unsystematic factors 
which will vary from study to study, and thereby produce sets of differences 
without consistency?” A prime function of inferential statistics is to provide 
rigorous and logically sound procedures for answering these questions. As we 
shall see in this chapter and the next, probability theory provides the logical 
basis for deciding among all the various alternative interpretations of research 
p theory is not as unfamiliar as many would think. Indeed, in 
everyday life we are constantly called upon to make probability judgments 
although we may not recognize them as such. 

For example, let us suppose that, for various reasons, you are unprepared 
for today’s class. You seriously consider not attending class. What are the 
factors that will influence your decision? Obviously, one consider: 


be the likelihood that the instructor will detec 
risk is high, y 


ation would 


t your lack of preparation. If the 
ou decide not to attend class; if low, then you will attend. 


Let us look at this example in slightly different terms. There are two alter- 
native possibilities 


event A: Your lack of preparation will be detected. 
event B: Your lack of preparation will not be detected. 


There is uncertainty in this situation because more than one alternative is 
possible. Your decision whether or not to attend class will depend upon your 
degree of assurance associated with each of these alternatives, Thus, if you are 
fairly certain that the first alternative will prevail, you will decide not to attend 
class. 


Suppose that your instructor frequently calls upon students to participate 
in class diseussion. In fact, you have noted that most of the students are called 
upon in any given class session. This is an example of a situation in which à 
high degree of assurance is associated with the first alternative. Stated another 
way, the probability of event A is higher than the probability of event B. Thus, 
you decide not to attend class. 

Although you have not used any 


laws in this example, 

you have actually made a judgment based upon an intuitive use of probability. 

You may be aware of the fact that many of the questions raised in the exer- 

cises began with, “What is the likelihood that... .2” These questions were in 
preparation for the formal dis 


cussion of probability occurring in the present 
and subsequent chapters. However, before diseussir 


d te e ^g the elements of prob- 
ability theory, it is desirable to understand one of the most important concepts 
in inferential statistics, that of randomness. 
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10.2 THE CONCEPT OF RANDOMNESS 


A series of events are said to be random if one event has no predictable effect on 
the next. We can most readily grasp randomness in terms of games of chance, 
assuming they are played honestly. Knowledge of the results of one toss of a 
coin, one throw of a die, one outcome on the roulette wheel, or one selection of 
а card from a well-shuffled deck (assuming replacement of the card after each 


selection) will not aid us one iota in our predictions of future outcomes. This 


characteristic of random events is known as independence. Only if independence 
dom. The second important char- 


is achieved, can events be said to be truly ran 

acteristic of randomness is that when the sample is taken from a population, 
each member of the population should have an equally likely chance to be se- 
lected. Thus, if our selections favor certain events or certain collections of 
events, we cannot justifiably claim randomness. Such sampling procedures are 
referred to as being biased. In the naturalistic type of study, alluded to earlier, 
in which our purpose is to describe certain characteristics of a population, the 
problem of bias is an ever-present danger. When we are interested in learning 
the characteristics of the general population on a given variable, ye dare not 
Select our sample from automobile registration lists or "at random" on a street 
corner in New York City. The dangers of generalizing to the general population 
from such biased samples should be obvious to you. Unless the condition of 
randomness is met, we may never know to what population we should generalize 
Our results. Furthermore, with nonrandom samples, we find that many of the 


rules of probability ld. 
probability do not hold t to delve deeply into sampling procedures 


It is bey. a this tex 
. s beyond the scope of this 4 ] du 
Since this topie is a full course by itself. However, let us look at an illustration 
9f the procedures by which we may achieve randomness 1n assigning subjects 


to experi iti 

2) mental conditions. j Я MU 5 
Let us suppose that you are interested in comparing three differ ent methods 
of teaching reading readiness to pre-school children. There are 87 subjects who 


are to be divided into three equal groups. The assignment of these subjects 


Must be А 
made in а random manner. ЕК A 
One method to achieve randomness would be to place each subject's name 


On a slip of paper. We shuffle these slips and then place them into three equal 


Piles, £2 
An alternative method would be to use the Table of Random Digits (Table 


Rin Appendix III). Since the digits in this table have already been randomized, 
the effect of shuffling has been achieved. We assign each of the 87 students a 
Numeral from 1 to 87. We may start with any row ог сатни at ~ пе in UE R. 

After we have selected 29 numerals that correspond to 2) c ^ ups: su its 
We have formed our first group. We continue until we haye we eo Rn 
Consisting of 29 different subjects. For example, if we start with the fifteenth 
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row and then choose consecutive pairs of digits, we obtain the following d 
jects: 65, 48, 11, 76, 74, 17, ete. If any numeral over 87 or any repeated numera 
s, we disregard it. 
ежи es the paramount importance of random procedures will become 
clear in this chapter and the next. Fundamentally, it is based on a fascinating 
fact of inferential statistics; i.e., each event may not be predictable when taken 
alone, but collections of random events can take on predictable forms. The binomial 
distribution, which we shall discuss at greater length in Section 11.3, illustrates 
this fact. If we were to take, say, 20 unbiased coins and toss them into the air, 
we could not predict accurately the proportion that would land “heads.” How- 
ever, if we were to toss these 20 coins a large number of trials, record the number 
turning up heads on each trial, and construct a frequency distribution of out- 
comes in which the horizontal axis varies between no heads and all heads, the 
plot would take on a characteristic and predictable form known as the binomial 
or Bernoulli distribution. By employing the Bernoulli model, we would be able 
to predict with considerable accuracy, over a large number of trials, the per- 
centage of the time various outcomes will occur. The same is true with respect 
to the normal curve model, In the absence of any specific information, we might 


not be able to predict a person's status with respect to a given trait (intelligence, 
height, weight, ete.). However, as we already 


Scores on these traits commonly 
may predict the proportion of individuals scoring between specified score limits. 
What is perhaps of more im 


‚ also take on highly predictable 
the concept of s 


ust be potentially repetitive; i.e. 
It must be possible 


n and we must be able to state the 
uencies of these outcomes, 


expected relative freq 
It is the method о Tequencies to each of the possible out- 
m the empirical approach to probability 
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10.3.1 Classical Approach to Probability 


The theory of probability has always been closely associated with games of 
chance. For example, suppose that we want to know the probability that а 
coin will turn up heads. Since there are only two possible outcomes (heads or 
tails) we assume an ideal situation in which we expect that each outcome is 
equally likely to occur. Thus, the probability that heads, p(H), will occur is 4. 
This kind of reasoning has lead to the following classical definition of probability: 


(A) no. outcomes favoring event A 
= total no. of events (those favoring A + those not favoring A) 
(10.1) 


It should be noted that probability is defined as a proportion (p). The most 
important point in the classical definition of probability is the assumption of an 
ideal situation in which the structure of the population is known; i.e., the total 
number of possible outcomes (№) is known. The expected relative frequency of 
each of these outcomes is arrived at by deductive reasoning. Thus the prob- 
ability of an event is interpreted as a theoretical or an idealized relative fre- 
quency of the event. In the above example, the total number of possible out- 
comes was 2 (heads or tails), and the relative frequency of each outcome was 


assumed to have an equal likelihood of occurrence.* Thus, p(H) = $ and 
p(T) = $. 


10.3.2 Empirical Approach to Probability 


Although it is usually easy to assign expected relative frequencies to the possible 


Outcomes of games of chance, we cannot do this for most real-life experiments. 
In actual situations, expected relative frequencies are assigned on the basis of 
empirical findings. Thus we may not know the exact proportion of students in 


2 University who have blue eyes, but we may study a random sample of students 


and estimate the proportion who will have blue eyes. Once we have arrived at 


an estimate, we may employ classical probability theory to answer questions 
Such as: What is the probability that in a sample of 10 students, drawn at 
random from the student body, three or more will be blue-eyed? Or, what is 
the probability that student John, drawn at random from the student body, 


Will have blue eyes? 


——— 
* 

Expected relative frequencies need not be 
Will deal with situations in which the expected rela 
to be equal. 


assumed to be equal. In Chapter 17 we 
tive frequencies are not assumed 
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If, in а random sample of 100 students, we found that 30 had blue eyes, we 


ould estimate that the proportion of blue-eyed students in the university was 
с 
0.30 by employing formula (10.1): 


p (blue-eyed) = 33%; = 0.30. 


Thus the probability is 0.30 that student John will have blue eyes. vice 
this represents an empirical probability; i.e., the expected relative frequency 
was assigned on the basis of empirical findings. 

Although we employ an idealized model in our 
the properties of probability, 
tical problems. 


forthcoming discussion about 
we can apply the same principles to diverse prac- 


10.4 FORMAL PROPERTIES OF PROBABILITIES 


10.4.1 Probabilities Vary Between 0 and 1.00 


From the classical definition of probability, p is always a number between 0 and 
1 inclusively. If an event is certain to occur, its probability is 1; if it is certain 
not to occur, its probability is 0. For example, the probability of drawing the 
ace of spades from an ordinary deck of 52 playing cards is d. The probability 
of drawing a red ace of Spaces is zero since there are no events favoring this 
result. If all events favor a result (for 


example, drawing a card with some 
marking on it) p = 1. Thus for any given event, say A, 


0 < p(A) < 1.00, 


in which the symbol < means “less than or equal to. "* 


10.4.2 Expressing Probability 


In addition to expressing probability as a proportion 
often employed. It is Sometimes convenient to ex 
centage or as the number of chances in 100. 

To illustrate: If the probability of an event is 0.05, we expect this event to 
oceur 5% of the time, or the chances that this event will occur are 5 in 100. 
This same probability may be e 


s Xpressed by saying that the odds are 95 to 5 
against the event occurring, or 19 to 1 against it. 


» Several other ways are 
press probability as a per- 


_——— 


* The symbol > means "greater than or equal to.” 
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Note that when expressing probability as the odds against the occurrence of 
an event, we use the following formula: 


Odds against event A = 
(total no. of outcomes — no. favoring event A) to no. favoring event A. 


(10.2) 


Thus, if p(A) = 0.01, the odds against the occurrence of event A are 99 to 1. 


10.4.3 The Addition Rule 


Occasionally we want to determine the probability of one of several different 
events. For example, let us suppose that you draw one card from a well-shuffled 
deck of 52 playing cards. What is the probability that this card is either a king 
or a black picture card?* The total number of events is 52 (i.e., N = 52). 
There are 4 kings and 6 black picture cards. This would seem to add up to 10. 

We might then suspect that the probability of obtaining either a king or a 
black picture card is 20. Note, however, that in arriving at this total we have 
counted some cards twice: the black kings have been counted in both the king 
and the black picture card totals. Obviously, we should count them in only one 
of the totals. Thus, if we include the black kings in the black picture card 
totals, our revised figures become: 2 red kings plus 6 black picture cards resulting 
in a total of 8. Our probability then becomes 


p = & = 0.15. 


Vote that another approach would be to add the number of kings and the 
number of black picture cards (4 + 6 = 10), and then subtract the number 
that share both characteristics (2), since we previously added this twice. Thus 
our probability becomes 


46—92 8 _ 
p= 50 = 52 0.15. 


This leads us to the general formulation of the addition rule. 


aining either of them is equal to the 


If A and B are events, the probability ој obt em l to й 
minus the probability of their joint 


probability of A plus the probability of B 
occurrence. 


= ЕЕ 


* The word or is used in the mathema' 
bility that both events will occur. Th 


tical sense of the word and includes the possi- 
us the word or is used in the sense of and/or. 
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In symbolic form, this reads 


Р(А or B) = р(А) + p(B) — p(A and В). (10.3) 
Applied to the above example, 


Р(А or B) = 5 + — & = # = 015. 


Note that if the events A апа В are mutually exclusive (i.e., if both events 


cannot occur simultaneously), the last term disappears. Thus the addition rule 
with mutually exclusive events becomes 


Р(А or B) = p(A) + p(B). (10.4) 


To illustrate: What is the probability of drawing a spade or a club from a 
well-shuffled deck? Since a single card cannot be both a spade and a club, these 
two events are mutually exclusive. Thus employing formula (10.4), we have 


Р(А or B) = +23 = 8$ = 0.50. 


ing cards, what is the probability of 
it is not only impossible to obtain 
mutually exclusive) but there is no 
red card. In other words, red and 


n the event of mutually exclusive and 
ful formulation 


usly (ie., they are 
т than a black or a 
Possible outcomes, 1 
arrive at the very use 


possible outcome othe: 
black exhaust all the 
exhaustive events, we 


P(A) + p(B) = 1.00. 


осеш- 
rence of а tail). These considerations lead to three useful formulations 

P+Q=100, (10.6) 

P=100~@Q (10.7) 

Q = 1.00 — p, (10.8) 


when the events are mutually exclusive and exhaustive, 
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10.4.4 The Multiplication Rule 
Sometimes, we are faced with the problem of ascertaining the probability of the 
Joint occurrence of two ог more events. For example, we might wish to determine 
the probability of selecting a person from the general population, who has an 
І.О). score of 130 or more and who has an income in excess of $10,000 a year. 
It will be recognized that this problem differs from the one in which the addition 
rule is applicable. Instead of being interested in determining the probability 
of obtaining at least one of the two outcomes, we want to know the probability 
of obtaining both outcomes simultaneously. To obtain this probability value, 
we must apply the multiplication rule: 
Given two events A and B, the probability of obtaining both A and B jointly is 
the product of the probability of oblaining one of these events times the condi- 
tional probability of obtaining one event, given that the other event has occurred. 


Stated symbolically, 
p(A and В) = p(A)p(B/A) = p(B)p(A/B). и 


The symbols p(B/A) апа p(A/B) are referred to as conditional probabilities. 
The symbol p(B/A) means, the probability of B given that A has occurred. The 
term conditional probability takes into account the possibility that the prob- 
ability of B may depend on whether or not A has occurred, and conversely 
for p(A/B). 

Note: Either of the two events may be designated A or B since the symbols 
Merely represent a convenient language for discussion, and there is no time order 


implied in the way they occur. 


When events are independent. In the special case where the occurrence of A is in 
По way related to the occurrence of В and vice versa, the events are said to be 
independent. Independence is shown symbolically by p(A/B) = p(A) and 
Р(В/А) = p(B). When events are independent, the multiplication rule sim- 
Plifies to 
p(A and В) = p(A)p(B). (10.10) 


Imagine that we toss a pair of 
ne the probability of obtaining 2 
(the outcome on one die does not 
loy the multiplication rule for 
ing a four is $, our answer 


à Let us take a look at a simple example. 
"honest" dice and that we want to determi 
fours. Since the two events are independent 
affect the outcome on the second), we may emp 
Independent events. Since the probability of obtain 

ecomes 
р(А and B) = QG = se 


a die, and we want to know the probability 


Suppose we flip a coin and toss 
ү е die. Since the probability of 


of obtaining a head on the coin and a five on th 
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obtaining a head is $, and that of obtaining a five is $, our answer is 


We should note, in passing, that mutually exclusive events are never in- 


dependent, since the occurrence of one denies the possibility of the occurrence 
of a second. 


Stated symbolically, 
p(A/B) = p(B/A) = 0 (10.11) 


when events are mutually exclusive. 


Thus, if we flip a single coin, the probability of obtaining both a head and a 
tail is zero. 


When events are related (nonindependent). Let us look at an example to illustrate the 
application of the multiplication rule when events are not independent. 

In a single throw of two dice, what is the probability that the sum will be 
an even number (event A) and that a 6 will appear on at least one of the dice 


Table 10.1 


All outcomes possible in a single throw of two dice 
(or two consecutive throws of a single die) 


© a @) @ а 


52 (63) 


4l 
Q3 
23 з @ в 
i 34 54 
45 


(3 5 Gà 
16 CÒ 36 


(event B)? All the possible outcomes are listed in Table 10.1. The first member 
of each pair designates the number e of the dice, and the second 
member of the pair designates 

Since in the total of 3 


follows that p(A) = 38. Similarly, since 11 of these : 
six on at least one of the dice, p(B) = 55. Of the 18 even sums, 5 sums have a 
SIX appearing on at least one of th 


е dice. Thus, Р(В/А) is Si which is the prob- 
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ability that a six will appear on at least 1 of the dice, given the knowledge that 


the sum is an even number. 
Similarly, given the knowledge that a six appears on at least one of the dice, 


the probability that the sum is even, р(А/В), is тг. 
In summary, we have found that 


|| 


p(A) = 36, p(B) = 35, 
p(B/A) = №  Р(А/В) = тт 


l 


Employing formula (10.9), we obtain 


р(А and В) = р(А)р(В/А) = 18.15 = 0.14, 


а 


ог 


р(А and В) = р(В)р(А/В) = 11.21 = 0.14. 


10.4.5 Sampling with and without Replacement 


If we were to select two cards from a well-shuffled deck of cards, what is the prob- 
ability that both would be queens? There are two ways of selecting the cards: 
(1) We might select one card, replace it in the deck, reshuffle, and draw a second 
card. This procedure is known as sampling with replacement. (2) We might 
Select, two cards consecutively without replacing the first in the deck. This 
method is known as sampling without replacement. 

Let A be the event of a queen on the first draw, and B the event of a queen 
on the second draw. Now, when we employ sampling with replacement, the 
Probability of drawing a queen remains the same on both draws since we return 
the first card drawn. Thus, since p(A/B) = p(A) and p(B/A) = p(B), the 
two draws are independent. We may therefore use formula (11.10): 


p(A and В) = p(A)p(B) = Ys: ds = тёз. 

ithout replacement, the probability of obtaining а 
duced whenever the first card selected is а queen. 
p(B), or р(А/В) # »(4), the events are not 
bability of drawing a queen on the second 
а (11.9), we find that the probability of 
draws from a deck of cards, without re- 


When we employ sampling w 
queen on the second draw is re 
In other words, when p(B/A) # 
Independent. The conditional pro| 
trial is $. Thus, employing formul 
Selecting two queens on consecutive 
Placement, becomes 

TES 


p(A and B) = р(А)р(В/А) = (55) (8) = zh 
еп sampling with and without 


It should be noted that the difference betwe 
large relative to the size of the 


replacement is negligible when the population is 
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sample. Thus in public opinion polling, where the population ion ed 

the millions, sampling without replacement may be employed withou 

of doing violence to the basic assumptions of probability theory. NE 
Finally, the above formulations may be generalized to include any e и 

of events. Тог independent events, the formula is a simple generalization 


the basic formula. Thus for three independent events, the joint probability is 
defined as follows: 


Р(А, В, and С) = p(A)p(B)p(C). (10.12) 


To illustrate: What is the probability of obtaining a queen, a head, and a 3 in 


х 5 a 
one selection from a deck of cards, one flip of a coin, and one toss of a die? 


Р(А, B, and С) = (SIG) = тї. 


Thus far, we have develo 


ped a probability model for discrete variables. 
Needless to say, 


the treatment is not exhaustive. However, since much re- 
search data involve continuous scales of measurement, it is necessary to de- 
velop a probability model for continuous variables. 


10.5 INTRODUCTION ТО ЗЕТ ТНЕОВУ* 


Imagine that we conduct a conceptual experiment involving the familiar 
children’s game “guess what hand it is in. 


” What are the various outcomes that 
are possible. The hidden object is in either the right hand or the left hand. 
These two outcomes delineate the entire sample space (all outcomes) of our 
conceptual experiment. 

This experiment is referred to as a simple experiment since each outcome 
cannot be further broken down into component outcomes. Note that, on any 
given trial, only one of these outcomes may occur. Thus, ina simple experiment, 
the outcomes are mutually exclusive. 

If we were to play the same game with 
Single trial would consis 
be described as simple 

Let us imagine tha: 
another person rather 
would now be describe 


an octopus, the sample space for а 


comes. Again the experiment would 
Since each outcome in the sample space is irreducible. 


t we extended our child’s game to two trials, employing 


than an octopus as our Playmate. The sample space 
d by the following outcomes: 


RR RL 
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come RR consists of hiding the object in the right hand on two successive trials. 
If we are not interested in the ordering of the outcomes (i.e., if we regard R on 
the first trial and L on the second as being the same as L on the first trial and 
R on the second), the two middle outcomes may be combined into one and we 
may speak of four different ways of obtaining the three outcomes in our concep- 
tual experiment. 

Let us look at one additional example. Imagine that we have four different 
Score values: 1, 2, 3, and 4. Drawing samples of n = 3, without replacement and 


without regard to ordering, would yield the following sample space: 


1,2 
1, 2, 
1; 3, 
2,3 
ed to include all different 


If we sampled without replacement but wish 
ace presented in Table 10.2. 


orderings of outcomes, we would obtain the sample 8р 


Table 10.2 Sample space obtained by drawing samples n = 3, without replacement, 


from a population of four members 


1,2,3 2,1,3 3,1,2 4,1,2 
1,3,2 2, 3, 1 3, 2,1 4, 2,1 
1, 2,4 2, 1,4 3, 1,4 4,1,3 
1254-2 2,4,1 3,4,1 4,3,1 
13,4 2,3,4 3,2,4 4,2,8 
1205 2,4,3 3,4,2 4,3,2 


‚А set or an event may be defined as 2 collection of outcomes. If we were 
Interested in the event: all samples which yield the numerical value 1 in the 
Second position, we would find that six different outcomes comprise the set. 

is important to note that an event may also include the null case (referred 
to as the null set or Ø) which occurs when the collection of outcomes comprising 
“ле event does not appear in the 5 Thus, the events X < 2 or 

> 3 do not appear in the sample 8 the event may also include 


all Outcomes, eg,24 TEB 


ample space. 
pace. Similarly, 


10. 
5.1 Set Operations 


Let us define set or event A as any combination of three numbers in the sample 
Space shown in Table 10.2 which sums to six. We see that there are six шеш 
е make up this set, viz. (1, 2, 3), (1, 3,2), 2,1, 3), (2, 3, 1), (3, 1, 2), and 
8,2, 1). 5 
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Let us define a second set, B, as any combination of three numbers in Table 
10.2 which has a 3 in the second position. This set consists of the following 
groupings: (1, 3, 2), (1, 3, 4), (2, 3, 1), (2, 3, 4), (4, 3, 1), and (4, 3, 2) 

Finally, let us define a third event or set, С, as 
which contain a 4 in the third position. 
(1, 2, 4), (1, 3, 4), (2, 1, 4), (2, 3, 4), ( 


all groupings of three numbers 
This set contains the following members 
3, 1, 4), and (3, 2, 4). 


10.5.2 Combining of Sets 


In a procedure analogous to addition of numbers, two or more sets or events 
may be combined by an operation referred to as union of sets. 
two sets consists of combining those members 
those that are in both. The union of sets is showr 


'The union of 
which are in either set as well as 


1 symbolically by the “cup,” e.g., 
AUB, AUC,BUC,AUBUC. 
The union of sets may be shown visually by the use of Venn diagrams 
(Fig. 10.1) 


B 


(4,3, 1) 
(4,3,2) 


(4, 1, 2) 
(1,4,3) (1,2,4) # (4,2, 1) 
(2,4,1) » ү, | CUN 
a, a ii (3,2, 4) QE 
(3,4, 1) (3,4, 2) 


У drawing samples n = 3, 
The sets A, 8, and C are defined 
Re er 


В = any combination of three numbers in the Sample spa, 
position. 
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The union of A U B, A UC, B UC are shown as follows: 


AUB = (1,2,3), (2, 1,3), (3, 1,2), (3,2,1), (1,3,2), (2,3,1), (4,8,1), 
(4, 3, 2), (1, 3, 4), (2, 3, 4) 

AUC = (1, 2,3), (2,1,3), (3,1,2), (3,2,1), (1,3,2), (2,3,1), (1,3,4), 
(2, 3, 4), (1, 2, 4), (2, 1, 4), (3, 1, 4), (32, 4) 


BUC = (1,3,2), (2,3,1), (4,3,1), (4,3,2), (1,3,4), (2,3,4), (1,2,4), 
(2, 1, 4), (3, 1, 4), (8,2,4) 


Note that each of the sets A U В and B UC contains ten elements although 
A, В, and С each contains six elements. This is due to the fact that A U B and 
B UC cach contains common elements which are counted only once. On the 
other hand, sets А and C do not contain common elements. Therefore A UC 


Contains a total of twelve elements. 0 
The intersection of two sets denotes the elements of these sets which are 


shared in common. Thus, the intersection of A and В, symbolized by n, rep- 
resents all possible events which are common to sets А and B. 
Thus, 
АПВ= (1,3, 2), (2,3, 1). 


Similarly, 
ВОС = (1,3, 4), (2, 3, 4). 

The intersection of A and С, which have no elements in common, produces 
the null set, Ø. Thus, ANC = 9. 

When two or more sets do not overlap, ¢.8., 
Said to be mutually exclusive. E 

We may now state the probability rules app 
of set theory. 


when A NC = Ø, they are 


earing in Section 10.4 in terms 


Addition rule 1: 


p(A U B) = р(А) + p(B) — р(А П В) (10.13) 


lof twenty-four elements comprising the sample space shown 


There are a tot: 
2. The ts in each of the sets A and B. 


in Table 10.2. There are six elemen 
Thus, p(A) = and p(B) = ze 
The intersection of A and B (AN 

P(A N B) = 2. 
Therefore, 


B) contains two elements. Thus, 


p(A ОВ) = 73 t 23 
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Addition rule 2: И the intersection of two sets produces a null set, i.e., the events 
are mutually exclusive, the addition rule reduces to: 


p(A UC) = p(A) + pC), (10.14) 
where p(A NC) = 0. 


Thus, in the sample space shown in Table 10.2, the probability of obtaining 
the event A or C is given by: 
P(A UC) = р(А) + p(C) 
ЖАИ 
1 
$. 


Addition rule 3: The addition rule for determining p(A UB UC) may be 
generalized as follows: 


P(A U BUC) = p(A) + p(B) + p(C) — [А NB) + p(4 nC) + ВПО) 


(10.15) 

In the present example, p(A) = $, p(B) = za P(C) = $, РА N В) = 2, 

тА ПС) = 0, and р(В nC) = 2. 

Thus, p(A U BUC) = stata GI + 0+ 2) 
-H-A-h 
= = 

Multiplication rule 1: ТЕ tw 
overlap), the probability of 


о events are mutually exclusive (1.е., they do not 
their joint occurrence is 


Р(А nC) = 0. 


Thus, for the sample space 


given in Table 10.2, th 
occurrence of the events А and 


e probability of the joint 
C is zero. 
Multiplication rule 2: If two events are not mutually exclusive (i.e., they over- 
lap), the probability of their Joint occurrence is given by the probability of the 
intersection of the two sets 
Thus, p(A n B), 


in the present problem, is 2; or та. Similarly, p(B nC) = is. 


10.6 PROBABILITY AND CONTINUOUS VARIABLES 


Up to this point we have considered probability in terms of the expected rela- 
tive frequency of an event, In fact, as you will recall, probability was defined 
in terms of frequency and expressed as the following proportion [formula (10.1)]: 
Р(А) = по. outcomes favoring event A 
total no. outcomes 
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However, this definition presents a problem when we are dealing with contin- 
uous variables. As we pointed out in Section 3.7.1, it is generally advisable to 
represent frequency in terms of areas under a curve when we are dealing with 
continuous variables. Thus, for continuous variables, we may express prob- 


ability as the following proportion: 


area under portions of а curve | 
P = — total area under the curve (10.16) 


Since the total area in a probability distribution is equal to 1.00, we define p 


as the proportion of total area under portions of a curve. 
Chapters 11 through 15 employ the standard normal curve as the prob- 
ability model. Let us examine the probability-area relationship in terms of 


this model. 


10.7 PROBABILITY AND THE NORMAL CURVE MODEL 


e standard normal distribution has a ш of 0, а 
с of 1, and a total area that is equal to 1.00. We saw that when scores on a 
normally distributed variable are transformed into z-scores, we are, in effect, 
expressing these scores in units of the standard normal curve. This permits us 
to express the difference between any two scores as proportions of total area 
under the curve. Thus we may establish probability values in terms of these 
Proportions as in formula (10.16). 

Let us look at several examples whic 
ability concepts to the normal curve model. 


In Section 7.3 we stated that th 


h illustrate the application of prob- 


10.7.1 Illustrative Problems* 


For all problems, assume и = 100 апас = 16. 


Problem 1 

What is the probability of selecting at random, from the general population, a 

Person with an Т.О. score of at least 132? The answer to this question is given 

by the proportion of area under the curve above a score of 132 (Fig. 10.2). 
First, we must find the z-score corresponding to X = 182. 


„ _ 132 —100 — 200. 
16 


at 0.0228 of the area lies at or beyond a z of 


In Colu find th 
"koi spe pr at random, a score of at least, 132 


2.00. "Therefore, the probability of selecting, 
1 0.0298, 


а NA 
* 
See Section 7.4. 
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Area beyond a 
score of 132 


| ы 
100 132 92 100 


Fig. 10.2 Proportion of area above а Score Fig. 10.3 Proportion of area above (P) and 
of 132 in a normal distribution with в = 100 


below (О) a score of 92 in a normal distribu- 
апіс = 16. tion with p = 100 and e = 16. 


Problem 2 
What is the probability of selecting, at random, an individual with an I.Q. 
score of at least 92? 

We are dealing w 
curve. The area und 
of 92isQ. In solvin 


ith two mutually exclusive and exhaustive areas under the 
er the curve above a score of 92 is P; the 


area below a score 
5 our problem, we may 


therefore employ formula (10.7): 
Р = 1.00 — 0. 


Ву expressing a score of 92 in terms of its corres; 
proportion of area below Х — 92 (tl 
The z-score corresponding t 


ponding z, we may obtain the 


hat is Q) directly from Column С (Table A). 
oX = 92% 


Di 
ri РРА 
9 


The proportion of ar 


ea below a z of — 
ability of selecting, 


0.50 is 0.3085. Therefore, the prob- 
at random, a score of 


at least 92 becomes 
Pp -. 0.3085 — 0.6915. 


Figure 10.3 illustrates this relationship, 


Problem 3 


Л i в equaling or exceeding 194? Гог this 
problem, we will again assume that и = 100 and с = 16. 


Chapter summary 151 


The z-score corresponding to Х = 124 is 


124 — 100 _ 


16 1.5, 


= 


In Column С (Table A), we find that 0.1336 of the area lies at or beyond 
X = 124. Therefore, 


p(A, B,C) = (0.1336)? = 0.0024. 


10.8 ONE- AND TWO-TAILED p-VALUES 


In Problem 1 we posed the question: What is the probability of selecting a 
person with a score as high as 132? We answered the question by examining 
only one tail of the distribution, namely, scores as high as or higher than 132. 


For this reason, we refer to the probability value that we obtained as being a 
one-tailed p-value. 

In statistics and research, the fo 
“What is the probability of obtainin 


llowing question is more commonly asked: 
g а score (or statistic) this deviant from the 
mean? . . , ora score (or statistic) this rare. . . or a result this unusual?" Clearly, 
When the frequency distribution of scores is symmetrical, a score of 68 or lower 
is every bit as deviant from a mean of 100 as a score of 132. That is, both are 
two standard deviation units away from the mean. When we express the prob- 
ability value, taking into account both tails of the distribution, we refer to the 
P-value as being two-tailed. In symmetrical distributions, two-tailed p-values 
may be obtained merely by doubling the one-tailed probability value. Thus 
m the preceding problem, the probability of selecting a person with a score as 
rare or unusual as 132 is 2 x 0.0228 = 0.0456. > 

The distinction between one- and two-tailed probability values takes on 


added significance as we progress into inferential statistics. 


CHAPTER SUMMARY 


Tn this chapter we discussed: | жү 

1. The importance of the concept of randomness in inferential statistics. The 
basic characteristic of random events is known as independence. Although the 
Individual events are unpredictable, collections of random events take on 
characteristic and predictable forms. The binomial distribution and the normal 


с cro pod 
urve were cited in this regard. 


* The theory of probability whic 
ments. We can distinguish betw b 
idealized relative frequencies, and those established em 


h is concerned with the outcomes of experi- 
een probabilities established by assuming 
pirically by determining 
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relative frequencies. Probability was defined as 


no. of outcomes favoring event 
total no. of outcomes 


3. The formal properties of probability: 


a) Probabilities vary between 0 and 1.00 
b) The addition rule 


If A and B are two events, the probability of obtaining either of them is 


equal to the probability of A plus the probability of B minus the prob- 
ability of their joint occurrence. Thus 


Р(А or В) = p(A) + p(B) — p(A and В). 
If events A and B are mutually exclusive, the addition rule becomes 
Р(А or B) = р(А) + p(B). 
If the two events are mutually exclusive and exhaustive, we obtain 
P(A) + p(B) = 1.00. 
Allowing Р to represent the probability of occurrence and Q to represent 
the probability of nonoccurrence, we find that three additional useful for- 
mulations for mutually exclusive and exhaustive events are 


P+Q=10, P1019, д = 1.00 — Р. 
с 


> 


The multiplication rule 


Р(А and В) = p(A)p(B/A) = P(B)p(A/B). 


When the events are independent, this formulation becomes 


Р(А and В) = P(A)p(B). 
4. An optional secti, i i i 

И Оп on set theory and its relationship to probability theory 
М er T 

B. S Xe application of probability theory to continuously distributed variables, 
probability is expressed in terms of the Proportion of area under a curve 
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Hence area under portions of a curve 
p= i 
total area under a curve 


We saw how we may employ z-scores and the standard normal curve to 
establish various probabilities for normally distributed variables. 
6. Finally, we distinguished between one- and two-tailed probability values. 


Terms to Remember: 


Random 

Independence 

Bias 

Binomial or Bernoulli model 
Sampling distribution 
Probability 

Mutually exclusive 
Lehaustive 

Joint occurrence 

Conditional probability 
Sampling with replacement 
Sampling without replacement 


EXERCISES 


1. List all the possible outcomes of а coin that is tos 


probability of 
а) 3 heads, 
с) 2 heads and 1 tail, 


Addition rule 
Multiplication rule 
Sample space 

Set 

Event 

Мий set 

Union 

Venn diagram 
Intersection 
One-tailed p-values 
Two-tailed p-values 
Deviant, rare, unusual 


sed three times. Calculate the 


b) 3 tails, 
d) at least 2 heads. 


a deck of 52 playing cards. What is the prob- 


2. А card is drawn at random from 
ability that 
a) it will be the ace of spaces? 
©) it will be an ace or a face card? 

3. Express the probabilities, in Problems 1 and 2, in terms of odds against. 

4. Ina single throw of two dice, what is the probability that 
а) a7 will appear? 
b) a doublet (two of the same number 
с) a doublet or an 8 will appear? 

^ 9) an even number will appear? 

* On a slot machine (commonly refe 

three reels with five different fruits р 
and pulling the handle, the player sees 


b) it will be an ace? 
d) it will be a spade or a face card? 


) will appear? 


rred to аза “one-armed bandit”), there are 
lus a star on each reel. After inserting a coin 
that the three reels revolve independently 
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10. 


11. 


. Three cards are drawn at random (w 


Probability 


several times before stopping. What is the probability that 
a) three lemons will appear? 

b) any three of a kind will appear? 

c) two lemons and a star will appear? 

d) two lemons and any other fruit will appear? 

e) no star will appear? 


ithout replacement) from a deck of 52 cards. 
What is the probability that 


a) all three will be hearts? 


b) none of the three cards will be hearts? 
€) all three will be face cards? 


- Caleulate the probabilities in Problem 6 if each card is replaced after it is drawn. 
- À well-known test of intellig 


ence has a mean of 100 and a standard deviation of 16. 


2) What is the probability that someone picked at random will have an I.Q. of 122 


or higher? 


b) There are 1.0.75 so high that the probability is 0.05 that such 1.Q.’s would 
occur in a random sample of people. Those I.Q." 


110? 


e) What is the probability of selecting two people, at random, 
i) with 1.0.5 of 122 or higher? 


ii) with I.Q.s between 90 and 110? 
iii) one w 


f) What is t 


S ied involving a test of visual acuity, 
san them iy to gata hia epg athe V 
Pf el ы nius With type A blood in а particular city is 0.20. What is 
D а ыны Vi have tye нне А Blood 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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с) A given individual will not have type A blood? 

d) Two out of two individuals will not have type A blood? 

In a manufacturing process, the proportion of items that are defective is 0.10. 
What is the probability that: 

a) Тп а sample of four items, none will be defective? 

b) In a sample of four items, all will be defective? 

с) One or more but less than four will be defective? 

In the manufacture of machine screws for the space industry, millions of screws 
measuring 0.010 cm are produced daily. The standard deviation is 0.001. A screw 
is considered defective if it deviates from 0.010 by as much as 0.002. What is the 
probability that: 

a) One screw, selected at random, will be defective? 

b) Two out of two screws will be defective? 

с) One screw, selected at random, will not be defective? 

d) Two out of two screws will not be defective? 

e) One screw, selected at random, will be too large? 

f) Two out of two screws will be too small? 

A bag contains 6 blue marbles, 4 red marbles, and 2 green marbles. If you select 
а single marble at random from the bag, what is the probability that it will be: 
a) red? b) blue? е) green? d) white? 

Selecting without replacement from the bag described in Problem 14, what is the 
probability that: 

a) Three out of three will be blue? 

b) Two out of two will be green? 

с) None out of four will be red? 

Selecting with replacement from the bag described in Problem 14, what is the 


probability that: 

a) Three out of three will be blue? 

b) Two out of two will be green? 

с) None out of four will be red? 

Forty percent of the students at а given college major in business administration. 
Seventy percent of these are male and thirty percent female. Sixty percent of 
the students in the school are male. What is the probability that: 


Y One student, selected at random, will be ‚ўе major. 
) One f dom, will be а major. 
oun к ll both be BA majors. 


©) Two students, selected at random, wi В : 
d) One male and one female, selected at random, will both be BA majors. 


What is the probability that а score chosen at randon 
Population SUR x ip of 66 and & standard deviation о 
а) greater than 70? 

) less than 60? 
е) between 60 and 70? 

) in the 70's? 
€) either less than 55 or greater than e 


dom from a normally distributed 
f 8 will be: 
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19. 
20. 


21. 


Probability 


f) either less than 52 or between 78 and 84? 
g) either between 56 and 64 or between 80 and 86? 


What is meant by random sampling? 


Construct the sample space resulting from a conceptual experiment involving the 

tossing of three coins simultaneously (or one coin successively), 

a) Prepare a Venn diagram showing the events: Event A, at le 
Event B, two or one heads. Find: P(A U B); р(А п B). 

b) Prepare a Venn diagram showing the events: Event A, three heads; Event B, 
two or fewer heads, Find: p(A U B); р(А n B). 

Construct the sample Space resultin: 


tossing of two coins and one die si 
cessively). 


2) Prepare a Venn diagram showing the events: Event А, two heads and a 6; 
Event B; one head and a 5. Find: (AU В); р(А п В). 


b) Prepare а Venn diagram showing the events: Event A, at least one head and 
a 5; Event B, two heads and a 5. Find: p(A U B); р(А N B). 


ast two heads; 


£ from a conceptual experiment involving the 
multaneously (or two coins and one die suc- 
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11.1 WHY SAMPLE? 


You are the leader of a religious denomination, and for the purpose of planning 
recruitment you want to know what proportion of the adults in the United 
States claim church membership. How would you go about getting this infor- 
mation? ! и 
You are а rat psychologist and you are interested in the relationship between 
strength of drive and learning. Specifically, what are the effects of duration of 
hunger drive on the number of trials required for a rat to learn a T-maze? | 
You are a sociologist and you want to study the differences in child rearing 
Practices among parents of delinquent versus nondelinquent children. } Е 
You аге a market researcher and you want to know what proportion of in- 
dividuals prefer different car colors and their various combinations. Р 
You аге a park attendant and you want to determine whether the ice is 


sufficiently thick to permit safe skating. р A 
You a а ыш and you want to determine whether a set of dice is 


“dishonest.” у 

What do each of these problems have in common? You are asking ques- 
tions about the parameter of a population to which you want to generalize your 
answers, but you have no hope of ever studying the entire population. Earlier 
(Section 1.2) we defined a population as a complete set of individuals, yis 
Ог measurements having some common observable characteristic. It M 9 
quently impossible to study all the members of a given population ^ er be- 
Cause the population as defined has an infinite number of members, or because 


ro H H 
* It is recommended that you reread Section 1.2 for purposes of reviewing several 
definitions of terms that will appear in this chapter. 
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the population is so large that it defies exhaustive study. Consequently, when 
we refer to (he population we are often dealing with a hypothetical entity.T 

For example, the park attendant could not possibly determine the thickness 
of the ice at all points. "Therefore, he must rely on a relatively small sample of 
measurements regarding the thickness of the ice. The religious leader, as well, 
could not reasonably hope to obtain replies from every adult in the United States. 

Since populations ean rarely be studied exhaustively, we must depend on 
samples as a basis for arriving at a hypothesis concerning various characteristics, 
or parameters, of the population. Note that our interest is not in descriptive 
statistics, per se, but in making inferences from data. Thus, if we ask 100 people 
how they intend to vote in a forthcoming election, our primary interest is not 
how these 100 people will vote, but in estimating how the entire voting popu- 
lation will cast their ballots. 

Almost all research involves the observation and the measurement of a 
limited number of individuals or events. 
tell us something about the population. 
able to make inferences about a populati 
introduce the concept of sampling distrib: 


These measurements are presumed to 
In order to understand how we are 


on from a sample, it is necessary to 
utions. 


11.2 THE CONCEPT OF SAMPLING DISTRIBUTIONS 


у if we were to draw all possible 
samples of a fixed size from a given population, 


Imagine that we hay 


population if it did exist. Thus our sam 


the characteristics of a population if it did, in fact, exist. —— чакар аро 
» exist. 
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to obtain a large number of samples in this way and were to construct a dis- 
tribution showing the frequency with which each proportion was obtained, we 
would approximate the sampling distribution of a two-category variable for 
N = 10. 

Why is the concept of a sampling distribution so important? The answer 
is simple. Whenever we estimate a population parameter from a sample, we 
shall ask questions such as: “How good an estimate do I have? Can I conclude 
that the population parameter is identical with the sample statistic? Or is there 
likely to be some error? If so, how much?” To answer each of these questions, 
we will compare our sample results with the “expected” results. The expected 
results are, in turn, given by the appropriate sampling distribution. But, what 
does the sampling distribution of a particular statistic look like? How can we 
ever know the form of the distribution, and thus, what the expected results are? 
Since the inferences we will be making imply knowledge of the form of the sam- 
pling distribution, it is necessary to set up certain idealized models. The normal 
curve and the binomial distribution are two models whose mathematical prop- 
erties are known. Consequently, these two distributions are frequently em- 
Ployed as models to describe particular sampling distributions. Thus, for 
example, if we know that the sampling distribution of a particular statistic 
takes the form of a normal distribution, we may use the known properties of the 
normal distribution to make inferences and predictions about the statistic. 

The following sections should serve to clarify these important points. 


11.3 BINOMIAL DISTRIBUTION 


Let us say that you have a favorite coin which you use constantly in every day 
life as a basis of “either-or” decision making. For example, you may ask, 
“Should I study tonight for the statistics quiz, or should I relax at one of the 
local movie houses? Heads, I study, tails, I don’t.’ Over a period of time, 
you have sensed that the decision has more often gone “against you than “for 
you” (in other words, you have to study more often than S n. You begin 
to question the accuracy and the adequacy of the coin. Does the coin come up 


5 2 
eads more often than tails? How might you find out? | E 
One thing is clear. The true proportion of heads and tails characteristic of 


this coin can never be known. You could start tossing the coin this very minute 
and continue for a million years (granting а long life and a remarkably durable 
Coin) and you would not exhaust the population of possible outcomes. In this 
instance, the true proportion of heads and tails is unknowable because the uni- 
Verse, or population, is unlimited. 


The fact that the true value is unknowal : 1 
бо estimate what it is. We have already pointed out that since populations can 


rarely be studied exhaustively, we must depend on samples to estimate the 
Parameters, 


ble does not prevent us from trying 
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i blem with the coin, we clearly see that in order to 
PEL i у iu the coin is biased, we will have to obtain а sample » 
the "behavior" of that coin and arrive at some generalization concerning its 
xot PUN an unbiased coin as one in which the probability of heads is 
equal to the probability of tails. We may employ the symbol P to represent the 
probability of the occurrence of a head, and Q, the probability of the non- 
occurrence of a head (i.e., the occurrence of a tail) 
mutually exclusive and exhaustive outcomes 
biased. Conversely, if P = Q = 


‚ Since we are dealing with two 


‚ if P = Q = 4, the coin is un- 
5, the coin is biased. 

How do we determine whether a particular coin is biased or unbiased? 
Suppose we conduct the following expe: 


riment. We toss the coin 10 times and 
obtain 9 heads and 1 tail. This may be viewed as а sample of the “behavior” 
of this coin. On the basis of this result, are we now justified in concluding that 
the coin is biased? Or, is it reasonable to expect as many as 9 heads from a coin 
that is unbiased? Before wi 


е answer these questions, it is necessary to look at 
the sampling distribution of all possible outcomes, Let us see how we might 
construct this sampling distribution, employing a hy; 


pothetical coin. 


11.3.1 Construction of Binomial Sampling Distributions by Enumeration 


First, we must assume that this coin is unbiased, and that there are only two 
possible outcomes resulting from each toss of the coin: heads or tails. It will 
not stand on its side; it will not become lost; it cannot turn up both heads and 
tails at the same time. 

If we toss this coin twice (М = 2), 
may fall: HH, HT, TH, and TT. The 
the same outcome in that each rep 
an unbiased coin twice results in th 


there are four possible ways the coin 


two middle ways may be thought of as 
resents one head and one tail. Thus tossing 


е following theoretical frequency distribution: 


Outcome No. of ways for specified 
outcome to occur 

2H 

ут 

2Т 


п outcome by dividing 
For example, using for- 
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Table 11.1 
All possible outcomes obtained by tossing an unbiased coin five times (N = 5) 


Number of heads 
OH 1H 2H 3H 4H 5H 


ТТТТТ | НТТТТ | ННТТТ | НННТТ | ННННТ | HHHHH 
THAT ЖИР | PEEL | RLIDTOGIT | BUHE 
TTHTT|HTTHT|THHT|HHTHH 
TTTHT|HTTTH|THHHT|HTHHH 
TPIITTH|THUTT|!HMTIH!|THHHH 
THTHT|BHTERHTI 
THTTH ТЕН 
DT HAT: УНИ. 
FTHTE|THTHH 
TETHH|TTHHH 


mula (10.1), the probability of obtaining one head and one tail in 2 tosses of 


ап unbiased coin is 
p(H,1T) = # = 0.50. 

We have seen how we can enumerate all the possible outcomes of tossing a 
hypothetical coin when N — 2, and construct corresponding frequency and prob- 
ability distributions. This probability distribution represents the sampling 
distribution of outcomes when N = 2. Similarly, we may enumerate all the 
Possible outcomes for any number of tosses of our hypothetical coin (N — 3, 
ү = 4, ete.) and then construct the corresponding frequency and probability 
distributions. 

Let us illustrate the construction of a probability distribution when N = 
First, all possible outcomes are enumerated, as in Table 11.1. When № = 
there are 32 ways (25) of obtaining the six different outcomes (5 + 1). 


5. 
5, 


х х 
х х 
х х 
х х 
х х 
f x x * x 
x x x х 
х х х х 
Fi x x x x 
oan en ere SER жЕ 8. 
numb ical frequency distribution of variou 1 - 2 1 1 П 
bias. S Of heads obtained by tossing ап un- 
Number of heads 


ased coin five times (N = 5). 
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0.312 0.312 


0.156 0.156 
Fig. 11.2 
Histogram of theoretical prob- 
ability distribution of various 


=0.031— 
" 0.031— 

numbers of heads obtained by pe 

tossing an unbiased coin five 9; 0 1 2 3 4 5 
times (№ = 5). Number of heads 


By placing the six different outcomes along the baseline and representing 
their frequency of occurrence along the ordinate, we have constructed the 
theoretical frequency distribution for the various outcomes when М = 5. 

It is now possible to calculate the probability associated with each outcome. 
For example, using formula (10.1), the probability 


of obtaining 4 heads and 1 
tail in 5 tosses of an unbiased coin is 


p(4H, 1T) = $ = 0.156. 


A histogram of the complete probability distribution when № = 5 is shown in 
Fig. 11.2. 


11.3.2 Construction of Binomial Sam 


pling Distributions 
Employing the Binomial Ехрап 


sion 
Thus far, in order to calculate the probability associated with each outcome, we 
have had to enumerate all the possible ways in which various outcomes occur 
(see Table 11.1). As N increases, the process of enumeration becomes exceed- 
ingly laborious since the number of ways for the outeomes to occur (2N) doubles 
with each additional toss of the coin.* 

An alternative method of obtainin 
ties for a population consistin 


gories (P + 0 = 1.00) is give 


£ the sampling distribution of probabili- 


g of two mutually exclusive and exhaustive cate- 
n by the binomial expansion. 


* In addition, when P = Q = 4, it is not possible to obtain the probabilities asso- 
ciated with the various outcomes by simple enumerati 
the binomial expansion to obt 


: On. It is necessary to employ 
ain these probabilities, 
expansion when P # Q x i 


х Applications of the binomial 
are presented in Chapter 17, 
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Table 11.2 
Illustration of the binomial expansion when Р = О = запа № = 5 


Ай Хо 

E nein me Mf SH Em d heads 
PHQ’ = ps У pig + У 0 page + МХ = DW — 2) pags ү УУ — DW — DN = 3) por + gs 
[469 me e M2) де) кылы 

= p + рф HD? + 10(3)(4)* + да to» 
“+ # d M t bi + ў + ds 

_ = 0.031 + 01 032 + 0.312 + 0.156 + 0.031 


Formula (11.1) presents the binomial expansion in its general form: 


М pn-1 N(N — 1) py-292 
(2 4-0) = РТА ба р“ 


{ca Те о 


There аге N + 1 terms to the right of the above equation, each representing a 
different possible outcome. The first term on the right-hand side of the equa- 
tion (Р М) provides the probability of all events in the P-category ; the second 
1] events in the P-category, except one; and, 


term provides the probability of a 
finally, the last term (07) is the probability of all events in the Q-category. 
let us return to our preceding example 


. To illustrate the binomial expansion, 1 ейп : 
involving 5 tosses of an unbiased coin. Since our hypothetical coin is unbiased, 
P=Q=4. WhenN = 5, there are М + 1 ог six possible outcomes. These 
are shown in Table 11.2. 

The numerators of the fracti 
monly referred to as the coefficien 
correspond exactly with the expected 
as previously shown in Fig. 11.1. In 
the binomial expansion agree exactly with th 
(see Fig. 11.2). 


ons in Table 11.2 (1, 5, 10, 10, 5, 1) are com- 
ts of the binomial expansion. These coefficients 
frequency of occurrence of each outcome, 
addition, the probabilities calculated from 
ose which we previously calculated 


11.4 TESTING STATISTICAL HYPOTHESES: LEVEL OF SIGNIFICANCE 
At this point, you may wonder what happened to the experiment we were about 
to perform to determine whether our “decision-making” coin was biased. Hav- 
ing learned to calculate probability values, let us now address ourselves to the 
experiment. We are going to toss the coin а given number of times and deter- 
mine whether or not the outcome is within certain expected limits. For ex- 
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0.246 


0.205 0.205 


0.044 


PA TT [0.010 5o01 
DE QE ENCORE UNE CEN Быт буре вино TA 
Number of heads 


Fig. 11.3 Histogram of theoretical probability distribution of various 
numbers of heads obtained by tossing an unbiased cointentimes (№ = 10). 


represents the theoretical pr 
when N — 10 
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occurrence that we begin to suspect that the explanation may be found in terms 
of the characteristics of the coin rather than in the so-called “laws of chance.” 
The critical question is, "Where do we draw the line which determines what in- 
ferences we make about the coin?” 

The answer to this question reveals the basic nature of science: its prob- 
abilistic rather than its absolutistic orientation. In the social sciences, most 
researchers have adopted one of the following two cutoff points as the basis for 
inferring the operation of nonchance factors. 

1. When the event would occur five percent of the time or less, by chance, some re- 
searchers are willing to assert that the results are due to nonchance factors. 
This cutoff point is known variously as the 0.05 significance level, or the 5.00% 
Significance level. 

2. When the event would occur one percent of the time or less, by chance, other 
researchers are willing to assert that the results are due to nonchance factors. 
This cutoff point is known as the 0.01 significance level, or the 1.00% significance 
level. 

The level of significance set by the experimenter for inferring the operation 
of nonchance factors is known as the alpha (а) level. Thus when employing the 
0.05 level of significance, a = 0.05; when employing the 0.01 level of signifi- 
cance, a = 0.01. с 

In order to determine whether the results were due to nonchance factors in 
the present coin experiment, we need to calculate the probability of obtaining 
ап event as rare аз 9 heads out of 10 tosses. In determining the rarity of an event, 
We must consider the fact that the rare event can occur т both directions and 
that it includes more extreme events. In other words, the probability of an 


event as rare as 9 heads out of 10 tosses is equal to 


p(9 heads) + p(10 heads) + р(1 head) + p(0 heads). 


Since this distribution is symmetrical, 


р(9 heads) = p(1 head) and p(10 heads) = p(0 heads). 


Thus 


2(9 h 1 head) + p(0 heads) 
RURSUM = 2{p(9 heads) + p(10 heads)]. 


These p-values may be obtained from Fig. 12.3 as follows: 


p(9 heads) — 0.010, and р(10 heads) = 0.001. 


Therefore the two-tailed probability of an event as rare as 9 heads out of 10 


isticalt 1.5 
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tosses is 
2(0.010 + 0.001) = 0.022 or 2.2%. 


Employing the 0.05 significance level (о = 0.05), we would conclude that the 
coin was biased (i.e., the results were due to nonchance factors). However, if 
we employed the 0.01 significance level (а = 0.01), we would not be able to 
assert that these results were due to nonchance factors. 


11.5 TESTING STATISTICAL HYPOTHESES: 
NULL HYPOTHESIS AND ALTERNATIVE HYPOTHESIS 


At this point, many students become disillusioned by the arbitrary nature of 
decision making in science. Let us examine the logic of statistical inference a 
bit further and see if we can resolve some of the doubts. Prior to the beginning 
of any experiment, the researcher sets up two mutually exclusive hypotheses: 
(1) The null hypothesis (Н о) which specifies hypothesized values for one or more 
of the population parameters. (2) The alternative hypothesis (Н у) which asserts 
that the population parameter is some value other than the one hypothesized. 
In the present coin experiment, these two hypotheses read as follows: 


Но: the coin is unbiased, that is, P = Q = 
Н ү: the coin is biased, that is, P = Q #}- 


1 


2 


The alternative hypothesis may be either directional or nondirectional. When 
Н | only asserts that the population parameter is different from the one hypothe- 
sized, it is referred to as a nondirectional or two-tailed hypothesis (for example, 
Р з Q # 4). Occasionally, H, is directional or one-tailed. In this instance, in 


addition to asserting that the population parameter is different from the one 
hypothesized, we 


assert the direction of that difference (for example, P > Q or 
Реф. In evaluating the outcome of an experiment, one-tailed probability 
values should be employed whenever our alternative hypothesis is directional. 


11.5.1 The Notion of Indirect Proof 


Careful analysis of the logic of statistical inference reveals that the null hypothe- 
sis can never be proved. For example, if we had obtained exactly 5 heads on 10 
tosses of a coin, would this prove that the coin was unbiased? The answer is a 
categorical “No!” A bias, if it existed, might be of such a small magnitude that 


we failed to detect it in 10 trials. But what if we tossed the coin 100 times and 
obtained 50 heads? Wouldn’t this prove somet 


: hing? Again, the same consid- 
erations apply. No matter how many times we tossed the coin, we could never 
exhaust the population of possible outcomes. We сап male the assertion, 
however, that no basis exists for rejecting the hypothesis that the coin is biased. 
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How, then, can we prove the alternative hypothesis that the coin is biased? 
Again, we cannot prove the alternative hypothesis directly. Think, for the 
moment, of the logic involved in the following problem. 

Draw two lines on a paper and determine whether they are of different 
lengths. You compare them and say, “Well, certainly they are not equal. 
Therefore they must be of different lengths.” By rejecting equality (in this 
case, the null hypothesis) you assert that there is a difference. 

Statistical logic operates in exactly the same way. We cannot prove the 
null hypothesis, nor can we directly prove the alternative hypothesis. How- 
ever, if we can reject the null hypothesis, we can assert its alternative, namely, 
that the population parameter is some value other than the one hypothesized. 
Applied to the coin problem, if we can reject the null hypothesis that P = Q = 3, 
We can assert the alternative, namely, that Р # О = 1. Note that the proof of 
the alternative hypothesis is always indirect. We have proved it by rejecting 
the null hypothesis. On the other hand, since the alternative hypothesis can 
neither be proved nor disproved directly, we can never prove the null hypothesis 
by rejecting the alternative hypothesis. The strongest statement we are en- 
titled to make in this respect is that we failed to reject the null hypothesis. 

What, then, are the conditions for rejecting the null hypothesis? Simply 
this: when employing the 0.05 level of significance, you reject the null hypothe- 
sis when a given result occurs, by chance, 5% of the time or less. When em- 
Ploying the 0.01 level of significance, you reject the null hypothesis when a given 
result occurs, by chance, 1% of the time or less. Under these circumstances, of 
Course, you affirm the alternative hypothesis. | 

In other words, one rejects the null hypothesis when the results occur, by 
chance, 5% of the time or less (or 1% of the time or less), assuming that the null 
hypothesis ds the true distribution. That is, one assumes that the null hypothesis 
15 true, calculates the probability on the basis of this assumption, and if the prob- 


ability is small, one rejects the assumption. 
For reasons stated above, R. A. Fisher, 


affirmed: | d 

"In relation to any experiment we may speak of this hypothesis as the 'null 
hy Pothesis,’ and it should be noted that the null hypothesis is never proved or 
established, but is possibly disproved, in the course of experimentation. Every 
Xperiment may be said to exist only in order to give the facts a chance of disproving 
the null hypothesis, "*. (Italics added). 


the eminent British statistician, has 


11.6 TESTING STATISTICAL HYPOTHESES: THE TWO TYPES OF ERROR 
ance that we will be wrong in 


You › king а ch 
OU may now ask, “But aren't we taking * у : 
rejecting the null hypothesis? Is it not possible that we have, in fact, obtained 


а statist: » 
Statistically rare occurrence by chance? 


* Fisher, R. A., The Design of Experiments. Edinburgh: Oliver & Boyd, 1935, p. 16. 


isticali 11.6 
168 Introduction to statistical inference 


The answer to this question must be a simple and humble, “Yes. 2 This is 
precisely what we mean when we say that science is probabilistic. If there is 
any absolute statement that scientists are entitled to make, it is that we can 
never assert with complete confidence that our findings or propositions are 
true. There are countless examples in science in which an apparently firmly 
established conclusion has had to be modified in the light of further evidence. 

In the coin experiment, even if all the tosses had resulted in heads, it is 
possible that the coin was not, in fact, biased. By chance, once in every 1024 
experiments, “on the average,” the coin will turn up heads 10 out of 10 times. 
When we employ the 0.05 level of significance, approximately 5% of the time 
we will be wrong when we reject the null hypothesis and assert its alternative. 

These are some of the basic facts of the reality of inductive reasoning to 
which the student must adjust. The student of behavior who insists upon ab- 
solute certainty before he speaks on an issue is a student who has been mute 
throughout his years, and who will remain so the rest of his life (probably). 


The above considerations have led statisticians to formulate two types of 
errors that may be made in statistical inference. 


11.6.1 Type I Error (Type о Error) 


In a type I error, we reject the null hypothesis when it is actually true. The 
probability of making a type I error is o. We have already pointed out that if 
we set our rejection point at the 0.05 level of Significance, we will mistakenly 
reject Но approximately 5% of the time. It would seem, then, that in order 
to avoid this type of error, we should set the rejection level as low as possible. 


For example, if we were to set a = 0.001, we would risk a type I error only 
about one time in every thousand. However, the lower we set a, the greater 1S 
the likelihood that we will make a type II error. 


11.6.2 Type Il Error (Type B Error) 


type II error, we fail to reject the n 


Ina 
Beta (8) is the probability of makin 


obtained would have occurred, by chance, 
esis. Consequently, we 
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an error in the direction of failing to claim a result than to make an error in the 
direction of claiming a result when he is wrong. 

You may now ask, “How can we tell when we are making a type I or a type 
II error?" The answer is simple, “We can't." If we examine, once again, the 
logic of statistical inference, we shall see why. We have already stated that, 
with rare exceptions, we cannot or will not know the true values of a population. 
Without this knowledge, how can we know whether our sample statistics have 
approximated or have failed to approximate the true value? How can we know 
whether or not we have mistakenly rejected a null hypothesis? On the other 
hand, if we did know a population value, we could know whether or not we 
made an error. However, under these circumstances, the whole purpose of 
sampling statistics is vitiated. We collect samples and draw inferences from 
samples only because our population values are unknowable, for one reason 
or another. When they become known, the need for statistical inference is lost. 

Is there no way, then, to know which experiments reporting significant re- 
sults are accurate and which are not? The answer is a conditional “Yes.” If 
We were to repeat the experiment and obtain similar results, we would have 
increased confidence that we were not making a type Terror. For example, if 
We tossed our coin in a second series of 10 trials and obtained 9 heads, we would 
feel far more confident that our coin was biased. Parenthetically, repetition of 
experiments is one of the areas in which research in the social sciences is weakest. 
The general attitude is that a study is not much good unless it is “different” 
and is therefore making a novel contribution. Replicating experiments, when 
Performed, frequently go unpublished. In consequence, we may feel assured 
that in studies employing the 0.05 significance level, approximately one out of 
every 20 studies which rejects the null hypothesis is making a type I error.* 


CHAPTER SUMMARY 


We have seen that one of the Базе problems of inferential statistics involves 
eters from sample statistics. 
we are frequently called upon to compare our 


ues. The expected values are given by the ap- 
which is a theoretical probability distribution 


estimating population param 
In inferential statistics, 
obtained values with expected val 
Propriate sampling distribution, 
of the possible values of a sample statistic. 


Tee 

* The proportion is probably even higher since our methods of accepting research re- 
Ports for publication are heavily weighted in terms of the statistical significance of 
he results. Thus if four identical studies were conducted independently and only 
Опе obtained results which permitted rejection of the null hypothesis, this one would 
most likely be published. There is virtually no way for the general scientific public 
© know about the three studies which failed to reject the null hypothesis. 
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We have seen how to construct sampling distributions. In the present aba 

ter, we employed the binomial ee to construct sampling distribution 
i ro-category variables. | 

~ adem da das are two mutually exclusive and exhaustive statis- 
tical hypotheses in every experiment: the null hypothesis (H 9) and the alterna- 
ive hypothesis (Н). 
E d ire А an experiment is rare (here "rare" is defined as some 
arbitrary but accepted probability value), we reject the null hypothesis and 
assert its alternative. If the event is not rare (i.e., the probability value 18 
greater than what we have agreed upon as being significant), we fail to reject the 
null hypothesis. However, in no event are we permitted to claim that we have 
proved Н o. 


The experimenter is faced with two types of errors in establishing a cutoff 
probability value which he will accept as significant. 


Type I: rejecting the null hypothesis when it is true. 
Type 11: accepting the null hypothesis when it is false. 


The basic conservatism of the scientist causes him to establish a low level of 


significance, causing him to make type II errors more commonly than type I 
errors. 


Without replication of experiments we have no basis for knowing when & 
type I error has been made, and even wit! 


h replieation, we cannot claim knowl- 
edge of absolute truth. 


Finally, and perhaps most important, we have seen that scientific knowl- 
edge is probabilistic and not absolute. 


Terms to Remember: 


Population (1% Significance level) 

Sample Alpha (a) level 

Sampling distribution Null hypothesis (H о) 

Binomial distribution Alternative hypothesis (Н 1) 
Coefficients of the binomial Directional or one-tailed hypothesis 
0.05 Significance level Nondirectional or two-tailed hypothesis 
(5% Significance level) Type I error (type о) 

0.01 Significance level 


Туре 11 error (type B) 
EXERCISES 


ature of drawing inferences in behavioral science. 
Be sure to specify the types of ris 
researcher attempts to keep thes 


л 


10. 


- Construct а binomial sampling 
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. Give examples of experimental studies in which 


a) a type I error would be considered more serious than a type II error. 

b) a type II error would be considered more serious than a type I error. 

After completing a study in experimental psychology, Nelson W. concluded, 
“I have proved that no difference exists between the two experimental conditions. y 
Criticize his conclusion aecording to the logic of drawing inferences in science. 
Explain what is meant by the following statement: "It ean be said that the pur- 
pose of any experiment is to provide the occasion for rejecting the null hypothesis." 
An experimental psychologist hypothesizes that drive affects running speed. Аз- 
sume that he has set up a study to investigate the problem employing two different 


drive levels. Formulate Но and Нл. 


. In a ten-item true-false examination, 


а) what is the probability that an unprepared student will obtain all correct 


answers by chance? : 
b) if eight correct answers constitute a passing grade, 


he will pass? у 
с) what аге the odds against his passing? 


what is the probability that 


. Identify Но and Ни in the following: 


a) The population mean in intelligence is 100. | 
b) The proportion of Democrats in Watanabe County is not equal to 0.50. 

c) The population mean in intelligence is not equal to 100. 

d) The proportion of Democrats in Watanabe County is equal to 0.50. 

Suppose that you are а personnel manager responsible for recommending the 
promotion of an employee {оа high-level executive position. What type of error 
would you be making if: | P Р 

а) The hypothesis that he is qualified (Ho) is erroneously accepted. 
b) The hypothesis that he is qualified is erroneously pee 

c) The hypothesis that he is qualified is correctly ы 3 

d) The hypothesis that he is qualified is correctly rejected. 
distribution when N — 7, P=Q = $, and 


answer the following questions: What is the probability that: 


а) Six or more will be in the P category? 
b) Four ог fewer will be in the P category- 
i One or fewer or 6 or more will be in the P category. 
Tw А А огу. 
) Two or more will be in the Р category е or sale of stock by his client 


urchas' 
A stock-market analyst recommends be about the future behavior of these 
as for : 


Оп the basis of hypoth he h ims: 
sis ypotheses пан Is: 
Stocks. What type of error is he making > ` wes up precipitously. 
а) Ho: The stock will remain stable. үт. It falls abruptly. i 
5) Но: The stock will remain stable. pan It shows only minor fluctuation about 
€) Ho: The stock will remain stable. P^ ы; 
a central value. 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


Introduction to statistical inference 


An investigator sets a = 0.01 for rejection of Ho. He conducts a study in which 


he obtains a p-value of 0.02 and fails to reject Ho. Discuss: Is it more likely that 
he is accepting a true or a false Ho? 


Comment: a student of psychology has collected a mass of data to test 100 different 
null hypotheses. On completion of the analysis he finds that 5 of the 100 com- 


parisons yield p-values <0.05. He concludes: “Using а = 0.05, I have found a 
true difference in five of the comparisons.” 


Comment: An investigator has tested 500 different individuals for evidence of 


extrasensory perception (ESP). Employing о = 0.01, he concludes, “I have found 
6 individuals who demonstrated ESP.” 


Does the null hypothesis in a one-tailed test differ from the null hypothesis in a 
two-tailed test? 


Does the alternative hypothesis in a one- 


tailed test differ from the alternative 
hypothesis in 


a two-tailed test? Give an example. 
In rejecting the null hypothesis for a one-tailed test, do all deviations count equally, 
Explain. 


Discuss the similarities and differences between the normal curve and the bino- 
mial curve, 
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and Continuous Variables 


124 INTRODUCTION 


In Chapter 11 we saw that one of the basic problems of inferential statistics is 
estimating population parameters from sample statistics. In doing so, we com- 
Pare the values obtained from a sample with “expected” values which are given 
by the appropriate sampling distribution. Since the sampling distribution is a 
theoretical probability distribution, the crux of the problem becomes: How do 


we determine ja 
these probability values? ue 7 

In Chapter li wn pos. hee the binomial distribution to determine the 

Probability values for discreto two-category variables. In this chapter we will 

р We previously pointed out 


E dealing with continuously distributed variables. We prev 
“ection 10.6) that, with continuous variables, probability is defined in terms 


о areas under a curve. Let us now investigate the application of the concepts 
м, Inferential statisties to continuously distributed variables by looking at the 


со : : 
"truetion of a sampling distribution of means. 


12. 
? SAMPLING DISTRIBUTION OF THE MEAN 
roximately normally distributed 


ampling experiment with one of 


I 
» Table О we provide several different арр 
f the concepts we shall sub- 


qpulations, Let us conduct а hypothetical 5 
Se зе populations which will serve to clarify many 0 
‘Wently develop. 
te are that we randomly 
raw he population in which и = 
" Scores of 3 and 6. We calculate 
E We continue to draw samples of N 
3,7;4, 5: 6, 6; etc.) until we obtain an 1 
We calculate Ше sample mean for each sample draw. 
* . " 
f i e between sampling with 
ог Ше Population is infinite or extremely large, the аа 


Wi e 
thout replacement is negligible. 


A nent)* a sample of two cases 
а арн ой. “= example, we might 
the sample mean and find Х = 4.5. Now, 
N = 2 (e.g, we might draw scores of 
definitely large number of samples. 
n, and treat each of these 
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Fig. 12.1 Frequency curves of sample means drawn from a population in which и = 5.00 
and с = 0.99. 


sample means as a raw score, we ma 
sample means. 

Let us repeat the above 
for example, N — 5,N 
sample means based on 

Intuitively, 


y set up a frequency distribution of these 


procedures with increasingly larger sample sizes, 
— 15. We now have three frequency distributions of 
three different sample sizes. | 
what might we expect these distributions to look like? Since 
we are selecting at random from the population, we would expect the mean of 
the distribution of sample means to approximate the mean of the population. | 
How might the dispersion of these sample means compare with the vari- 
ability in the original distribution of scores? In the original distribution, when 
N = 1, the probability of obtaining a score as extreme as say, 8 is 7050 or 0.004 
(see Table О). The associated probability of obtaining a sample mean equal to 
8 when N = 2 (ie, drawing scores of 8, 8) is equal to тобе X 155g or 0.000016 
(formula 10.10). Clearly, when У = 5, the probability of obtaining results this 


extreme (for example, X — 8) becomes exceedingly small. In other words, the 
probability of drawing extreme 


values of the sample mean is smaller as N in- 
creases. Since the standard deviation is a direct function of the number of ex- 
treme scores (see Chapter 6), it follows that a distribution containing propor- 
tionately fewer extreme Scores will have а lower standard deviation. Therefore, 


if we treat each of the sample means as a raw score and then calculate the stan- 
dard deviation (ox referred to as the st 


d andard error of the mean*), it is clear that 
as N increases the variability of the sample means decreases. 
If these sampling experiments were 


actually conducted, the above frequency 
polygons of sample means would be obtained (Fig. 12.1). 
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There are three important lessons which may be learned from a careful 
examination of Fig. 12.1. 
1. The distribution of sample means, drawn from a normally distributed popu- 
lation, tends to be bell-shaped or “normal.” Indeed, it can be shown that even 
if the underlying distribution is skewed, the distribution of sample means will 
tend to be normal. 
2. The mean of the sample means (их) is equal to the mean of the population 
(и) from which these samples were drawn. 
3. The distribution of sample means becomes more and more compact as we 
increase the size of the sample. This is an extremely important point in statis- 
tical inference, about which we shall have a great deal more to say shortly. 


If we base our estimate of the population mean on a single sample drawn 
from the population, our approximation to the parameter is likely to be closer 
as we increase the size of the sample. In other words, if it is true that the disper- 
sion of sample means decreases with increasing sample size, it also follows that 
the mean of any single sample is more likely to be closer to the mean of the 
Population as the sample size increases 

These three observations illustrate a rather startling theorem which is of 
fundamental importance in inferential statistics, i.e., the central-limit theorem. 

The central-limit theorem states: If random samples of a fixed N are drawn 
from any population (regardless of the form of the population distribution), as 
N becomes larger, the distribution of sample means approaches normality with 
the overall mean approaching и, the variance of the sample means оз being 
equal to ¢?/N, and a standard error су овај УМ. 

Stated symbolically, 


2 
of = x (12.1) 
а 
па 2 гам 
uA 4 


12.3 TESTING STATISTICAL HYPOTHESES: PARAMETERS KNOWN 

Let us briefly examine some of the implications of the relationships we have 

Just discussed, ee . Н 
When и and с аге known for a given population, it is possible to describe 

the form of the distribution of sample means when № is large (regardless of the 

form of the original distribution). It will be a normal distribution with a mean 

(ux) equal to и and a standard error (ту) equal to а УМ. It now becomes 


Possible to determine probability values in terms of areas under the normal 
Curve. Thus we may use the known relationships of the normal probability 


Curve to determine the probabilities associated with any sample mean (of a 
given №) randomly drawn from this population. 
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We have already seen (Section 7.3) that any normally distributed variable 
may be transformed into the normally distributed z-scale. We have also seen 
(Section 10.8) that we may establish probability values in terms of the relation- 
ships between z-scores and areas under the normal curve. That is, for any given 
raw score value (X) with a certain proportion of area beyond it, there is a cor- 
responding value of z with the same proportion of area beyond it. Similarly, for 
any given value of a sample mean (X) with a certain proportion of area beyond 
it, there is a corresponding value of z with the same proportion of area beyond 
it. Thus assuming that the form of the distribution of sample means is normal, 
we may establish probability values in terms of the relationships between 2- 
scores and areas under the normal curve. 

To illustrate: Given a population with и = 250 and т = 50 from which we 
randomly select 100 scores (V = 100), what is the probability that the sample 
mean (X) will be equal to or greater than 255? Thus Но: м = мо = 250. 

The value of z corresponding {о Х = 255 is obtained as follows: 

pe EH, (12.3) 
сх 


where шо = value of the population mean under Но, 


Ox = 


апа 


Looking up а 2 of 1.00 in Column С (Table A), we find that 15.87% of the 
sample means fall at or above Х 


у r : — 255. Therefore there are approximately 16 
chances in 100 of obtaining a sample mean equal to or greater than 255 from this 
population when N — 100. 


By a simple extension of the above logie, we may entertain hypotheses con- 


cerning the values of parameters of the population from which the sample mean 
was drawn. For example, given a samp 


= ) le mean of 263 for № = 100, is it reason- 

able to assume that this sample was drawn from the above population? 
Let us set up this problem in more formal statistical terms: 

1. Null hypothesis (Но): The mean of the population (и) from which the sample 
was drawn equals 250, that is, и = Шо = 250. 

2. Alternative hypothesis (Н ү): The mean of the population from which the sam- 
ple was drawn does not equal 250; u = uo. Note that H ; is nondirectional; 
consequently, a two-tailed test of significance will be employed 
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3. Significance level: а = 0.01. If the difference between the sample mean and 
the specified population mean is so extreme that its associated probability 
of occurrence under H is equal to or less than 0.01, we will reject Ho. 


4. Critical region for rejection of Но: |z| > |zo.oi| = 2.58%. А critical region is 
that portion of area under the curve which includes those values of a statistic which 
lead to rejection of the null hypothesis. 


The critical region is chosen to correspond with the selected level of significance. 
Thus for a = 0.01, two-tailed test, the critical region is bounded by those values 
of 20.01 which mark off a total of 1% of the area. Referring to Column C 
(Table A), we find that the area beyond a z of 2.58 is approximately 0.005. We 
double 0.005 to account for both tails of the distribution. Figure 12.2 depicts 
the critical region for rejection of Но when a = 0.01, two-tailed test. 

Therefore, in order to reject Но at the 0.01 level of significance, the absolute 
value of the obtained z must be equal to or greater than |20.01| or 2.58. Similarly, 
to reject Но at the 0.05 level of significance, the absolute value of the obtained 
2 must be equal to or greater than 
lzo.05| or 1.96. 

In the present example, the value 
of z corresponding to X = 263 is 


Critical 
region 


0.005 | 
Decision: Since the obtained 2 falls —2.58 0 +2.58 
Within the critical region, (that is, z-scale 
2.60 > 20.01), We may reject Ho at Fig. 12.2 Critical region for rejection of Ho 
the 0.01 level of significance. when а = 0.01, two-tailed test. 


12.4 ESTIMATION OF PARAMETERS: POINT ESTIMATION 


testing hypotheses when the population 
have taken some pains in this book to 
Point out that population values are rarely known. The fact that we do not 
know the population values does not prevent us from using the above logic. 
Whenever we make inferences about population parameters from sample 
data, we compare our sample results with the expected results given by the 
appropriate sampling distribution. A hypothetical sampling distribution of 
Sample means is associated with any sample mean. This distribution has a 
Mean, wy, and a standard deviation, 77: So far, in order to obtain the values of 


So far, we have been concerned with 
Parameters are known. However, we 


T . Е ко 
* Si А iv stating 2 > 2.58 or z < — 2.58. 
Since 20.01 = +2.58, |z| > [20.01 is equivalent to stating 2 2 orz € 
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иу and ox, we have required a knowledge of м and с. In the absence of knowl- 
edge concerning the exact values of the parameters, we are forced to estimate 
и and с from the statistics calculated from sample data. Since, in actual prac- 
tice, we rarely select more than one sample, our estimates are generally based 
on the statistics calculated from a single sample. All such estimates, involving 
the use of single sample values, are known as point estimates. 


12.4.1 Estimating сх from Sample Data 


You will recall that we previously defined the variance of a sample as 5? = 
У(Х — X)2/N in formula (6.2). We obtained the standard deviation, s, by 
finding the square root of this value. These definitions are perfectly appropriate 
as long as we are interested only in describing the variability of a sample. How- 
ever, when our interest shifts to estimating the population variance from a sam- 


ple value we find that the above definition is inadequate since У(Х — X)9/N 


tends, on the average, to underestimate the population variance. In other words, 
it provides a biased estimate of t 


he population variance whereas an unbiased 
estimate is required. 


We shall define an unbiased estimate a: 
average, the value of the 


ng an unbiased 


estimate of the populatio idard deviation 


based on the unbiased variance estimate. Thus 


bati 
unbiased estimate of o? = $? — zx — 0 р (12.4) 


апа 
estimated с = § = 4/32, (12.5) 

We are now able to esti 
the symbols s% and ву 
the mean, respectively. 
ance estimate (¢ 


a. We shall employ 
nd standard error of 
е accept the unbiased vari- 
of the population variance. 
he mean from sample data is 


(12.6) 
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We estimate the standard error of the mean by finding the square root of this 
value: 
estimated ox = sy = V8?/N = УМ. (12.7) 


If the sample variance (not the unbiased estimate) is used, we may estimate ox 


as 
А Е 5 [xax — X? 
estimated ту = sx = ке (М — 1) (12.8)* 


Formula (12.8) is the one most frequently employed in the behavioral sciences 
to estimate the standard error of the mean. We shall follow this practice. 
Before proceeding further, let us briefly review some of the symbols we have 


been discussing: 


и Population mean 
по Value of the population mean under Ho 


X Sample mean 

с? Population variance yy 

s? Sample variance, У(Х — X) _ 

$? Unbiased esticiatü of population variance, У(Х — Х)°/(М — 1) 

с Population standard deviation 

$ Sample standard deviation : | | 

$ Батрје standard deviation based upon the unbiased variance estimate 
My Mean of the sampling distribution of ae 

ox Standard error of the mean (theoretical), e, 

Sx Estimated standard error of the mean, УМ ог s/ VN — 1 


* The following algebraic proof demonstrates how we arrive at this estimate of ox: 


= N 


$ 


multiplying both sides of the equation by N/(N — 1), 


Lati 
N 2 _ МХ — 0) g [see formula (12.4)]. 
Wes i NN — 1) 


Thus from formula (12.7), 


2 Nees. зена 
oe = JE Ng 757 VEI 
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12.5 TESTING STATISTICAL HYPOTHESES WITH UNKNOWN PARAMETERS: 
STUDENT'S t 


We previously pointed out that when the parameters of a population are known, 
it is possible to describe the form of the sampling distribution of sample means. 
It will be a normal distribution with сх equal о 0/ УМ. By employing the re- 
lationship between the z-scale and the normal distribution, we were able to test 
hypotheses using z = (X — Ho)/ox as a test statistic. When c is not known, 
we are forced to estimate its value from sample data. Consequently, estimated 
ox (that is, sx) must be based on the estimated e (that is, $), that is, sy = $/A/N. 


Now, if substituting $ for т provided a reasonably good approximation to the 
sampling distribution of means, 


and the normal curve as the mo 


, with small samples, & will 


than one half of the 


time. Consequently, the 
statistic 


X — и 
S/N 


will tend to be Spread out more than the normal distribution. 


tion to statisties consisted of his description of а 
› or rather, a family of distributions, wh 


ariously as the t-distributions 
or Student's т. The ratio emplo i i 
t-ratio: 


where шо is the value of the 
The t-statistic is similar ; 
statistic. Both statisties are 


ibution. For the t- 
а function of degrees of 
The term “degrees of freedo 


m" refers to the number of values which are free 
to vary after we have placed c 


ertain restrictions on our data. To illustrate, if 
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we had four numbers on which we placed the restriction that the sum must 
equal 115, it is clear that three numbers could take on any value (i.e., are free 
to vary) whereas the fourth would be fixed. Thus, if three values are 30, 45, 
and 25, respectively, the fourth must be 15 in order to make the sum equal to 
115. The number of degrees of freedom, then, is М — 1, or 3. Generalizing, for 
any given sample on which we have placed a single restriction, the number of 
degrees of freedom is N — 1. 

Note that when s//N — 1 [formula (12.8)] is employed to obtain sx, the 
quantity under the square root sign (У — 1) is the degrees of freedom. 


12.5.1 Characteristics of t-Distributions 


Let us compare the characteristics of the i-distributions with the already familiar 
standard normal curve. First, both distributions are symmetrical about a mean 
of zero. Therefore the proportion of area beyond a particular positive t-value is 
equal to the proportion of area below the corresponding negative ¢. 

Secondly, the ¢-distributions are more spread out than the normal curve. 
Consequently, the proportion of area beyond a specific value of ¢ is greater than 
the proportion of area beyond the corresponding value of z. However, the 
greater the df, the more the ¢-distributions resemble the standard normal curve. 
In order that you may see the contrast between the (-distributions and the 
normal curve we have reproduced three curves in Fig. 12.3: the sampling dis- 
tributions of ¢ when df = 3, df = 10, and the normal curve. 

Inspection of Fig. 12.3 permits several interesting observations. We have 
already seen that with the standard normal curve, |г| > 1.96 defines the region 
of rejection at the 0.05 level of significance. However, when df = 3, a uz 
1.96 includes approximately 15% of the total area. Consequently, if we were 


df=3 df=10 
Ете | | | _ ЕЕ | | | zl 
Iscr pougo А 3 -3 -2 -1 3 
t t 
N=” 
Area beyond + 1.96 standard 
errors of the mean 
Fig. 12.3 Sampling distributions of 
t 99 when df = 3, and 10, 
SX 
mp2 5 T l 2 3 compared to the standard normal 


curve. 
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to employ the normal curve for testing hypotheses when М is small ique 
df is small) and с is unknown, we would be in serious danger of а а m A 
error, i.e., rejecting H when it is true. Obviously, а much larger va s о bs 
required to mark off the bounds of the critical region of rejection. Indeed, ba 
df = 3, the absolute value of the obtained ¢ must be equal to or greater |; Ап 
3.18 to reject Ho at the 0.05 level of significance (two-tailed test). However, 
as df increases, the differences in the proportions of area under the normal curve 
ent t-distributions become пе ligible. 
aÉ D to our use of the normal oss the tabled values for t (Table C) 
are critical values, i.e., those values which bound the critical rejection regions cor- 
responding to varying levels of significance. Thus in using the table for the dis- 
tributions of t, we locate the appropriate number of degrees of freedom in the 
left-hand column, and then find the column corresponding to the chosen а. 


The tabled values represent the tratio required for significance. If the ab- 
solute value of our obtained t-ratio equals or exceeds this tabled value, we may 
reject Ho. 


12.5.2 Illustrative Problem: Student's t 


inth graders are representative of a 
population in which и = 78? 
Let us set up this problem in more formal statistica] terms. 


1. Null hypothesis (Ho): The mean of thi 


€ population from which the sample 
was drawn equals 78 (и = цо = 78). 


Alternative hypothesis (H): The mean of the population from which the sam- 
ple was drawn does not equal 78 (u ж Bo). 


3. Statistical test: The Studen 


t t-ratio is chos 
normally distributed varial 


en because we are dealing with a 
ble in which с i 


S unknown, 
4. Significance level: а = 0.05. 
5. Sampling distribution: The sampling distribution 18 the Student t-distribu- 
tion with df — 16. 


6. Critical region: 10.05 > 2.12. 


Since H, is nondirection 
consists of all values of t > 2. 


al, the critical region 
12andt< —2.12. 
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In the present example, the value of t corresponding to X = 84 is 


X — mo _ 81 — 78 
t= = = 1.50. 
SX 16/V 16 


Decision: Since the obtained # does not fall within the critical region (that is, 
1.50 < 16.05), we accept Ho. 


12.6 ESTIMATION OF PARAMETERS: INTERVAL ESTIMATION 


that one of the basic problems in inferential 
ters of a population from statistics 
in turn, involves two subproblems: 


We have repeatedly pointed out 
Statistics is the estimation of the parame 
calculated from a sample. This problem, 
(1) point estimation, and (2) interval estimation. 

When we estimate parameters employing single sample values, these esti- 
mates are known as point estimates. A single sample value drawn from a popu- 
lation provides an estimate of the population parameter. But, how good an 
estimate is it? If a population mean were known to be 100, would a sample mean 
of 60 constitute a good estimate? How about a sample mean of 130, 105, 98, or 
99.4? Under what conditions do we consider an estimate good? Since we know 
that the population parameters are virtually never known and that we generally 

meters, is there any way to determine 


employ samples to estimate these para ) term 
the amount of error we are likely to make? The answer to this question is a 


negative one. However, it is possible, not only to estimate the population 
parameter (point estimation), but also to state a range of values within which 
We are confident that the parameter falls (interval estimation). Moreover, we 
May express our confidence in terms of probability theory. у 
Let us say that we are to estimate the weight of a man based on physical 
inspection. Let us assume that we are unable to place him on a scale, and that 
We cannot ask him his weight. This problem 18 similar to many we have faced 
throughout this text. We cannot know the population value (the man’s true 
weight) and hence we are forced to estimate it. Let us ay that we have the 
impression that he weighs about 200 pounds. If we are зо How confident 
are you that he weighs exactly 200 pounds?,” we would probab ly reply, I doubt 
that he weighs exactly 200 pounds. If he does, you can credit me with а fan- 
tastically lucky guess. However, I feel reasonably confident that he weighs be- 


tween 190 and 210 pounds." In doing this, we have stated the interval within 
Which we feel confident that the true weight falls. After а moment's reflection, 
We might hedge slightly, “Well, he is almost certainly between 180 and 220 
Pounds. In any event, I feel perfectly confident that his true weight falls some- 
Where between 170 and 230 pounds.” Note that the greater the ie thein: 
terval, the greater is our feeling of certitude that the true value is encompassed 
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between these limits. Note also that in stating these confidence limits, we bel 
in effect, making two statements: (1) We are stating the limits between мы 
we feel our subject’s true weight falls, and (2) we are rejecting the ogi T 
that his true weight falls outside of these limits. Thus, if someone asks, "Is 


conceivable that our subject weighs as much as 240 pounds or as little as 160 
pounds?," our reply would be a negative one. 


12.7 CONFIDENCE INTERVALS AND CONFIDENCE LIMITS 


hypotheses concerning the weight of the 
ich any hypotheses would be 


lem and apply our statistical concepts to the 


ach student. Consequently, we must 
content ourselves with testing a random sample of students and base our esti- 


mates on this sample. We administer this test to a random sample of 26 students 
and obtain the following results: 


X — 108, 
8 = 15, 
N = 26. 


cally lucky if the mean Т.С) 
On the other hand, if w 
have a right to believe 
mean. The critical 
as tenable, hypothe: 
intelligence? 

We have seen that the 


mean of the sa 
(ux) is equal to the me 


mpling distribution of sample means 
an of the popul. 


ation. We have also seen that, since, for 
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any given М, we may determine how far sample means are likely to deviate from 


any given or hypothesized value of р, we may determine the likelihood that a 


particular X could have been drawn from a population with a mean of xo, 
where до represents the value of the population mean under Ho. Now, since we 
do not know the value of the population mean, we are free to hypothesize any 
value we desire. 

It should be clear that we could entertain an unlimited number of hypotheses 
concerning the population mean and subsequently reject them, or fail to reject 
them, on the basis of the size of the t-ratios. For example, in the present prob- 
lem, let us select a number of hypothetical population means. We may employ 
the 0.05 level of significance (two-tailed test), and test the hypothesis that 


шо = 98. The value of ¢ corresponding to X = 108 is 


_ 108 — 98 _ 3,388. 
15/25 


In Table С, we find that (0.05 for 25 df is 2.060. Since our obtained t is greater 
than this critical value, we reject the hypothesis that до = 98. In other words, 


it is unlikely that X = 108 was drawn from a population with a mean of 98. 


Our next hypothesis is that до = 100, which gives а Г of 


= 108 — 109 = 2.667. 


Since 2.667 > 15.95 (or 2.000), we may reject the hypothesis that the population 

Mean is 
If eas uo = 102, the resulting t-ratio of 2.000 ~ less than 05. 
vonsequently, we may consider the hypothesis that Ho = 102 tenable. Sim- 
ilarly, if we obtained the appropriate t-ratios, we would find that the hypothesis 
Mo = 114 is tenable, whereas hypotheses of values greater than 114 are un- 
tenable. Thus X 2 108 sts probably drawn from a population whose mean 
falls in the interval 102-114 (note that these limits, 102 and 114, represent ap- 
proximate limits, i.e., the closest integers). The hypothesis that X = 108 WAS 
л, 14 may be rejected at the 0.05 


drawn from i ith u < 102оги > 1 
a population with и : n 
level of шш The interval within which the population mean probably 


lies is called the confidence interval. We refer to the limits of this interval as the 


confidence limits. Since we have been employing 2 = pe a call ee 95 per- 
cent confidence interval. Similarly, if we employed @ = 0.01, we could obtain the 


99 percent confidence interval. 

It is not necessary to perfo 
Confidence limits. We may calcul 
fidence interval directly. 


above calculations to establish the 


rm all the i à: 
exaet limits of the 95 percent con- 


ate the 
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To determine the upper limit for the 95 percent confidence interval: 


upper limit ug = X + 10,05 (sx). (12.10) 
Similarly, for the lower limit, 
lower limit мо = X — to.05 (sx). (12.11) 
Гог the 99 percent confidence interval, merely substitute (0.01 in the above 
rom note that these formulas are derived algebraically from formula 
(12.9): 
10.05 = Хм, therefore шо = Х + to.o5(sx). 


Employing formula (12.10), we find that the upper 95 percent confidence 
limit in the above problem {5 


upper limit ug = 108 + (2.060) (3.0) 
= 108 + 6.18 = 114.18. 


Similarly, employing formula (13.11), we find that the lower confidence 
limit is 


lower limit Шо = 108 — (2.060) (3.0) 


= 108 — 6.18 = 101.32. 
Having established the lower and the upper limits as 101.82 and 114.18, 
respectively, we may now concludi 
Standard deviation, which were со 
in which the true mean is unkno 
ably falls within the int 
that the popul 


i аці ng the confidence interval. In establish- 
ing the interval, within which we believe the Population mean falls, we have 
| our obtained mean is correct. In other 
words, we cannot claim that the chances are 95 in 100 that the population mean 
У with respect to the interval and not with 
е sample mean. In addition, since the pop- 
оез not have a distribution, our probability 


n ои. The probability we assert is about the interval, i.e. 
the probability that the interval contains и. 
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Finally, when we have established the confidence interval of the mean, we 
are not stating that the probability is 0.95 that the particular interval we have 
calculated contains the population mean. It should be clear that, if we were to 
select repeated samples from а population, both the sample means and the 
standard deviations would differ from sample to sample. Consequently, our 
estimates of the confidence interval would also vary from sample to sample. 
When we have established the 95% confidence interval of the mean, then, we 
are stating that, if repeated samples of a given size are drawn from the popula- 
tion, 95 percent of the interval estimates will include the population mean. 


12.8 TEST OF SIGNIFICANCE FOR PEARSON r, ONE-SAMPLE CASE 


In Chapter 8 we discussed the calculation of two statistics—the Pearson r and 
Trho— commonly employed to describe the extent of the relationship between 
two variables. It will be recalled that the coefficient of correlation varies be- 
tween 1.00, with т = 0.00 indicating the absence of a relationship. It is easy 
to overlook the fact that correlation coefficients based on sample data are only 
estimates of the corresponding population parameter and, as such, will dis- 
tribute themselves about the population value. Thus it is quite possible that 
а sample drawn from a population in which the true correlation is zero may 
yield a high positive or negative correlation by chance. The null hypothesis 
most often investigated in the one-sample case is that the population correlation 


Coefficient (p) is zero. i 
It is clear that a test of significance is called for. However, the test is com- 
plicated by the fact that the sampling distribution of p is oey non-normal, 
particul hes the limiting values of +1.00. Consider the case in 
arly as p approache elation coefficients drawn 


which . ТЕ is clear that sample corr 
from Gis coring: d distribute themselves around +0.80 and can take on 
any value from —1.00 to +1.00. It is equally clear, however, that there is a 
definite restriction in the range of values that sample statistics greater than 
+0.80 can assume whereas there is no similar restriction for values less than 
-F0.80. The result is a negatively skewed sampling distribution. The departure 
from normality will, in general, be less as the number of paired Scores in the 
Sample increases. When the population correlation from which the sample is 
drawn is equal to zero, the sampling distribution is more likely to be normal. 
These relationships are demonstrated in Fig. 12.4, which illustrates the sampling 
distribution of the correlation coefficient when p = 050. 0, Mad +0.80. — 
ng sample r's to a statistic 


Fisher has described а procedure for transformi Ле r's 
r, which yields a sampling distribution more closely approximating the normal 


curve, even for samples employing small »'s. The transformation to z,’s involves 
the use of the following formula: 


= Нов (1+7) — +106. (1 — 7) (12.12) 


ar 
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—1.00 –0.80 0 0.80 1.00 


Fig. 12.4 Illustrative sampling distributions of correlation 
coefficients when р = —0.80, and +0.80. 


The test statistic is the normal deviate, z, in which 


ges Жк. (12.13) 


where 


2, = the transformed value of the sample r, and 


Z, = the transformed value of 


the population correlation coefficient speci- 
fied under Но. 


Obtaining 2, is greatly simplified by Table F which shows the value of zr, 
corresponding to each value of т, in steps of 0.01, between 0.00 and 0.99. Thus, 
referring to Table Е ; We see that 


ап т of 0.60, for example, has a corresponding 
2, of 0.693. 
Let us look at an illustrative ex 


ample: А social psychologist has developed 
a scale which purports to measure the degree of submission to authority. He 


correlates the scores made on the scale by 15 Subjects with their scores on an 
inventory which reveals the degree of prejudice felt toward minority groups. 
He obtains a Pearson r of 0.60. May he conclude that the obtained correlation 


is not likely to have been drawn from a population in which the true correla- 
lation is zero? 


Let us set up this problem in formal statistical terms, 


1. Null hypothesis (Но): The population correlati 
this sample was drawn equals 0.00 (p = 0.00). 


2. Alternative hypotheses (H3): The population correlation coefficient from 
which the sample was drawn does not equal 0.00 (р == 0.00). 

3. Statistical test: The z-test based on Fisher's transformation of r and p to 2 
and Z, respectively. 


on coefficient from which 


4. Significance level: а = 0.05, two-tailed test. 
Sampling distribution: The norm 


сл 


al probability curve. 
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6. Critical region: |20.05|> |1.96. Since H, is nondirectional, the critical region 
consists of all values of z > 1.96 andz < —1.96. 


In the present example, the value of z, corresponding to r = 0.60 is 0.693 
and Z, = 0.00. Thus 


0.693 — 0.00 _ 0.693 


а TES = 0.289 — 
15-3 


Decision: Since the obtained z > 20.05, it falls within the critical region for 
rejecting Но. Thus it may be concluded that the sample was drawn from a 


population in which p > 0.00. 


2.40. 


12.8.1 Test of Significance of rho, One-Sample Case 
Table G presents the critical values of rrho, One- and two-tailed tests, for selected 
values of п from 5 to 30. 

In Section 8.5 we demonstrated the calculation of го from data consisting 
of 15 pairs of ranked scores. A correlation of 0.64 was found. 

Since n = 15 is not listed in Table G, it is necessary to interpolate, employ- 
ing the critical values for n = 14 and 16. The critical value at the 0.05 level, 
two-tailed test, for n = 14 is 0.544; at n = 16, it is 0.506. By employing linear 
interpolation, we may roughly approximate the critical value corresponding 
ton = 15. Linear interpolation involves subtracting the latter from the former, 
dividing by 4 (since п = 15 is half-way between n = 14 and n = 16) and 
adding to the latter. Thus 


0.544 — 0.506 EE 
Trho(0.05) = 0.506 + os 3 506) _ 0,525. 


Since our obtained rho of 0.65 exceeds the critical value at the 0.05 level, 
we may conclude that the population value of the Spearman correlation co- 
efficient from which the sample was drawn is greater than 0.00. 


CHAPTER SUMMARY 


We have seen that if we take a number of samples from a given population, then 


1. the distribution of sample means tends to be normal, 


2. the mean of these sample means (их) is equal to the mean of the population 


(и), and 


3. the standard error of the mean (ту) is equal 10 с/у. Аз М increases, the 


variability decreases. 
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We used these relationships in the testing of hypotheses (for sd 
и = цо), when the standard d а ere was known, employing 
iliar z-statistic and the standard normal curve. us А 
m is not known, we demonstrated the use of sample statistics to Rx 
mate these parameters. We used these estimates of the parameters to tes 
hypotheses, employing the Student tratio and the с и Е 
distributions. We compared these t-distributions, which vary as a function o 
degrees of freedom (df), with the standard normal curve. | 
We employed the t-ratio as а basis for establishing confidence intervals. 


Finally, we demonstrated the test of significance for the Pearson r and the 
Spearman т,һо, one-sample case. 


orresponding sampling 


Terms to Remember: 


Standard error of the mean 
Central-limit theorem 

Law of large numbers 

Critical region 

Unbiased estimate of а parameter 


Point estimation 
Interval estimation 
95% Confidence limits 
95%, Confidence interval 


99% Confidence limits 
8? and $ 99% Confidence interval 
t-distributions Zu 
Student's t-ratio 2, 
degrees of freedom (df) p 


Critical values of t 
EXERCISES 


1. Describe what happens to 
a) increase the size of eac 
b) increase the number of 


2. Explain why the standar 


sample will usually underestimate the 
standard deviation of a population. Give an example. 


3. Given that Х = 24 ands = 4 for N = 15, use the t-distribution to find 
a) the 95% confidence limits for p, 
b) the 99% confidence limits for и. 

4. Given that Х = 24 ands = 4 for N = 121, use the t-distribution to find 
a) the 95% confidence limits for jt 
b) the 99% confidence limits for м. 
Compare the results w 


the distribution of 
h sample, 
samples, 


sample means when you 


ith Problem 3. 


. An instructor gives his class an e 
experience, yields и = 7 


tailed test. 
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6. An instructor gives his class an examination which, as he knows from years of 
experience, yields и = 78. His present class of 22 obtains X = 82 and s = 7. 
Is he correct in assuming that this is a superior class? Employ а = 0.01, two- 
tailed test. 

7. Explain the difference between Problems 5 and 6. What test statistic is em- 
ployed in each ease and why? Why is the decision different? Generalize: What is 
the effect of knowing с upon the likelihood of a type II error? 

8. Superintendent X, of Zody school district, claims that the children in his district 
are brighter, on the average, than the general population of students. In order 
to determine the I.Q. of school children in the district, а study was conducted. 
The results were as follows. 


Test scores | Test scores 


105 115 
109 103 
115 110 
112 125 
124 99 


The mean of the general population of school children is 106. Set this up in formal 
statistical terms (that is, Ho, Hi, etc.), and draw the appropriate conclusions. 
Employ а one-tailed test, a = 0.05. 

9. For а particular population with и = 28.5 and с = 5.5, what is the probability 
that, in a sample of 100, the X will be 

а) equal to or less than 30.0? 

с) equal to or more than 29.5? 

10. Given that X = 40 for У = 24 from a population in which с = 8, find 
а) the 95% confidence limits for и, 

b) the 99% confidence limits for и. 

11. It is axiomatic that when pairs of ind 
intelligence test scores of the first mem 
second members, р = 0.00. 

a) Thirty-nine pairs of siblings are ran 
tained between members of the pairs 
in intelligence than unrelated individuals? 

b) A study of 28 pairs of monozygotic twins yields r = 
scores. What do you conclude? 

12. Overton University claims that because of its superior facilities and close faculty 

complete the Ph.D program earlier than is usual. They 

he fact that the national mean age for completion is 

f their 26 Ph.D.’s is 29.61 with s = 6.00. Test 


b) equal to or less than 28.0? 
d) between 28.0 and 29.0? 


ividuals are selected at random and the 
bers of the pairs are correlated with the 


domly selected and апт = +0.27 is ob- 
for intelligence. Are siblings more alike 


+0.91 on intelligence test 


supervision, its students 
base this assertion on t 
32.11, whereas the mean age о 
the validity of their assumption. 
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16. 


17. 


18. 


19. 


20. 
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Employing the data in the above problem, find the interval within which you 
are 95% confident that the true population mean (average age for Ph. D.’s at 
Overton University) probably falls. 


A sociologist asserts that the average length of courtship is longer before a second 
marriage than before a first. He bases this assertion on the fact that the average 
for first marriages is 265 days, whereas the average for second marriages (e.g-, 
his 626 subjects) is 268.5 days, with s = 50. Test the validity of his assumption. 


Employing the data in the above problem, find the interval within which you are 


99% confident that the true population mean (average courtship days for a second 
marriage) probably falls. 


Random samples of size 2 are selected from the following finite population of 

scores: 1, 3, 5, 7, 9, and 11. 

a) Calculate the mean and standard deviation of the population. 

b) Construct a histogram showing the sampling distribution of means when 
n = 2. Employ sampling without replacement. 

с) Construct a histogram showing the means of all possible samples that can be 
drawn employing sampling with replacement. 

Employing (b) in Problem 16, answer the following: Selecting а sample with n = 2, 

what is the probability that: 

a) A mean as high as 10 will be obtained? 

b) A mean as low as 2 will be obtained? 

c) A mean as deviant as 8 will be obtained? 

d) A mean as low as 1 will be obtained? 


Employing (с) in Problem 16, answer the following: Selecting a sample with 
n = 2, what is the probability that: 

a) A mean as high as 10 will be obtained? 

b) A mean as low as 2 will be obtained? 

c) A mean as deviant as 8 will be obtained? 

d) A mean as low as 1 will be obtained? 


A stock analyst claims that he has an unusually accurate method for forecasting 
price gains of listed common stock. 


During a given period, stocks he advocated 
showed the following price gains: $1.25, $2.50, $1.75, $2.25, $3.25, $3.00, $2.00, 
$2.00. During the same period, the market as a whole showed a mean price gain 
of $1.83. Set up and test the Но that the stocks he selected have been randomly 
selected from the population of stock gains during the specified period. 

In a test of a gasoline additive, a group of carefully engineered automobiles were 
run at a testing site under rigorously supervised conditions. The number of miles 
obtained in a single gallon of gasoline were: 15, 12, 13, 16, 17, 11, 14, 15, 13, 14. 
Thousands of prior trials with the same gasoline minus the additive had yielded 
the expectation of 12.62 miles per gallon. Using а = 0.05, can it be concluded 
that the additive improved gasoline mileage? 

À restaurant owner ranked his 17 waiters 


À in terms of their speed and efficiency 
on the job. He correlated these ranks with the total amount of tips each of these 


22. 


23. 
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waiters received for a one-week period. The obtained rho = 0.438. What do 

you conclude? 

The owner of a car-leasing company ranked 25 of his customers on their neatness 

and general care of their rented car during а three-month period. He correlated 

these ranks with the number of miles each customer drove during this same 
period. The obtained rmo = —0.397. Employing a = 0.05, two-tailed test, 
what do you conclude? 

As a requirement for admission to Blue Chip University, a candidate must take а 

standardized entrance examination. The correlation between performance on this 

examination and college grades is 0.43. 

a) The director of admissions claims that a better way to predict college success 
is by using high school averages. To test his claim, he randomly selects 52 
students and correlates their college grades with their high school averages. 
He obtains r = 0.54. What do you conclude? 

b) The director’s assistant constructs а test which he claims is better for pre- 
dicting college success than the one currently used. He randomly selects 67 
students and correlates their grade point averages with performance on his 
test. The obtained r = 0.61. What do you conclude? 


. What are the statistics used to deseribe the distribution of a sample? the distri- 


bution of a sample statistic? 


. Is s? an unbiased estimate of 027 Why? 
. Is $2 an unbiased estimate of o°? Why? 


What is a confidence interval? 


. Give an example to show the effect of the a-level on the precision of a confidence 


interval. 


. How do the t-distributions differ from the normal distribution? Are they ever the 


same? 


isti 13 
tistical Inference 
with Two Independent Samples 


131 SAMPLING DISTRIBUTION OF THE DIFFERENCE BETWEEN MEANS 
What is the effect of drug versus no drug on maze- 

Does the recidivism rate of juvenile offenders w 
figures” differ from those without “father figures?” 


Do students in the ungraded classroom differ in performance on standardized 


achievement tests from students in the straight-age classroom setting? 

Each of the above problems involves the comparison of at least two samples. 
Thus far, for heuristic purposes, we have restricted our examination of hypoth- 
esis testing to the one sample case, However, most behavioral research involves 
the comparison of two or more samples to determine whether or not these sam- 
ples might have reasonably been drawn from the same population. If the 


means of two samples differ, must we conclude that these samples were drawn 
from two different populations? 


Recall our previous discu 
(Section 12.2). We saw th 


learning? 
ho are provided with “father 


ssion on the sampling distribution of sample means 
at some variability in the sample statistics is to be 
samples are drawn from the same population. We 


variability in terms of the sampling distribution of 
sample means. To conceptualize this distribution, we imagined drawing an 


extremely large number of samples, of a fixed N, from a population to obtain 
the distribution of sample means. In the two sample case, we should imagine 


е difference between the means of each pair, 


| se differences. The resulting distribution would 
be the sampling distribution of the difference between means. 


To illustrate, imagine that w 


samples at a time from the population described in Table O in which и = 5.00 
and с = 0.99. Гог illustrative purposes, let us draw two cases for the first 
sample (that is, n; = 2) 


= 5.5 and X, = 5.0, XY, — X, = 0.5. 
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Now suppose we continue to draw samples of n; = 2 and л» = 3 until we 
obtain an indefinitely large number of pairs of samples. If we calculate the 
differences between these pairs of sample means and treat each of these differ- 
ences as а raw score, we may set up a frequency distribution of these differences. 

Intuitively, what might we expect this distribution to look like? Since we 
are selecting pairs of samples at random from the same population, we would 
expect a normal distribution with a mean of zero. 

Going one step further, we may describe the distribution of the difference 
between pairs of sample means, even when these samples are not drawn from 
the same population. It will be a normal distribution with a mean (иу, х) 
equal to и: — иә and a standard deviation (ох, х: referred to as the standard 
error of the difference between means) equal to ox, + ox, 

Thus, the sampling distribution of the statistic 


JE (X; — Xə) — (ш — вә) 
OXi—X2 


is normal, and therefore permits us to employ the standard normal curve in 
the testing of hypotheses. 


13.2 ESTIMATION OF сұ, х, FROM SAMPLE DATA 


The statistic г is employed only when the population standard deviations are 
known. Since it is rare that these parameters are known, we are once again 
forced to estimate the standard error in which we are interested, that is, & y — Хо 

If we draw a random sample of n; observations from a population with un- 
known variance and a second random sample of n2 observations from a popula- 
tion with unknown variance, the standard error of the difference between means 


may be estimated by 
ву, = V 8k, + 5%» (13.1) 


or 


81. (13.2) 
However, if nı = тә = n, formula (14.2) simplifies to 


2 2 
si + 52 
Sxi—Xa — Ji ET (13.3) 


where n = the number in either sample. 
The above formulas (13.1) and (13 
standard error of the difference between meat 


.2) represent biased estimates of the 
ns. However, as n becomes larger, 
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they approach the unbiased estimate. The unbiased estimate, which assumes 
that the two samples are drawn from a population with the same variance, 


pools the sums of squares and degrees of freedom of the two samples to obtain 
a pooled estimate of the standard error of the difference. Hence 


У + У \ (1 1). 3.4)* 
$y;—X, = JG Hn — 2 ny Ша Us. ) 


However, if n, — па = n, formula (13.4) simplifies to 


[5-2 2 " 
51—73 а č (13.5)* 


of squares for our two groups, we apply formula (6.7) 


In order to obtain the sum 
to each sample and obtain 


Da} = xx). CX, and У = уха EX’, 
ny Ne 


When n’s are equal, formulas (13.1), (13.2), and (13.3) are algebraically 
identical to formulas (13.4) and (13.5) [pooled estimates of Sx,—y,l Thus, for 


equal 775, any of the five formulas may be employed, depending upon computa- 
tional ease. 


13.3 TESTING STATISTICAL HYPOTHESES: STUDENT'S t 


The statistic employed in the testing of hypotheses, when 


population standard 
deviations are not known, is the familiar t-ratio 


тї = 22) =la = но), (13.6) 
ЗХ—Х; 


in which (шү — шә) is the expected value as stated j 
The Student t-ratio requires 
(13.3), (13.4), or (13.5 ay, суу 
кес 

* This formul 
book. 


T The most common null hypothesis tested is that both samples come from the same 
population, that is, (41 — ug) = 0. 


а can be presented in terms of raw scores, Refer to the endpapers of this 
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| You will recall that Table С provides the critical values of ¢ required for 
significance at various levels of а. Since the degrees of freedom for each sample 
is n; — 1 and ng — 1, the total df in the two sample case is nı + па — 2. 


13.3.1 Illustrative Problem: Student's t 


A researcher wants to determine whether or not a given drug has any effect on 
the scores of human subjects performing a task of psychomotor coordination. 
Nine subjects in group 1 (experimental group) receive an oral administration of 
the drug prior to being tested. Ten subjects in group 2 (control group) receive 
a placebo at the same time. 

Table 13.1 


Scores of two groups of subjects on a test of 
psychomotor coordination 


Group 1 Group 2 

Experimental Control 
Xi xi X2 xe 
12 144 21 441 
14 196 18 324 
10 100 14 196 
8 64 20 400 
16 256 11 121 
5 25 19 361 
3 9 8 64 
9 81 12 144 
11 121 13 169 
15 225 
>; 88 996 | 2 151 2445 

ny 29 пә = 10 

X1 = 9.778 Хә = 15.100 


Let us set up this problem in formal statistical terms. The results of the 
experiment are shown in Table 13.1. 
1. Null hypothesis (Но): There is no difference between the population means 
of the drug group and the no-drug group on the test of psychomotor co- 
ordination, that is, из = #2, OF pı — us = 0. 
Alternative hypothesis (Н 1): There is a difference between the population 
means of the two groups on the test of psychomotor coordination. Note that 
our alternative hypothesis is nondirectional. Consequently, a two-tailed test 
of significance will be employed, that is, ші > u2- 


~ 
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Statistical test: Since we are comparing two sample means presumed to be 
drawn from normally distributed populations with equal variances, the 
Student t-ratio two-sample case, is appropriate. 


4. Significance level: а = 0.05. 
- Sampling distribution: The sampling distribution is the Student ¢-distribution 
with df = n; + по — 2, or 9 + 10 — 2 = 17. 
6. Critical region: |> 2.110. Since Н 
consists of all the values of і Z D 
Since nı 2 т» and the 


shall employ formula (13.4) 
tween means, 


1 is nondirectional, the critical region 
0 and ( € —2.110. 


population variances are assumed to be equal, we 


to estimate the standard error of the difference Ье- 
The sum of squares for group 1 is 


Similarly, the sum of Squares for group 2 is 


2 
Dak 245 — E = 164.90. 
The value of t in the present problem is 
t= Te — X3) — (ш — He) 


(Fitr Lyd 
^i + па — 2) т 


n2 


ny, (9.778 — 15.100) — 0 —5.322 
= 2 РА ep ВВ 


= = —2.758. 
135.56 + 164.90\ /1 1 1,98 
17 9+ 


9 ' 10 


Decision: Since the obtained ¢ falls within the critica] region (that is 
2.110, or —2.758 « —2.110), we reject Ho. The negative t- 

that the mean for group 2 is greater than the mean for grou 
to Table C, we ignore the sign of the obtained t-ratio. 


‚ | —2.758| > 
ratio simply means 
p 1. When referring 


13.4 THE t-RATIO AND HOMOGENEITY OF VARIANCE 
The assumptions underlying the use of the t-distributions are as follows: 


1) The sampling distribution of the difference between means is normally 
distributed. 
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2) Estimated oy, x, (that is, sy,—x2) is based on the unbiased estimate of the 
population variance. 

3) Both samples are drawn from populations whose variances are equal. This 
assumption is referred to as homogeneity of variance. 


Oceasionally, for reasons which may not be very clear, the scores of one 
group may be far more widely distributed than the scores of another group. 
This may indicate that we are sampling two different distributions, but the 
critical question becomes: Two different distributions of what?... means or 
variances? 

To determine whether or not two variances differ significantly from one 
another, we must make reference to yet another distribution: the F-distribution. 

Tamed after R. A. Fisher, the statistician who first described it, the F-distribu- 
tion is unlike any other we have encountered in the text; it is tridimensional in 
nature. To employ ће F Table (Table D), we must begin at the entry stating 
the number of degrees of freedom of the group with the smaller variance, and 
move down the column until we find the entry for the number of degrees of 
freedom of the group with the larger variance. At that point, we will find the 
critical value of F required for rejecting the null hypothesis of no difference in 


variances. F, itself, is defined as follows: 


a2 . 
=> (larger variance) : 
Р = $2 (smaller variance) (13.7) 


the variance for group 1 is 135.56/8 or 16.94; 


In the preceding sample roblem 
E p j The F-ratio becomes 


and for group 2, 164.9/9 or 18.32. 
F = 18.32/16.94 = 1.08, df = 9/8. 


а 8 df, we find that an F-ratio of 3.39 or 


Referring to Table D, under 9 ап 
dise ues А point or the 0.10 level. If we desire 


larger is required for significance at the 0.05 Е i ER 
fer to Table D which provides critical values for F 


to employ a = 0.05, we ге 
at the 0.025 point ot the 0.05 level. Referring to this table, under 9 and 8 df, 
we find that an Ё > 4.36 is significant at the 0.05 level. We may therefore 


conclude that it is reasonable to assume that both samples were drawn from a 


population with the same variances. 


What if we found a significant difference in variances? Would it have in- 


creased our likelihood of rejecting the null hypothesis of no difference between 
means? Probably not. If anything, а significant difference in variances would 
have lowered the likelihood of rejecting the null hypothesis. Why, then, do we 
concern ourselves with an analysis of the variances? Frequently, a significant 
difference in variances (particularly, when the variance of the experimental 
group is significantly greater than that of the control group) is indicative of a 
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dual effect of the experimental conditions. A larger variance indicates more 
extreme scores at both ends of a distribution. The alert researcher will seize 
upon these facts as a basis for probing into the possibility of dual effects. For 
example, years ago the experimental question, “Does 
performance on complex psychological tasks?,” 
rather ambiguous results. 

More recently, we have come to recognize that anxiety- 
have dual effects, depending on a host of factors, e.g., 
An increase in anxiety causes some individuals to become 
task at hand, while increases in anxiety cause others to 
А study of the variances of our ex 
ing of such interesting and theore 


anxiety improve or hinder 
was thoroughly studied with 


induced conditions 
personality variables. 
better oriented to the 
"blow up," so to speak. 
perimental groups may facilitate the uncover- 
tically important dual effects. 


CHAPTER SUMMARY 


We have seen that if we take а numb 
population or from two different pop 


l. the distribution of diffe 
normal, 


er of pairs of samples either from the same 
ulations, then 


rences between pairs of sample means tends to be 


2. the mean of these differences between те. 
ference between the population means, th 

3. the standard error of the difference bet 
М с, en т, 


ans (их, x.) is equal to the dif- 
at is, шу — д», 


ween means (Cy, y,) is equal to 


We presented several different. formulas for estimating сх, у, from sample 
data. Employing estimated Суу, (that is, 58x ,—x;), we demonstrated the use 
of Student's ¢ to test hypotheses in the two-sample case. 

An important assumption underlying the use of the distributions is that 
both samples are drawn from populations with equal variances. Although 
failure to find homogeneity of variance will probably not seriously affect our 


interpretations, the fact of h of variance may have important theo- 


eterogencity 
retical implications, 


Terms to Remember: 


Sampling 
Standard 
Student’s 


distribution of the difference between means F-ratio 

error of the difference between means Homogeneity of variance 
t-ratio, two-sample case Heterogeneity of variance 
EXERCISES 


final examination: Ay = 


= 82, or? = 384.16; Х, = 77 
hypothesis that the two classes are equal in ability, employing a = 0.01. 
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. In an experiment on the effects of a particular drug on the number of errors in 
maze-learning behavior of rats, the following results were obtained: 


Drug group Placebo group 
УХ: = 324 Xe = 256 
УЈХ? = 6516 DONS = 4352 

ny = 18 по = 16 


Set this experiment up in formal statistical terms, employing а = 0.05, and draw 
the appropriate conclusions concerning the effect of the drug on errors. 


. On a psychomotor task involving two target sizes, the following results were 


obtained: 
Group 1 Group 2 
9 6 
6 7 
8 7 
8 9 
9 8 


Set this experiment up in formal statistical terms, employing а = 0.05, and draw 


the appropriate conclusions. 
- А study was undertaken to determine whether or not the acquisition of à response 
The criterion variable was the number of trials required 


is influenced by a drug. 
ә is the control group). 


to master the task (X1 is the experimental group and X. 
6 Ви | dE g |10 4 7 
4 5 Б] 7 4 2 1 3 


atistical terms, and state the appropriate con- 


$61 


а) Set this study up in formal st 
clusions, employing a = 0.01. 
b) Is there evidence of heterogeneity of variance? 
‚ Given two normal populations, 
ш = 80, с = 6; pe = 77, тә = 6. 


If a sample of 36 cases is drawn from population 1 and a sample of 36 cases from 


population 2, what is the probability that 
a) Xi = Хә > 5? 
е) X1 —X2< 0? 

. Assuming the same two popula 
X; — Хә > 0, when 
а) n; = n2 = 4, 
с) n; = ng = 16, 

- Graph the above probabilities a 
ization about the probability of findin 
tween sample means (that is, X, = X2 


b) xi = Xs z 0? 
d) Xı — X» € —5? 
tions as in Problem 5, caleulate the probability that 


b) ni пә = 9, 

d) п: = n2 = 25. 
за function of n. Can you formulate any general- 
g a difference in the correct direction be- 
> 0, when ш > шо) as a function of n? 


202 


10. 


1. 


12. 


13. 


14. 


. Each of two market analysts claims 
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A gasoline manufacturer runs tests to determine the relative performance of auto- 


mobiles employing two different additives. The results are аз follows (expressed 
in terms of miles per gallon of gasoline 


Additive 1: 12, 17, 15, 13, 11, 10, 14, 12 

Additive 2: 16, 14, 18, 19, 17, 18, 11, 18 

Set up and test the appropriate null hypothesis. 

that his ability to forecast price gains in 
common stock is better than his rival. Over a specified period, each selected ten 
common stocks that he predicted would show a gain. The results were as follows: 
Analyst 1: $1.25, $2.50, $1.75, $2.25, $2.00, $1.75, $2.25, $1.00, $1.75, $2.00 
Analyst 2: $1.25, $.75, $1.00, $1.50, $2.00, $1.75, 8.50, $1.50, $.25, $1.25 

Set up and test the appropriate null hypothesis, 

A toothpaste manufacturer claims that chil 
his product (brand A) will have fewer caviti 
Ina carefully supervised study, the numbe 
using his toothpaste was compared with th 
using brand Х. The results were as follows: 
Brand A: 1, 2, 0, 8, 0, 2,1, 4, 2, 1; 2,11 
Brand X: 3, 1, 2, 4, 1, 5, 2, 0, 5, 6, 3, 2, 4,3 
Test the manufacturer’s claim, 


dren brushing their teeth daily with 
es than children employing brand X. 
г of cavities in a sample of children 
е number of cavities among children 


The random samples 
$5,000,000 showed an average after- 


deviation of 0.5%. А random sample of 12 manufacturing concerns with assets 
between $5,000,000 and $10,000,000 yi 


000 yielded an average after-tax profit of 2.5% 
of sales and a stand iati -6%. Is the difference attributable to chance 


T we base our conclusion on samples? Use 
the 0.05 significance level, 


A college maintains that it has made vast strides in raising the standards of ad- 
mission for its entering freshmen. ТЕ cites the fact 


that the mean high school 
average of 80 entering freshmen was 82.53 for last year with a standard deviation 
of 2.53. For the present y i :04 and 2.58, respectively, for 
84 entering freshmen, ge ate null hypothesis, employ- 


omly selected to receive training. 
Six months later, on-the-job test 
g the training group: Х = 24.63, 
btain Y = 21.45 and s = 4.02. 

sis, employing а = 0.05. 
A publisher claims that s i 


. € instruction in mathematics based on 
his newly constructed + 


ext will score at least five points higher on end-of-term 


15. 


16. 


17. 


18. 


19. 
20. 


21. 
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grades than those instructed using the previous text. Thirty-six students are 
randomly assigned to two classes: the experimental group employs the new text 
for instruction, and the control group uses the previous text. Students in the 
experimental group achieve X = 83.05 and s = 6.04 as final grades, whereas the 
controls obtain X = 76.85 and s = 5.95. 

Set up and test the appropriate null hypothesis employing o = 0.01, one- 
tailed test. [Note: Remember that the numerator in the test statistic is: 
(X1 — Хә) — (ш — u2)] 

A manufacturer of carpets is considering the replacement of his looms with new 
machines which are expected to produce carpets at а higher rate per hour. His 
cost analyst informs him that the exchange is inadvisable unless the new looms 
produce at a rate that is 10% greater than the old looms. In a test involving 
12 old and 10 new looms, the mean number of carpets produced in one hour was 
found to be 12.30 and 14.45 respectively with standard deviations of 3.45 and 
2.96. Employing « — 0.01, one-tailed test, decide whether or not the manu- 
facturer should make the change-over to the new looms. 

If we found a significant difference between means at the 5% level of significance, 
it would also be true that (true or false): 

a) This difference is significant at the 1% level of significance. 

b) This difference is significant at the 10% level of significance. 

c) The difference observed between means is the true difference. 

For Problems 17 through 21, the following two finite populations of scores are 
given: 

Population 1: 2, 4, 6, 8 

Population 2: 1, 3, 5,7 

Random samples of size 2 are selected (without replacement) from each population. 
Construct a histogram showing the sampling distribution of differences between 
the sample means. 

What is the probability that: 

a) Xy — Хә > 0? b Xi— X22 1? с) Xi— X2 < 0? 

d Xı — Х < —1? e) X1 — X22 4? f X1— Х < —4? 

g) Х— Xo22or X1— X2 —2? 

Calculate the mean and standard deviation of each population. 


If a sample of 25 cases is drawn from population 1 and a sample of 25 cases from 


population 2, what is the probability that: 

a) Xi — X2 > 0? b) X1—X22 1? в) X1 — Хә < 0? 
d) X; — X2 < —1? e) Xı — X2 >41 

f) Х,— X2 > 1 or Xı — №<-П 

в) Xi— Xa > 2 о Х, — Xo < —2? 

Calculate the probability that X1 — Хә < 0, when 

a) n = па = 4 b)n 2-29 

с) та = па = 16 d) nı = n2 = 36 


| 


Statistical Inference 14 
With Correlated Samples 


14.1 INTRODUCTION 


One of the fundamental problems с 
extreme variability of his data. Ind 
is so concerned with the field of infe 


onfronting the behavioral scientist is the 


eed, it is because of this variability that he 
rential statistics. 


be due to chance factors? As we have 5 
usually sufficient to answer this qu 
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14.2 STANDARD ERROR OF THE DIFFERENCE 
BETWEEN MEANS FOR CORRELATED GROUPS 


In our earlier discussion of Student's ¢-ratio, we presented the formula for the 
unpooled estimate of the standard error of the difference between means (13.1) 


as 
py а а 
8X\-X2 = 8X, + osx. 


Actually, this is not the most general formula for the standard error of the dif- 
ference. The most general formula is 


зу. = М, + s, — 2rsx,sx,- (14.1) 


We drop the last term whenever our sample subjects are assigned to experi- 
mental conditions at random for the simple reason that when scores are paired 
at random, the correlation between the two samples will average zero. Any ob- 
served correlation will be spurious since it will represent a chance association. 


Consequently, when subjects are assigned to experimental conditions at random, 


the last term reduces to zero (since r — 0). 
However, there are many experimental situations in which we do not assign 


our experimental subjects at random. Most of these situations can be placed in 


one of two classes. 

1. Before-after design. A reading on the same subjects is taken both before and 
after the introduction of the experimental variable. It is presumed that each 
individual will remain relatively consistent with himself. Thus there will be a 
correlation between the before sample and the after sample. 

Individuals in both experimental and control groups 
are matched on some variable known to be correlated to the criterion or depen- 
dent variable. Thus, if we wanted to determine the effect of some drug on 
learning the solution to a mathematical problem, we might match individuals 
on the basis of I.Q. estimates, amount of mathematical training, grades in 
Statistics, or performance on other mathematies problems. Such a design has 


two advantages: 

a) It ensures that the experimental groups are “equivalent” in initial ability. 

b) It permits us to take advantage of the correlation based on initial ability 
and allows us, in effect, to remove one source of error from our measurements. 


To understand the advantage of employing correlated samples, let us look 
at a sample problem and calculate the standard error of the difference between 
means using formula (13.1) based upon unmatched groups and formula (14.1) 
which takes the correlation into account. Table 14.1 presents data for two 
groups of subjects matched on а variable known to be correlated with the 
criterion variable. The members comprising each pair are assigned at random 
to the experimental conditions. 


2. Matched group design. 


2 
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ТаЫе 14.1 
Scores of two groups of subjects in an experiment employing 
matched group design (hypothetical data) 


Matched X, x? X, MB | Жл» 
pairs 
A 2 4 4 16 8 
B 3 9 3 9 9 
C 4 16 5 25 20 
D 5 25 6 36 30 
У 14 54 18 86 67 


The following steps are employed in the calculation of the standard error of 
the difference between means for unmatched groups. 


Step 1. The sum of squares for group 1 is 


Уаї = 54 — (14)2/4 = 5. 
Step 2. The standard deviation for group 1 is 
sı = V5/4 = 1.1180. 
Step 3. The standard error of the mean for group 1 is 
8y, = зуут — 1 = 1.1180///3 = 0.6455.* 


Step 4. Similarly, the standard error of the mean for group 2 is 


Step 5. The standard error of th 
groups is 


To calculate the Standard error of the differene 


3 € between means for matched 
groups, the following steps are employed. 
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Step 1. Employing formula (8.2),* we find that the correlation between the two 
groups is 


4 
ы Ул = 


У ба) Уб) 


Step 2. The standard error of the difference between means for matched groups is 


т-у. = Vs а ка 
5-12 sy, + sx, — 2rsy,sx, 


= 4/0.4167 + 0.4167 — 2(0.80) (0.6455) (0.6455) = 0.41. 


You will note that formula (14.1), which takes correlation into account 
provides a markedly reduced error term for assessing the significance of the dif- 
ference between means. In other words, it provides a more sensitive test of this 
difference and is more likely to lead to the rejection of the null hypothesis when 
it is false. In the language of inferential statistics, it is a more powerful test. We 
shall discuss the concept of power more fully in Chapter 16. Of course, the 
greater power, or sensitivity, of formula (14.1) is directly related to our success 
in matching subjects on a variable that is correlated with the criterion variable. 
When r is large, sy, x, Will be correspondingly small. Аз г approaches zero, 
the advantage of employing correlated samples becomes progressively smaller. 

Balanced against the increased sensitivity of the standard error of the dif- 
ference between means when r is large, is the loss of degrees of freedom. Whereas 
the number of degrees of freedom for unmatched samples is ny + па — 2, the 
number of degrees of freedom when correlated samples are employed is the 
number of pairs minus one (n — 1). This difference can be critical when the 
number of degrees of freedom is small, since, as we saw in Section 12.5.1, larger 
t-ratios are required for significance when the degrees of freedom are small. 


14.3 THE DIRECT-DIFFERENCE METHOD: STUDENT'S t-RATIO 


Fortunately, it is not necessary to actually determine the correlation between 
samples in order to find sg, x. Another method is available which permits the 
direct calculation of the standard error of the difference. We shall refer to this 
method as the direct-difference method and represent it symbolically as sp. 

In brief, the direct-difference method consists of finding the differences be- 
tween the criterion scores obtained by each pair of matched subjects, and treat- 
ing these differences as if they were raw scores. The null hypothesis is that the 
obtained mean of the difference scores (>, D/N, symbolized as D) comes from a 
Population in which the mean difference (ир) is some specified value. The t- 
————O 
* Note that хә replaces y in formula (8.2). 
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ratio employed to test Ho: up = 0 is 
Tua Er P (14.3) 
Sp 55 


The raw score formula for calculating the sum of squares of the difference 
scores is 


Уа? = Ур? — (XD)? /n (14.3) 


where D is the difference between paired scores, and d is the deviation of a dif- 


ference score (D) from D. It follows then, that the standard deviation of the 
difference scores is 


ee ^ 14.4 
== NG =a ae 


Furthermore the standard error of the mean difference m 


ay be obtained by 
dividing formula (14.4) Бу УМ. Thus 


ues Уа? 14.5 
р = n(n — 1) 069 
ог $ 
Sp = ép/Vn. (14.6) 


14.3.1 Sample Problem 


The directors of a small private colle 


ge find it necessary to increase the size of 
classes. A special film, utilizing the m 


ost advanced propaganda techniques, such 
as film shorts, presents the advantages of larger-size classes. The attitude of a 
group of ten students is assessed before and after the presentation of this film. 
It is anticipated that more favorable attitudes (i.e., higher scores) will result 
from exposure to the film. 


Let us set up this problem in formal statistical terms. 


1. Null hypothesis (Ho 


): There is no difference in the attitudes of students, be- 
fore and after view 


ing the film, that Бир = 0. 

2. Alternative hypothesis (H1): The attitudes of the students will be more favor- 
able after viewing the film, that is, ир < 0. Note that our alternative hy- 
pothesis is directional; consequently, a one-tailed test of significance will be 
employed. 


3. Statistical test: Since we are 


employing a before 
ratio for correl 


ated samples is appropriate, 
4. Significance level: а = 0.01. 


-after design, the Student t- 


* An alternative formula for obtaining sz is 55 


= зр/ Ут — 1, where sp = УУ /п. 
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Table 14.2 
Scores of ten subjects in an experiment employing before- 
after design (hypothetical data) 


Before After Difference 
Subject 

X1 Хә р р? 

1 25 28 —3 
2 23 19 4 16 
3 30 34 —4 16 
4 7 10 —3 9 
5 3 6 = 9 
6 22 26 —4 16 
7 12 13 —1 1 
8 30 47 —17 289 
9 5 16 —11 121 
10 14 9 5 25 
171 208 —37 511 


5. Sampling distribution: The sampling distribution is the Student's (-distribu- 


tion with df = n — 1, or 10 — 1 — 9. 
< —2821. Since H, predicts that the scores in the 


6. Critical region: 10.01 < 
after condition will be higher than those in the before condition, we expect 
the critical region consists 


the difference scores to be negative. Therefore, 
of all values of < —2.821. 


Table 14.2 presents the results of this experiment. The following steps are 


employed in the direct-difference method. 


Step 1. The sum of squares of the difference scores is 


Zd? = 511 — (—37)?/10 = 374.10. 
Step 2. The standard error of the mean difference is 
sp = V374.10/10(9) = 2.04. 
—37/10 = —3.70. (To check the accuracy of Э 


Step 3. The value of D is D = SDi- 2 
st 208 37.) 


we subtract X X from УХ, that is, 2X1 УХ 


Step 4. The value of t in the present problem is 

= D/sg = —3-70/2.04 = —1.81. 
Decision: Since the obtained ¢ does not fall within the critical region (that is, 
—1.81 > 40.01), we accept Ho. 
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14.4 SANDLER'S A-STATISTIC 


In recent years, a psychologist, Joseph Sandler, has demonstrated an extremely 
simple procedure for arriving at probability values in all situations involving 
Но: м1 — из = 0 for which the Student é-ratio for correlated samples is approp 
priate. Indeed, since Sandler’s statistic, A, is rigorously derived from Student’s 
t-ratio, the probability values are identical with Student" 


s p-values, 
The statistic, A, is defined as follows: 


the sum of the squares of the differences Ж. Ур? К (14.7) 
the square of the sum of the differences (XD)? 


By making reference to the table of A (Table E) under n — 1 degrees of free- 


dom, we сап determine whether our obtained А is equal to or less than the 
tabled values at various levels of significance. 


Let us illustrate the calculation of A fr 


om our previous example. It will be 
recalled that Z D? = 


511 and Ур = —37. The value of A becomes 
А = 511/(—37)? = 0.373. 


Referring to Table Е under 9 degrees of freedom, w 
or less than 0.213 is required for significance at the 0. 
Since 0.373 is greater than the tabl 
will be noted that our conclusion 
by employing the Student t- 


e find that an A equal to 


t whenever correlated samples are employed. 


CHAPTER SUMMARY 


The most general formula for the standard error of the difference is 


Finally, we demonstrated 
Sandler A-statistic. Due to it 
tionably replace the Studen 
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Terms to Remember: 


ae design Standard error of the mean difference 
atched group design Sandler A-statistic 
Direct-difference method 


EXERCISES 


1. An investigator employs an experimental procedure wherein each subject (S) per- 
forms a task which requires the cooperation of a partner. By prearrangement, the 
partner plays the role of a complaining rejecting teammate. When the task is 
completed, S is asked to recall any remarks made by the partner. Prior to the 
experiment, S’s have been tested and classified as either secure or insecure in inter- 
personal relations and then matched on the basis of intelligence. 

я statistics were derived from data indicating the number of remarks 
recalled. 


Secure S’s Insecure S's 
Ху = 14.2 Хә = 12.9 
зу = 2.0 $2 = 1.5 
ni = 17 ng = 17 


T = 0.55 between number of remarks recalled and intelligence. 


Set this task up in formal statistical terms, employing a = 0.01 (two-tailed 
test) and state the appropriate conclusions. 

2. Had we not employed a matched group design (that is, г = 0.00) would our con- 
clusion have been any different? Explain. [Hint: In calculating sx,—y2, employ 
formula (13.1), (13.2), ог (13.3).] 

е League team in the American League, has said 


3. Carmen C., manager of a Littl 
that the American League is more powerful than the National League. Determine 


the validity of this statement from the home run (HR) figures given below. Employ 
Student's ¢-ratio for correlated samples and Sandler's A, a = 0.05. 


Final standing in American Number National Number 
respective league league of HR league of HR 

1 Minnesota 16 Los Angeles 18 

2 Chicago 17 San Francisco 11 

3 Baltimore 15 Pittsburgh 14 

4 Detroit 12 Cincinnati 10 

5 Cleveland 11 Milwaukee 12 

6 New York 9 Philadelphia 13 

7 California 13 St. Louis 8 

8 Washington 16 Chicago 10 

9 Boston 18 Houston 9 

10 Kansas City 14 New York 15 
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4. In Problem 3, the teams were paired on the basis of final standings in their re- 
spective leagues. The matching technique assumes a correlation between final 
standing and number of homeruns. Is this assumption valid? 


5. Perform a Student t-ratio for independent samples on the data in Problem 3. 


Why is the obtained t-ratio closer to the rejection region than the answer to 
Problem 3? 


6. Experimenter Larry designs a study in which he matches subjects on a variable 
which he believes to be correlated with the criterion variable. Assuming Ho to 
be false, what is the likelihood of a type II error (compared to the use of Student's 
t-ratio for uncorrelated samples) in the following situations: 

a) The matching variable is uncorrelated with the criterion variable. 
b) The matching variable is highly correlated with the criterion variable. 


7. It has often been stated that women have a higher life expectancy than men. 
Employ а = 0.05 to determine the validity of this statement for 
8) white Americans, 


b) nonwhite Americans, 
с) white males compared to nonwhite females. 


Expectation of life in the United States* 


WHITE NONWHITE WHITE NONWHITE 
(Chiefly Negro) (Chiefly Negro) 

Age Male Female| Male Female| Age Мае Female Male Female 
0 675 744 | 609 665 11 586 652 535 587 
1 682 748 | 629 68.0 12 576 642 52.0 577 
2 6073 73.9 | 621 672 13 567 632 51.0 56.7 
3 664 730 | 612 663 14 557 622 507 55.7 
4 654 720 | 603 654 15 547 613 49.7 54,8 
5 644 710 | 593 645 16 538 603 488 53.8 
6 635 701 584 635 17 528 593 478 52.8 
7 62.5 691 574 62.5 18 519 583 | 469 51.9 
8 61.6 681 565 616 19 510 574 46.0 50.9 
9 606 67.1 | 555 606 | 20 501 564 | 451 50.0 

10 596 662 | 545 596 


8. Numerous consumer organizations have criticized the automobile industry for 
employing odometers which Show large variations from one instrument to another 
and from one manufacturer to another. To test Whether or not odometers from 


* Source: Reader's Digest 1966 Almanac, p 492 а е ja- 
tion, with permission. ix > New York: Reader's Digest Associa 


10. 


п. 


» Another complaint by consumer 
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two competing manufacturers may be considered to have been drawn from & 
common population, eleven different cars were equipped with two odometers 
each, one from each manufacturer. All automobiles were driven over a measured 
course of 100 mi and their odometer readings were tabulated. Apply the appro- 


priate test for the significance of the difference between the odometer readings 


of each manufacturer, employing а = 0.01. 


Manufacturer Manufacturer 

Automobile A B Automobile A B 
1 104 102 fi 97 99 
2 112 106 8 107 102 
3 103 107 9 100 98 
4 115 110 10 104 101 
5 99 93 11 108 102 
6 104 101 


organizations is that the odometers are purposely 
distance traveled in order to inflate the motorist’s 
Аз a review of Chapter 12, conduct a one-sample 
he product of each manufacturer. 


Runyon (1968) showed that a simple extension of the Sandler A-test may be 
employed as an algebraically equivalent substitute for the Student t-ratio, one- 
sample case. The technique consists of subtracting the value of the mean hy- 
pothesized under Ho from each score, summing the differences and squaring 
[(ZD)?], squaring the differences and summing [2:22], and substituting these 
values in the formula for the A-statistic, that is, А = ZD?/(ZD). Degrees of 
freedom equal n — 1. = 100 miles for the 


Conduct а one-sample test of Ho:uo 
odometers of each manufacturer. Compare the results of this analysis with the 
results of the foregoing analysis. 


constructed to overestimate the 
estimates of gasoline mileage. 
test of Ho:uo = 100 miles for t 


e effectiveness of а new diet, an insurance 
ight men between age 40 and 50 and obtains 
re initiating the diet and sixty days later. 
othesis, employing а = 0.05. 


In a study aimed at determining th 
company selects a sample of 12 overwe 
their weight measurements both Беѓо! 
Set up and test the appropriate null hyp 


Subject Weight Subject Weight 
Before After Before After 
1 202 180 íi 209 205 
2 237 221 8 191 196 
3 173 175 9 200 185 
4 161 158 10 189 187 
5 185 180 1 177 172 
6 210 197 12 184 186 
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12. A difficulty with interpreting the results of Problem 11 is that a control group » 
р lacking. It is possible that a random selection of overweight men who are not оп я 
diet will reveal weight losses over a two-month period. A control group, matche 


in weight with the experimental subjects in Problem 11, demonstrated the fol- 
lowing before-after changes. 


Subject Weight Subject Weight 
Before After Before After 
1 203 207 7 209 215 
2 235 231 8 192 215 
3 175 172 9 201 184 
4 159 164 10 187 196 
5 183 187 11 178 184 
6 210 204 12 185 173 


Set up and test the appropriate null hypothesis for the control subjects. Employ 
a = 0.05. 


13. Employing the “after” weight only for the matched subjects in Problems 11 and 
12, test for the significance of the difference between the two conditions, em- 
ploying о = 0.05. 


14. Obtain the before-after difference score for each subject in Problems 11 and 12. 


Conduct a “matched-pairs” analysis of the difference scores, employing а = 0.05. 
Compare the results of this analysis with the foregoing analysis. 


15. A large discount house advertises that its prices are lower than its largest com- 
petitor. To test the validity of this claim, the prices of 15 randomly selected items 
are compared. The results are as follows: 


Discount house Competitor Discount house Competitor 


$3.77 $3.95 $2.99 $2.95 
7.50 7.75 1.98 2.49 
4.95 4.99 0.49 0.52 
3.18 3.25 5.50 5.62 
5.77 5.98 0.99 0.98 
2.49 2.39 6.49 6.66 
8.77 9.49 5.49 5.55 
6.99 6.49 


What do you conclude? 


An Introduction to 15 
the Analysis of Variance 


15.1 MULTIGROUP COMPARISONS 


We have reviewed the classic design of experiments on several different occa- 
sions in this text. The classic study consists of two groups, an experimental 
and a control. The purpose of statistical inference is to test specific hypotheses, 
e.g., whether or not both groups could have reasonably been drawn from the 
same population (see Chapter 13). 

Although this classical research design is still employed in many studies, its 
limitations should be apparent to you. To restrict our observations to two 
groups, on all occasions, is to overlook the wonderful complexity of the phe- 
nomena which the scientist investigates. Rarely do events in nature conven- 
iently order themselves into two groups, ап experimental and a control. More 
commonly, the questions we pose to nature are: Which of several alternative 
schedules of reinforcement leads to the greatest resistance to experimental ex- 
tinction? Which of five different methods of teaching the concept of fractions 
to the primary grades leads to the greatest learning gains? Which form of 
psychotherapy leads to the greatest incidence of patient recovery? 

Obviously, the research design, necessary to provide experimental answers 
to the above questions, would require comparison of more than two groups. 
You may wonder: But why should multigroup comparisons provide any ob- 
stacles? Can we not simply compare the mean of each group with the mean of 
every other group and obtain а Student tratio for each comparison? For 
example, if we had four experimental groups, А, В, С, Р, could we not calculate 
Student t-ratios comparing A with В, С and D; В with C and D; and C with Р? 

If you will think for a moment of the errors in inference, which we have so 
frequently discussed, you will recall that our greatest concern has been to avoid 
type I errors. When we establish the region of rejection at the 0.05 level, we 
are, in effect, acknowledging our willingness to take the risk of being wrong as 
often as 5% of the time in our rejection of the null hypothesis. Now, what hap- 
pens when we have numerous comparisons to make? For an extreme example, 
let us imagine that we have conducted a study involving the calculation of 1000 
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А а , 

separate Student /-гайоѕ. Would we be terribly impressed if, say, " drinks 3 
proved to be significant at the 0.05 level? Of course not. Indeed, we wou loa 
ably murmur something to the effect that, “With 1000 comparisons, we је зе 
be surprised if we didn’t obtain approximately 50 comparisons that are significa 
by chance (i.e., due to predictable sampling error). В | | ВА 

The analysis of variance is a technique of statistical analysis which permi 
us to overcome the ambiguity involved in assessing significant differences w vet 
more than one comparison is made. It allows us to answer the question: Is there 
an overall indication that the experimental treatments are producing differences 
among the means of the various groups? Although the analysis of variance may 
be used in the two-sample case (in which event it yields precisely the same prob- 
ability values as the Student t-ratio), it is most commonly employed when three 
or more groups are involved. Indeed, it has its greatest usefulness when two ог 
more independent variables are studied. However, in this text we shall restrict 
our introductory treatment of analysis of variance to several levels of a single 
independent variable. For purposes of exposing the fundamental characteristics 


of the analysis of variance, our initial illustrative material will involve the two- 
sample case. 


15.2 THE CONCEPT OF SUMS OF SQUARES 


You will recall that we previously defined the unbiased variance estimate as 
32 = La А 
N—1 
It will be recalled that, when the deviation of score 
or т, is large, the variance, and therefore the varia 
When the deviations are small, the variance is corr 
Now, if we think back 
that both the numerator a 


s from the mean, (X — X) 

bility of scores, is also large- 

espondingly small. 

to the Student t-ratio for a moment, we shall note 

nd denominator give us some estimate of variability: 
Е. 225. 


It will be recalled that the denomin: 
error of the difference between m 
variability within each experimen 


ator, which we referred to as the standard 


cans, is based on the pooled estimate of the 
tal group, that is, 


Е — ја Xi 1 
=, m+ me =Э\ш l n) 


т] Ng 
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the Student t-ratio is large. When the difference between means is small relative 
to Sy, _у,, the Student t-ratio is also small. 

The analysis of variance consists of obtaining two independent estimates of 
variance, one based upon variability between groups (between-group variance) 
and the other based upon the variability within groups (within-group variance). 
The significance of the difference between these two variance estimates is pro- 


vided by Fisher's F-distributions. (We are already familiar with F-distributions 
geneity of variance, Section 13.4.) If the 


the difference between means is large) rela- 
tio is large. Conversely, if the between- 
group variance, the F-ratio will be 


from our prior discussion of homo, 
between-group variance is large (1.е., 
tive to the within-group variance, the F-ra 
group variance is small relative to the within- 


small. 

A basic concept in the analysis of variance is the sum of squares. We have 
already encountered the sum of squares in calculating the standard deviation, 
the variance, and the standard error of the difference between means. It is 
ormula for variance, that is, £x’. As you will 


simply the numerator in the f : 
recall, the raw score formula for calculating the sum of squares 18 


ys = DX? — (ЕХ)*/М. 


variance technique is that we can partial the 
components, the within-group sum squares 
(Xx?) and the between-group sum squares (Ух). Before proceeding any fur- 


ther, let us clarify each of these concepts with a simple example. | 
Imagine that we have completed a study comparing two experimental treat- 


ments and obtained the scores listed in Table 15.1. 


The advantage of the analysis of 
total sum squares (Ул) into tw 


Table 15.1 
Scores of two groups of subjects in a hypothetical 
experiment 
Group 1 у Сгоир 2 Е 
Xi Xi X2 X$ 
1 1 6 36 
2 4 7 49 
5 25 9 81 
8 64 10 100 
>; 16 94 32 266 
nj — 4, Х = 4 пә = 4, Хг=8 
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The mean for group 1 is 4; the mean for group 2 is 8. The overall mean, 
Xtot, is $$ or 6. Now, if we were to subtract the overall mean from each score 
and square, we would obtain the total sum squares: 


ites = У(Х — Kiso (15.1) 


The alternative raw score formula is 


See = SKS (DX tor)?/N. (15.2) 


For the data in Table 15.1, the total sum squares is 


Хай = 360 — (48)2/8 
= 360 — 288 = 72. 


The within-group sum squares is merel 


у the sum of the sum squares ob- 
tained within each group, that is, 


Err = Da? + Yu 


Lai = EX} — (Хи, 

= 94 — (16)2/4 = 94 — 64 = 30, 
Ура = Pe (X X3)?/n; 
= 266 — (32)2/4 = 266 — 256 = 10, 
Уту = 30 + 10 = 40. 


Finally, the between-group sum Squares (*'75) may be obtained by sub- 
tracting the overall mean from each 


t ] group mean, squaring the result, multiply- 
ing by the n in each group, and summing across all the groups. Thus 


(15.3) 


| 


Утв = Yaq(X,— Хы, 


where т; is the number in the ith group, and Xi is the mean of the ith group, 


Zeh = 44 — 6)? + 4(8 — 6)? = 32. 


The raw score formula for calculating the between. 


-group sum squares is 


Erh = = (Ex (LX tor)? 
ni AN CES 


(15.5) 
and 


Ш 


Eeh = (16)°/4 + (32)2/4 — (48)?/8 
64 + 256 — 288 
320 — 288 = 32. 


| 


|| 
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It will be noted that the total sum squares is equal to the sum of the be- 
tween-group sum squares and the within-group sum squares. In other words, 


Ух = Lev s. (15.6) 


In the above example, 22, = 72, Уху = 40, and Ут = 32. Thus 
72 = 40 + 32. 


15.3 OBTAINING VARIANCE ESTIMATES 


Now, to arrive at variance estimates from between- and within-group sum 
squares, all we need to do is divide each by the appropriate number of degrees 
of freedom. The degrees of freedom of the between-group is simply the number 
of groups (К) minus 1. 


dfg — k — 1. (15.7) 


With two groups (k = 2), df = 2 — 1 = 1. Thus, our between-group variance 
estimate for the problem at hand is 


$$ = Ул5/0в = 38 = 32, df=1. (15.8) 

The number of degrees of freedom of the within-groups is the total N minus the 
number of groups. Thus 

ағу = № — k. (15.9) 


Tn the present problem, dfw = 8 — 2 = 6 and our within-group variance 
estimate becomes 


8, = Ya/díy = 42 = 6.67, df= 6. (15.10) 


Now, all that is left is to calculate the F-ratio and determine whether or not 
our two variance estimates could have reasonably been drawn from the same 
Population. If not, we shall conclude that the significantly larger between- 
group variance is due to the operation of the experimental conditions. In other 
words, we shall conclude that the experimental treatments produced a significant 
difference in means. The F-ratio, in analysis of variance, is the between-group 
variance estimate divided by the within-group variance estimate. Symbolically, 


F = 83/Siy. (15.11) 
For the above problem our F-ratio is 


Е = 32/6.67 = 4.80, df = 1/6. 
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Looking up the F-ratio under 1 and 6 degrees of freedom, Table D, we find 
that an F-ratio of 5.99 or larger is required for significance at the 0.05 level. 
For the present problem, then, we cannot reject the null hypothesis. 


15.4 FUNDAMENTAL CONCEPTS OF ANALYSIS OF VARIANCE 


In these few pages, we have examined all the basic concepts necessary to under- 
stand simple analysis of variance. Before proceeding with an example involving 
three groups, let us briefly review these fundamental concepts. 


1. We have seen that in an experiment involving two or more groups, it is 


possible to identify two different bases for estimating the population variance: 
the between-group and the within-group. 


a) The between-group variance estimate reflects the magnitude of the difference 
between and/or among the group means. The larger the difference between 
means, the larger the between-group variance. 

b) The within-group variance estimate reflects the dispersion of scores within 
each treatment group. The within-group variance is an 
the Student ¢-ratio. It is often referred to as the error 


2. The null hypothesis is that th 
regarded as estimates of the same 
the samples were drawn from the s 


alogous to sy, y, in 
term. 


€ two independent variance estimates may be 
population value. In other words, H is that 
ame population, or thatu; = u$ =. 
3. The F-ratio consists of the between 
within-group variance estimate. By co 
we can determine whether or not the nu 
can reasonably be entertained. In th 
conclude that the group means are n 


++ = Uk 
-group variance estimate divided by the 
nsulting Table D of the distribution of К 
П hypothesis of equal population variance 
е event of a significant F-ratio, we may 
ot all estimates of a common population 


4. In the two-sample case, the F- 
those of the Student t-ratio. 

(that is, k = 2), t = VF ог 12 
lating the Student t-ratio for th 


ratio yields probability values identical to 
Indeed, in the one-degree-of-freedom situation 
=F. You may check this statement by calcu- 


n 2 
Twnety-seven primary grade children were 
5 


al groups employing one of the methods for 
in Section 10.2, Following the completion of 
€ tested on an "Inventory of Basic Arithmetic.” 
study are presented in Table 15:2. 
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Table 15.2 
Scores of three groups of subjects in a hypothetical experiment 
Group 1 Group 2 — Group 3 
Xi x a X$ Xs x 
4 16 12 144 1 1 
5 25 8 64 3 9 
4 16 10 100 4 16 
3 9 5 25 6 36 
6 36 7 49 8 64 
10 100 9 81 5 25 
1 ii 14 196 3 9 
8 64 9 81 2 4 
5 25 4 16 2 4 
> 46 292 78 756 34 168 


1129, Хр=51 т=9, X2=867 пз=9, Хз = 378 
Уха = 46 + 78+ 34 = 158, 
Y Xà, = 292 + 756 + 168 = 1216, 
М = 27. 


The following steps are employed т a three-group analysis of variance: 
Step 1. Zmploying formula (15.2), the total sum squares is 
yai, = 1216 — (158)°/27 = 29141. 


Step 2, Employing formula (15.5) for three groups, the between-group sum 
Squares is 


Xa = (46)2/9 + (78)?/9 + (34)?/9 — (158)2/27 = 114.96. 


Step з. The within-group sum squares may be obtained by employing for- 
Mula (15.3) for three groups: 


Уа = (292 — (46)2/9) + (756 — (78)*/9) + (168 — (34)?/9) = 176.45. 
You may obtain the within-group sum squares by subtraction, that is, 

Ery = Yalh.— Xa 20141 — 114.96 = 176.45. 
Step 4. 


The between-group variance estimate is 
group 


dfg = k 1= 2, &% = 114.96/2 = 57.48. 
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Step 5. The within-group variance estimate is 
diw = N — k — 24, 8 = 176.45/24 = 7.35. 
Step 6. Employing formula (15.11) we find that the value of F is 
Е = 57.48/7.35 = 7.82, df = 2/24. 


To summarize these steps, we employ the format shown in Table 15.3. 


Table 15.3 


Summary table for representing the relevant statistics in 
analysis of variance problems 


Source of Sum Degrees of | Variance 
nier : * F 
variation squares freedom estimate 
Between-groups 114.96 2 57.48 7.82 
Within-groups 176.45 24 7.35 
Total 291.41 26 


* п many texts, the term “mean square” appears in this box. 
However, the authors prefer the term “variance estimate” since this 
term accurately describes the nature of the entries in the column. 


By employing the format recommended in Table 1 
check upon your calculation of sum s 


freedom. Thus, У + Yu), must 
the total are found by 


5.3, you have a final 
quares and your assignment of degrees of 
equal а. The degrees of freedom of 


15.6 THE INTERPRETATION ОЕ Е 


When we look up the F required for significance With 2 and 24 degrees of free- 
dom, we find that an F of 3.40 or lar, 


r larger is significant at the 0.05 level. 

Since our F of 7.86 exceeds this value, we may conclude that the three group 
means are not all estimates of a common population mean. Now, do we stop at 
this point? After all n determining whether or not one of 


arithmetic is superior to 
у answer to the first question is negative and the answer to 
the second is affirmative, 


15.6 The interpretation of F 223 


The truth of the matter is that our finding an overall significant F-ratio 
now permits us to investigate specific hypotheses. In the absence of a significant 
F-ratio, any significant differences between specific comparisons would have to 
be regarded as suspicious—very possibly representing a chance difference. 

Over the past number of years, a large number of tests have been developed 
which permit the researcher to investigate specific hypotheses concerning popula- 
tion parameters. Two broad classes of such tests exist: 

1. A priori or planned comparisons: When comparisons are planned in advance 
of the investigation, an a priori test is appropriate. For a priori tests, it is 
not necessary that the overall F-ratio be significant. 

2. A posteriori comparisons: When the comparisons are not planned in advance, 
an a posteriori test is appropriate. 

In the present example, we shall illustrate the use of an a posteriori test for 
making pairwise comparisons among means. 

Tukey (1953) has developed such a test which he named the HSD (honestly 
Significant difference) test. To employ this test, the overall F-ratio must be 
Significant. 

A difference between two means is significant, at a given a-level, if it equals 
ог exceeds HSD, which is: 


[2 
sw 


HSD = qN-- (15.13) 
in which бу = the within-group variance estimate 


n = number of subjects in each condition 


Ja = tabled value for a given a-level found in Table P for Ау and 


k = number of means. 


15.6.1 A Worked Example 


Let us employ the data from Section 15.5 to illustrate the application of the 
HSD test. We shall employ а = 0.05 for testing the significance of the difference 


between each pair of means. 


Table 15.4 
Differences among means 


Xi Sl X» Xs 
Х, = 51 > 3.56 1.33 
Хә = 8.67 $m es 4.89 
Хз = 3.78 : e ios 
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Step 1. Prepare a matrix showing the mean of each condition and the differences 
between pairs of means. This is shown in Table 15.4. 


Step 2. Referring to Table Р under error df = 24,k = 3ata = 0.05, we find 
40.05 = 3.44. 


12 
Step 3. Ета HSD by multiplying 40.05 by > 
in Table 15.3 under within-group variance estim 
Thus: 


А "WE 
The quantity sj is found 


ate. The п per condition is 9. 


7.35 
HSD — 3.44 4 Um 


3.44 (0.90) 
— 3.10 


Step 4. Referring back 
X; vs. Хз and X, vs. Ха 
that these differences аге 


to Table 15.4, we find that the differences between 
both exceed HSD = 3.10. We may therefore conclude 
Statistically significant at a — 0.05. 


15.7 WITHIN-GROUP VARIANCE AND HOMOGENEITY 


When discussing the Student t-ratio in Ch 
mental assumption underlying the use of t 
ances for all groups must be ] 
tion of variances. The = 
In other words, a basic 


apter 13, we noted that a funda- 
he Student t-ratio is that the vari- 


lomogeneous, i.e., drawn from the same popula- 
ame assumption holds true for the an 
assumption under]! 


‘determining whether 
— сеа | | ver, it is beyond the 


s test of homogeneity of 


variances. Application of this test is described in Edwards ( 1968). 


CHAPTER SUMMARY 


We began this chapter with the observation that the scientist is frequently in- 
terested in conducting studies Which are more extensive than the classical two- 
group design. However, when more than two groups are involved in a study, 
we increase the risk of makin 


| : Ба type I error if we accept, as significant, any 
comparison which falls within j 
desirable to know whether or n 


the rejection region. In multigroup studies, it 1S 
ot there is an indication of an overall effect of the 
experimental treatments before we j 

of variance technique provides suc 


nvestigate specific hypotheses. The analysis 
h a test. 
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In this chapter we presented a mere introduction to the complexities of 
analysis of variance. We showed that total sum squares can be partitioned into 
two component sum squares: the within-group and the between-group. These 
two component sum squares provide us, in turn, with independent estimates of 
the population variance. A between-group variance estimate which is large, 
relative to the within-group variance, suggests that the experimental treatments 
are responsible for the large differences among the group means. The significance 
of the difference in variance estimates is obtained by reference to the F-table 
(Table D). 

When the overall F-ratio is found to be statistically significant, we are free 
to investigate specific hypotheses, employing a multiple-comparison test. 

Finally, we pointed out a basic assumption of the analysis of variance tech- 
nique, 1.е., homogeneity of variances among treatment groups. 


Terms to Remember: 

Between-group sum of squares 
Between-group variance estimate 
Within-group variance estimate 
К-тапо 

Homogeneity of variance 

A priori or planned comparisons 
A posteriori comparisons 


Analysis of variance 

Sum of squares 

Variance 

Between-group variance 

W hin-group variance 

Total sum of squares 

W Uhin-group sum of squares 


EXERCISES 


l. Using the following data, derived from the 10-year period 1955-1964, determine 
Whether there is a significant difference, at the 0.01 level, in death rate among the 


various seasons. (Note: Assume death rates for any given year to be independent.) 


Winter Spring Summer Fall 


_———— 


the death rates of each season with every other 


2. Cone QT , ring 
· Conduct ғ SD test, comparing ; - 
tan HSI ailed test, for each comparison. 


season. Employ the 0.01 level, two-t 
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8. 


. A consumer organization randomly selects sev 
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А CUN 
Conduct an analysis of variance on the data in Chapter 13, Problem 3. Verify 
that, in the two-group condition, Ё = #2. 


. Manufacturer Pass negotiates contracts with 10 different independent research 


organizations to compare the effectiveness of his product with that of his е 
competitor. А significant difference (0.05 level) in favor of Mr. Pass eerie 
is found in one of the 10 studies. He subsequently advertised that independen 


research has demonstrated the superiority of his product over the leading com- 
petitor. Criticize this conclusion. 


. Various drug companies make the claim that they manufacture an analgesic 


which releases its active ingredient "faster." A random selection of the segue 
of each manufacturer revealed the following times, in seconds, required for the 


release of 50% of the analgesic agent. Test the null hypothesis that all the anal- 
gesies are drawn from a common population of means. 


Brand A Brand B Brand C Brand D 


28 34 29 22 
19 23 24 31 
30 20 33 18 
25 16 21 24 


eral gas clothes dryers of three 
uired for each machine to dry а 
up and test the appropriate null 
aring each brand with every other brand, 


leading manufacturers for study. The time req 
standard load of clothes was tabulated. Set 
hypothesis. Conduct an HSD test comp 
employing а = 0.05. 


Brand A Brand B Brand С 


42 52 38 
36 48 44 
47 43 33 
43 49 35 
38 51 32 


. Automobile tires, selected 


л at random from six different brands, required the 
following braking distances, in feet, when moving at 25 mi/hr. Set up and test 
the appropriate null hypoth 


н esis. Conduct ап HSD test comparing each brand 
with every other brand, employing а = 0.01. 


Brand A Brand B Brand С Brand D 


Brand Е Brand F 


22 25 17 21 27 20 

20 23 19 24 29 14 

ae 26 15 25 24 17 

18 22; 18 23 25 15 
If the F 


-ratio is less than 1.00, what do we conclude? 
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REVIEW 
A. PARAMETRIC TESTS OF SIGNIFICANCE 


In Section П.А (Chapters 10-15) you learned the elements of probability theory 
and their application to the problem of drawing inferences from samples pre- 
sumed to be selected from normally distributed populations. The problems 
presented below will allow you to integrate the material you have learned in 
this section. 


1. Assume that the following is a population of scores: 2, 3, 3, 4, 4, 4, 5, 5, 6. 


a) Determine the mean and standard deviation of the population. 

b) Construct a frequency distribution of means for N = 2, employing sampling 
with replacement. 

с) Construct a probability distribution of means for N = 2. 

4) Determine ox by use of the following formula: 


ox = 0/VN. 


9) Determine ox by direct caleulation from the sampling distribution of means. 


f) Determine the probability of randomly selecting samples (N — 2) with 
i) a sample mean of 2.0, 
1) a sample mean of at least 5.0, 
lii) a sample mean as rare as 3.0. 
2. Assume a second population of scores: 4, 5, 5, 6, 6, 6, 7, 7, 8. 

у Individual A selects samples (with replacement) from population 1 and in- 
dividual B selects samples from population 2 (with replacement). They test 
the null hypothesis that the samples were drawn from a common population, 
employing a = 0.05, two-tailed test. In which of the following examples will 
they make a type II error? Use only the statistics calculated from the samples. 


Do not use the population values. 


а) А 


b) A | ве | 4 | 2 4 [ee 2 | 4 | 4 | 4 | 6 
B 4 4 4 5 5 5 5 5 6 7 
3. Using the data above, Problem 2(a) and (b), assume matching of the 


Scores and test for the significance of differences, employing о = 0.05, two- 
tailed test. 
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4. Each of three universities claims that it has the brightest students. Each 
sends ten of its best students to compete in a national contest. The results were 
as follows: 


1 2 3 1 2 3 
99 94 74 95 93 99 
93 98 99 97 96 71 
84 97 98 91 96 70 
89 92 99 88 91 79 
72 92 97 89 90 83 


Set up and test the appropriate null hypothesis. 


В. NONPARAMETRIC TESTS OF SIGNIFICANCE 


So far we have concerned ourselves with the various facets of the normal prob- 
ability curve as applied to descriptive and inferential statistics. Statistical tests 
of inference which make use of the normal probability model are referred to as 
Parametric tests of significance. 

Many data are collected which either do not lend themselves to analysis in 
terms of the normal probability curve, or fail to meet the basic assumptions 
for its application. Consider a study in which the data collected consist of ranks 
(e.g., ranking students in terms of cooperativeness). The resulting ordinal values 
аге nonquantitative and are, of necessity, distributed in a rectangular fashion. 
Clearly, the normal probability statistics do not apply. Recent years have 
Seen the development of a remarkable variety of nonparametrie tests which 
may be employed with such data. 

A nonparametric test of significance is defined as one which makes no assump- 

tions concerning the shape of the parent distribution or population, and accord- 

ingly is commonly referred to as a distribution-free test of significance. 
Tn this final section of the text we shall describe several of the more important 
nonparametric statistical tests. 
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Power and Power Efficiency 16 
of a Statistical Test 


16.1 THE CONCEPT OF POWER 


In the entire first section of the book, only fleeting references were made to the 
Power and the power efficiency of a statistical test (although they were not 
identified as such). Before proceeding into nonparametric tests of significance, 
it is desirable to examine these concepts in more detail. $ 

While discussing type I and type II errors in Section 11.6, we pointed out 
that the Базе conservatism of a scientist causes him to set up a rejection level 
sufficiently low to make type I errors less frequently than type II errors. In 
other words, the scientist would rather make the mistake of accepting a false 
null hypothesis than the mistake of rejecting a true one. However, this con- 
Servatism should not be construed to mean that the scientist is happy about 
the prospect of making type II errors. To the contrary, it is quite likely that 
Many promising research projects have been abandoned because of the failure 
of the experimenter to reject the null hypothesis when it was actually false. 

Now, up to this point in the book, our concern has been to establish a level 
of significance which will reduce the likelihood of falsely rejecting the null 
hypothesis. In other words, we have been primarily concerned with avoiding 
type I rather than type II errors. However, it should be recognized that the 
ideal statistical test is one which effects some sort of balance between these two 
types of error. Ideally, we should specify in advance of our study the prob- 
ability of making both a type I and a type II error. In practice, however, most 
researchers content themselves with stating only the p-value which they will 
employ to reject the null hypothesis. As we have seen, this p-value represents 
the probability of a type I error (that is, а). А 

When we begin to concern ourselves with effecting a balance between type 
Тапа type IT errors, we are dealing with the concept of the power of a test. The 
Power of a test is defined, simply, as the probability of rejecting the null hypoth- 
esis when it is, in fact, false. Symbolically, power is defined as follows: 


Power = 1 — probability of a type II error. 
231 
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iti т 
If we let @ represent the probability of a type II error, the definition of powe 
becomes: 


Power = 1 — 8. (16.1) 


We can calculate the power of a test only when Но is false and we are given the 
true value of the population mean under Ну. 


The following section illustrates the calculation of power. 


16.2 CALCULATION OF POWER: ONE-SAMPLE CASE 


s administered to a group of 16 
number of low scores, he believes 
which и = 70 (1.е., scale А was 
= цо = 70. 


1. Null hypothesis (Ho): The m 
was drawn equals 70, that is 


Alternative hypothesis (Н ү): The mean of the population from which this 
sample was drawn equals 72, that is, и = цу = 72. 


3. Statistical test: Since ø is known, z = (Х 
Statistic. 


ean of the population from which this sample 
‚м = ро = 70. 


— Bo)/ox is the appropriate test 


Significance level: о = 0.01 (one- 

5. Sampling distribution: The в 
а normal distribution, 

6. Critical region: 

the critical regi 


tailed test). 
ampling distribution of the mean is known to be 
90.01 > +2.33. Since we ar 
on consists of all values of z 


Therefore, the critical value of the sample Statistie (the minimum value of 
X leading to rejection of Но) is 


employing a one-tailed test, 
= (X — po)/ox > 2.33. 


X = (2.33)0 + uo. 


Thus the power equals the 


probability of obtaining this critical value in the dis- 
tribution under H;. The following steps are employed. 
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Region of rejection 
Агеа =1—В 


Figure 16.1 
Region of rejection for Ho 


70 72 72.91 
Under Но Under Н; in the distribution under 
ид щ Hi. 


Step 1. Calculate the value of ox: 


су = о/ММ = 5//16 = 1.25. 


Step 2. Determine the critical value of X (а = 0.01, one-tailed test): 
X = (2.33)(1.25) + 70 = 72.91. 


Step 3. Determine the probability of obtaining this critical value in the true 
Sampling distribution under Hı. The critical value of X has a z-score, in the 


distribution under Hy, of 


И 72.91 TEST — 073. 
OX 1.25 


2 


у Referring to Column С (Table А), we see that the probability of correctly 
rejecting Но is 23.27%. This probability is 1 — В, or the power of the test. 
Incidentally, the probability of making a type II error (8) is 76.73%. 

Figure 16.1 clarifies these relationships by indicating the region of rejection 
for Ho in the true distribution under Hı, 1 — В or power. The shaded area 
Indicates 8, which is the probability of falsely accepting Ho. 


16.3 THE EFFECT OF SAMPLE SIZE ON POWER 


Power varies as a function of several different factors. Let us examine the effect 
of varying the size of the sample on the power of the test. For example, let us 
employ N = 25, in the problem described in the previous section, and see what 


effect this has on the power of the test. 
Employing the same procedures as described above, we shall test the hy- 
pothesis: 


Но: м = по = 79, 
S!ven that the true hypothesis is 


Ни: p = шу = 72. 
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i iti i ists of all values 
i vith a = 0.01 (one-tailed test), the critical region consis 
ee of aie > 2.33, the critical value of X = (2.33)су + uo. Thus, 


Step 1. The value of ox is 


ту = 0/VN = 5/\/25 = 1.00. 


Step 2. The critical value of X is 


Х = (2.33) (1.00) + 70 = 72.33. 
Step 3. The critical value of X has a z-score in the distribution under Н; of 


72.33 — 72.00 _ 


2 
А oj 

Referring to Column C (Table A), we see that the power of the test is 37.07 т 

We have seen that when № = 16, in our illustrative problem, then the 

power is 23.27%. When we increased our N to 25, power increased to 37.07%. 


Had we determined power for N = 100, for the above example, we would find 
that the power = 


95.25%. Thus we may conclude that the power of a test is à 
function of М. 


16.4 THE EFFECT OF @-LEVEL ON POWER 


In our previous discussion on type I and ty: 
dicated that the lower we Set a, the smaller + 


the greater the likelihood of a type II error. 
type II error will oceur 


pe II errors (Section 11.6), we in- 

he likelihood of a type I error, and 

Since В is the probability that а 

8, the higher the a-level chosen, 

the greater the power of the test. One can readily demonstrate this relationship 

between o and power by substituting a different a-level in the preceding prob- 
lems and observing the change in power. 


› and power = 1 — 


For example, employing a = 0.05 (one-tailed test) with N — 16, we find 
that the critical region consists of all values of 


TO Redi 
ту 


0 > 1.65.* 


Therefore the critical у 
48.01% when a = 0.05 
from Section 16.2. 


alue of X = (1.65) ох + шо = 


72.06. Thus power = 
; 48 compared to 23.27% w 


hen а = 0.01 in the example 


* When а = 0.05 (one-ta 
1.64 and 1.65. We shall е 


Мей test), the critical value of z is exactly halfway between 
than z = 1.64, which res 


mploy z = 1.65 as the critical value so that p < 0.05 rather 
ults in p > 0.05. 
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16.5 THE EFFECT OF THE NATURE OF Hı ON POWER 


bie power of a test is also a function of the nature of the alternative hypothesis. 
n the event that Не is actually false, the directional or one-tailed H; is more 
powerful than the two-tailed test so long as the parameter is in the predicted 
direction. 


Table 16.1 
Critical values of z required to reject Но at various a-levels 
as a function of the nature of H1 


Nature of Hı 


Directional Nondirectional 
(one-tailed test) (two-tailed test) 
a = 0.005 z = 2.58 z= +281 
a = 0.01 z = 2.33 2 = +2.58 
a = 0.025 2 = 1.96 z = +2.24 
a = 0.05 2 = 1.65 z = +1.96 


1 reveals that the higher the a-level, the lower the 
Ho. We have already seen that power 
that power increases as the critical value 
of z decreases. Table 16.1 shows that for any given a-level, the critical value of 
2 is lower for a one-tailed test than for a two-tailed test. Therefore, an obtained 
2 which is not significant for a two-tailed test may be significant for a one-tailed 
test. Thus the one-tailed test is more powerful than its two-tailed alternative, 
unless the parameter happens to lie in à direction opposite to the one predicted. 
In this case, the one-tailed test will be less powerful. 


Inspection of Table 16. 
absolute value of z required to reject 
increases with increasing о. It follows 


16.6 PARAMETRIC VS. NONPARAMETRIC TESTS: POWER 


a statistical test is the nature of the 


Another factor determining the power of 
that for any given N, the parametric 


~ itself. We can state as a general rule 
бов che more powerful than their nonparame пе : ts. 
the is reason that we have deferred the discussion of statistical power until 
PE sae section of the text. For any 5 
aisi] TUE assuming normally distributed populations with the same variance) 
dm ess risk of a type IIerror. They are more likely to reject Но when Ho s 
signifi Thus given the choice between à nonparametric and a parametric test af 
с. cance, ће parametric test should be employed so long as its underlying 
mptions are fulfilled. However, аѕ We shall see in the following chapters, 


iven N, the parametric tests of signifi- 
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there are numerous situations in which the very nature of our data excludes the 
possibility of a parametric test of significance. We shall therefore be forced to 
employ less powerful nonparametric tests.* А Р 

Why do nonparametric tests have less power? Succinctly stated, the answer 
is that parametric statistical tests (as opposed to nonparametric tests) make 
maximum use of all the information that is inherent in the data when the popu- 
lations are normally distributed. Let us look at a simple illustration. Imagine 
that we have obtained the following scores in the course of conducting a study: 
50, 34, 21, 12, 10. Now, if we were to convert these scores into ranks (an opera- 
tion basic to nonparametric statistics involving ordinal scales), we would obtain 
1, 2, 3,4, 5. Note that all the information concerning the magnitudes of the scores 
is lost when we convert to ranks. The difference between the scores of 50 and 34 
becomes “equivalent” when expressed as ranks to the difference between, say, 
12 and 10. This greater sensitivity of the parametric tests to the magnitudes 


of scores makes them a more accurate basis for arriving at probability values 
when the basic assumptions of cardinality are met. 


16.7 CALCULATION OF POWER: TWO-SAMPLE CASE 


So far, we have examined the effect of various factors on power, employing the 
one-sample case. All of the conclusions drawn apply equally to the two-sample 
case. 

At this point, we should 
caleulate the power of a test 


Let us suppose that we ha 


like to illustrate а sample problem in which we 
for the two-sample case. 


ve two populations with the following parameters: 


ш = 80, ш = 75 


l. Null hypothesis (Н 


о): The two samples were draw. 
equal means, that 


is, wy = Из. 


Alternative hypothesis (H3): The tw 


Пета о sam 
with different means, th 


j ples were drawn from populations 
at 15, шу = цо. 
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3. Statistical test: Since we are comparing two sample means drawn from nor- 
mally distributed populations with known variances, z is the appropriate 


test statistic. 
4. Significance level: а = 0.01. 
Sampling distribution: The sampling distribution of the statistic (X1 — X) 
is known to be a normal distribution. 
6. Critical region: |20.01| > 2.58. Since На is nondirectional, the critical region 
consists of all values of z > 2.58 andz < —2.58. 


e 


In other words, when 


А (Xi— Xo) — (ш — №) > 2.58, 
CX, 


ns that yı — из = 0, the lower critical value of 


We will reject Но. Since Но теа rit ral 
and the upper critical value of (X; — X2) = 


Ху —Х,) = (—2.58)0y,-x» 
(+2.58)0x,_x,. 

Now, since we know Не to be false (that 
test is equal to the probability of obtaining t 
Sample difference which is less than these cri 
error (i.e., acceptance of a false Но). 

We employ the following steps to caleulate power: 


is, ші — из = 0), the power of the 
hese critical values. Any obtained 
tical values will lead to a type П 


Step 1. Calculate the value of ox,—¥2' 


ee У. Ox, = 
ox Lg X2 "d 
m vni n2 
= Мо, + 0%, = 2.828. 


— X5), а = 0.01, two-tailed test. 
2.58)(2.828) = —7.296. The 


OXi—X2 
Step 2, Determine the critical values of Q 


he lower critical value is Са — X2) = (— 
Upper critical value is (X1 — Хг) = 7.296. 


Step 3. Determine the probability of obtaining 
Sampling distribution under Hı. The upper сг! 
*Score, in the distribution under Hi, of 


g these critical values in the true 
tical value of (X; — X5) has a 


Qe umm 7286—90 
e 2.828 


OX,—Xs 


= 0.81. 


ee that the area beyond а z of 0.81 is 


Referring to Column C (Table A), we see tna 
X, — Xa) has a z-score of 


20.90%. The lower critical value of (X1 


Q2 71296 — 50 = 435. 
2.828 
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A z of —4.35 is so large that only а neglible proportion of area falls beyond it 
(<0.003%). Thus the power = 20.90%. 


16.8 THE EFFECT OF CORRELATED MEASURES ON POWER 


In Section 14.2 we indicated that when subjects have been successfully matched 
on a variable correlated with the criterion variable, a statistical test which takes 
this correlation into account provides a more powerful test than one which does 
not. This may be readily demonstrated. : 
Employing the data in the preceding problem, let us assume that the nine 
subjects drawn from population 1 are matched on a related variable with the 


nine subjects drawn from population 2 and that the correlation between these 
two variables is 0.80. 


Since, with а = 0.01 (two-tailed test), the critical region consists of all 
values of 


АІ - (Xi — X3) == (ш — 


2 953 


H2) 


> 2.58, 


the critical values of (X, — X 2) = (+2.58)ox,_y,. 
Step 1. The value of сүү, is 


oxX,-x, = Моб, + ck, — 2rox ox, = 1.26. 
Step 2. The critical values of Xs X5) are 


(X, — Х, = (+2.58)(1.26) = +3.25. 


Step 3. The lower critical value ОРСК = У 2) hasa z-score, in the distribution 
under Ну, of 


= (3.25 — 500) _ 
= 126 = —6.55. 


Referring to Table A, we find that the area beyond a z of —6.55 is negligible. 
Therefore, power will be determined accordin 


un се‹ & to the upper critical value. 
The upper critical value of (X1 — Х,) has az of 


— 3.25 — 5.00 _ 
PEU 8-4 


To find the probability of obtaining (Y, — Х,) > 3.25, we refer to Table А 
to find the area above a z of —1.39. Thus power = 100.009, — 8.23% = 91.77%: 
Since power — 1 — B, the probability of a type II error (8) is 8.23%. 
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16.9 POWER, ТУРЕ | AND TYPE И ERRORS 


Let us take a moment to tie together some of our observations about power and 
type I and type II errors. To begin with, we must emphasize the fact that there 
are only two possibilities with respect to the null hypothesis, ie., either it is 
true (for example, и = иә) or it is not true (for example, ші 7 и»). These are 
two mutually exclusive situations. Now, since а type I error is defined as the 
и of rejecting Но when it is true, two points should immediately be 
obvious. 


1. If Ho is false, the probability of a type I error is zero. 
2. It is only when we reject Ho that any possibility exists for a type I error. 
Such an error will be made only when Ho is true, in which case, the probability 
of a type I error is a. 

Further, since a type II error is defined as the probability of accepting Ho 
when it is false, we arrive at the following conclusions. 


І. If Ho is true, the probability of а type II error is zero. 

that any possibility exists for a type II error. 
Such an error will be made only when Но is false, in which case the probability 
of a type IT error is В. It should be clear, then, that the concept of power, which 
is defined in terms of a type II error (1 — В), applies only when Ho is not true. 
. Table 16.2 summarizes the probabilities associated with acceptance or re- 
jection of Но depending on the true state of affairs. 


2. It is only when we accept Ho 


Table 16.2 
True Status of Ho 
Ho Ho 
true false 
Correct Type II error 
Accept Ho Jo 8 
— Type I error Correct 
Reject Ho а 1—8 


16:0 POWER EFFICIENCY OF A STATISTICAL TEST 


In Section 16.6 we pointed out that when the underlying assumptions can be 
Considered valid, parametric tests are more powerful for any given N than non- 
Parametric TENTS. However, it is also true that when nonparametric tests are 
to be utilized, we can make any specific nonparametric test as powerful as a 
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arametric test by employing a larger sample size. Thus test A may be ane 
а werful than test В when the N’s are equal, but В may be as powerful аз 
2 ап N of, say, 40 is used compared to an № of 30 with test A, | " 

The concept of power efficiency is concerned with the increase in samp 

size required to make one test as powerful as а competing test. Let us assume 
that test A is the most powerful for the type of data which we bie si 
Let us assume that test B is equal in power to test A when their N s are 40 a | 
30 respectively. We shall let №» represent the N required to make it as power u 
as test A when N, is used. The power efficiency of test B may now be stated: 


Na 
Power efficiency of test B = 100 м. percent. (16.2) 
b 


Thus in the above example, the power-efficiency of test B relative to test A 
is 100(38) or 75%. Therefore, assuming that all the assumptions for employing 
test A are met, we shall have to use four cases of test B for every three cases of 
test A to achieve equal power. Of course, if the assumptions underlying test A 


are not met, the concept of power efficiency has no meaning since test A should 
not be employed. 


CHAPTER SUMMARY 


In this chapter, we discussed two i 
ciency. Power is defined as the 
false, i.e., power = 1 — B. 

We demonstrated the calculation 
sample cases when Но is known t 
under Н is known. 


The calculation of power requires that we compute 


mportant concepts: power and power effi- 
probability of rejecting Но when it is actually 


of power for the one-sample and the two- 
о be false and the true value of the parameter 


the standard error of the sampling distribution under both Ho and Ну, 
2. the critical value of the sam 
in the two-sample case], 


3. the probability of obtainin 
under H,. This probabilit 


ple statistic [X in the one-sample case; (X; — X3) 


g this critical value in the sampling distribution 
y is the power of the test. 
We showed that power varies as a function of: 
1) sample size, 
2) а level, 
3) the nature of H,, 
4) the nature of the statistical test, 
5) the use of correlated measures. 
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Power efficiency is concerned with the increase in sample size of a given test 


necessary to make it as powerful as another test employing a smaller N. Sym- 
bolically, the power efficiency of test B relative to test A may be represented as 


Na 
power efficiency of test B = (100) N, percent. 
b 


Terms to Remember: 


Power 
Power-efficiency 


EXERCISES 


ly 


2. 
3. 


сл 


Test А has a power efficiency of 80% relative to test В. If, in test B we employed 
а total of 24 subjects, what is the М required to achieve equal power with test A? 


Employing the sample problem in Section 16.3, calculate power when N = 100. 


Employing the sample problem in Section 16.7, demonstrate the effect of the nature 
of Hı on power by calculating the power when а = 0.01, one-tailed test, that is, 
Hi: > из. 


* Given two normal populations: 


ш = 100, из = 90, 
сі = 10, c2 10. 


Employ е = 0.01, two-tailed test. 
a) Ifa sample of 25 cases is drawn from each population, find 
1) the probability of a type I error, 
2) the probability of a type II error, 
3) the power of the test. 
b) If two samples of 25 cases each is drawn from Population 1, find 
1) the probability of a type I error, 
2) the probability of a type II error, 
3) the power of the test. 


* For Problem 6, Chapter 13, calculate the power for each of the four examples, 


employing а = 0.01, one-tailed test. Which of the factors influencing power do 
these examples illustrate? 

Та Chapter 14, Problems 3 through 5, we saw that the use of correlated samples 
Produced a t-ratio farther removed from the region of rejection than the t-ratio 
based on independent samples. This would appear to contradict Section 16.8. 


€concile this disparity. 


Statistical Inference . 17 
With Categorical Variables 


17.1 INTRODUCTION 


In recent years there has been а broadenin, 
tion of research in the behavioral and soc 
stimulating research has been initiated in 
psychotherapy, group processes, 
been added to the arsenal of the 


g in both the scope and the penetra- 
ial sciences. Much provocative and 

such diverse areas as personality, 
economie forecasts, ete. New variables have 


researcher, many of which do not lend them- 
selves to traditional parametric statistical treatment, either because of the 
scales of measurement employed or because of flagrant viol 
tions of these parametric tests. F 
niques have been developed. 


Parametrie techniques are usually preferable because of their greater sensi- 
tivity. This generalization is not true, however, when the underlying assumptions 
are seriously violated. Indeed, under certain circumstances (e.g., badly skewed 
distributions, particularly with small n’s), а Nonparametric test may well be as 
powerful as its parametric counterpart. * Consequently, the researcher is fre- 
quently faced with the difficult choice of a statistical test appropriate for 
his data. 

At this point, let us interject а w 
Statistical tests of inference. F 
problems and subject them to 
tests of significance. "This 
among the various tests. However. 
conclusion, namely, that t 


ations of the assump- 
or these reasons, many new statistical tech- 


ord of caution with 
or heuristic purposes, w 
Statistical analyses em 


respect to the choice of 
е will take a few sample 
ploying several different 


* Numerous investigators have demonstrated the robustness of the { 
even substantial departures from the assumptions underlying parametrie tests do not 
seriously affect the validity of statistical inferences. Foy articles dealing with this 
topic, see Runyon, Haber, and Badia, Readings in Statistics, Reading, Mass.: Addison- 
Wesley Publishing Co., Ine., 1970. à б 
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and F tests; i.e., 
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around” for a statistical test which provides the most sensitive test for any 
differences which exist. Actually, nothing could be further from the truth. The 
null hypothesis, alternative hypothesis, statistical test, sampling distribution, 
and level of significance should all be specified in advance of the collection of 
data. If one “shops around,” so to speak, after the collection of the data, he 
tends to maximize the effects of any chance differences which favor one test 
over another. As a result, the possibility of a type I error (rejecting the null 
hypothesis when it is true) is substantially increased. 

Usually, we do not have the problem of choosing statistical tests in relation 
to categorical variables because nonparametric tests alone are suitable for 
enumerative data. 

The problem of choosing a statistical treatment usually arises when we 
employ small samples* and/or when there is doubt concerning the normality 
of the underlying population distribution. In Chapter 18 we shall demonstrate 
several nonparametric statistical tests employed when such doubts arise. 


17.2 THE BINOMIAL TEST 


In Section 2.4, when discussing various scales of measurement, we pointed out 
that the observation of unordered variables constitutes the lowest level of mea- 
surement. In turn, the simplest form of nominal scale is one which contains only 
two classes or categories, and is referred to variously as a two-category or 
dichotomous population. Examples of two-category populations are numerous, 
e.g., male and female, right and wrong on a test item, married and single, juve- 
nile delinquent and nondelinquent, literate and illiterate. Some of these popu- 
lations may be thought of as inherently dichotomous (e.g., male vs. female) 
and therefore not subject to measurement on à higher-level numerical scale, 
Whereas others (e.g., literate and illiterate) may be thought of as continuous, 
varying from the absence of the quality under observation to different degrees 
of its manifestation. Obviously, whenever possible, the data we collect should 
be at the highest level of measurement that we can achieve. However, for à 
variety of reasons, we cannot always scale a variable at the ordinal level or 
higher. Nevertheless, we are called upon to collect nominally scaled data and 
to draw inferences from these data. | 

In a two-category population, we define P as the proportion of cases in one 
class and 0 = 1 — Р аз the proportion in the other class. 


In Chapter 11 we demonstrated the use of the binomial sampling distribution 


to test hypotheses concerning the value of P under Ho. For illustrative purposes 


————— 
~ When large samples are employed, the parat 
priate because of the central-limit theorem (Section 12.2). 


ametrie tests are almost always appro- 
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we restricted our discussion to Hy: P = Q = 1. However, it is possible to test 
hypotheses concerning any value of P. 


The probabilities associated with specific outcomes may be obtained by 
employing formula (17.1): 


р(х) = Җай Py, (17.1) 


where 


x = the number of objects in one category or the num- 
ber of successes, 


N — x= the number of objects in the remain 


ing category 
or the number of failures, 


N = the total number of objects or total number of trials, 


p(x) = the probability of x objects in one category, 


! {һе factorial sign directs us to multiply the indi- 


cated value by all integers less than it but greater 
than zero, e.g., if N = 5, М! =5.4.3.2.1.* 


А sample problem should serve to ill 


ustrate the use of formula (17.1) in the test- 
ing of hypotheses. 


17.21 Sample Problem 


cigarettes was prohibited on 
has dropped to 0.30. How 
where the sale of cigarettes h 
behavior; i.e., far greater th 


1. Null hypothesis (Но): P = 0.30, 0 = 0.70. 


2. Alternative hypothesis (Н): P> 0.30, Q < 0.70. 


ed Note that H, is direc- 
ional. 
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4. Significance level: a = 0.05. 

Sampling distribution: The sampling distribution is given by the binomial 

expansion, formula (11.1). 

6. Critical region: The critical region consists of all values of z which are so 
large that the probability of their occurrence under H is less than or equal 
to 0.05. Since H is directional, the critical region is one-tailed. 


In order to determine whether the obtained 2 lies in the critical region, we 
must obtain the sum of the probabilities associated with z = 9, т = 8, z = 7, 
and x = 6. 

To illustrate, employing formula (17.1), we find that the probability of x = 9, 
that is, if P = 0.3 (under Но) the probability that all of the 9 students smoke, is 


2) = gig yi 0300" 


= (0.3)? = 0.000019683. 
The probability of 2 = 8 is 
р(8) = 9(0.3)%(0.7)' = 0.000413343. 
The probability of z = 7 is 
p(7) = 3600.3)" (0.7)° 


0.003857868. 


Finally, the probability of 2 = 6 is 
p(6) = 84(0.3)°(0.7)° = 0.021003948. 


| 


Thus the probability that at least 6 out of 9 students smoke when P = 0.30 
is the sum of the above probabilities, that is, p(z > 6) = 0.025. 


Decision: Since the obtained probability is less than 0.05, we may reject Ho. 
The above example was offered to illustrate the application of formula (17.1) 
when P з Q # 1. However, when М < 10, апа Р = (0 >= i, Table М may 
be employed to obtain the critical values of x directly for selected values of P 
and Q. Referring to Table N, for М = 9 and P = 0.30, we find that x must be 
equal to or greater than 6 to reject Ho at « = 0.05. | | 
Incidentally, when P = Q = $ and N < 25, Table M provides one-tailed 
Probability values of z when 2 is defined as the smaller of the observed fre- 
quencies. For example, if we toss à coin ten times (N — 10), we find that the 


probability of obtaining two or fewer heads (x € 2) is 0.055. 
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17.3 NORMAL CURVE APPROXIMATION TO BINOMIAL VALUES 


As N increases, the binomial distribution approaches the normal distribution. 
The approximation is more rapid as P and Q approach 3. On the other hand, as 
P or Q approach zero, the approximation t 
for any given N. A good rule of thumb to 
curve approximation to the binomi 


о the normal curve becomes poorer 
follow, when considering the normal 


al, is that the product NPQ should equal at 
least 9 when P approaches 0 or 1. Accepting these restrictions, we see that the 


sampling distribution of z, defined as the number of objects in one category, is 


normal with a mean equal to NP and а standard deviation equal to VNPQ. 
To test the null hypothesis, we put 2 into standarized form: 


x — NP 
а сене код NN 17.2 


The distribution of the z-scor 


es is approximately normal with a mean equal 
to zero and a standard deviatio 


n equal to one. Thus the probability of any 
ding z-score. However, the 


The approximation to the normal distribution be- 
for continuity is made. This correction consists of 
5 from the absolute value of z — NP, Thus z 


comes better if a correction 


subtracting the constant 0. 
becomes 


lz — МР] — 0.5 
=. 17.3) 
УМРО у 
Let us look at an example in which т — 5,N 


obtain the probability of x S 5, we put 2 into 
ploying the correction for continuity, we have 


= 20, and P = Q = 4. То 
Standardized form, and em- 


zs Во і Sas 
(20) (0.5) (0.5) 


Locating this value in Column C (Table A), we find a 
0.0222. Note that if we had looked up the res 


N = 20, we would obtain a one-tailed p-value of 0.021. In 
proximation is extremely good. To obtai 
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17.4 THE X? ONE-VARIABLE CASE 


Let us suppose that you are a market researcher hired by a soap manufacturer 
to conduct research on the packaging of his product. Realizing that color may 
be an important determinant of consumer selection, you conduct the following 
study. Six hundred housewives, selected by an accepted sampling technique, 
are each given three differently packaged cakes of the same brand of soap. They 
are told that the three soaps are made according to different formulas and that 
the distinctive coloring of the packages is merely to aid their identification of 
each soap. One month later, you inform each housewife that she is to receive 
a free case of soap of her own choosing. Their selections are listed below. 


Color of Wrapper 
Red | White | Brown 


Number of housewives selecting 200 300 100 


m for which the x?* one-variable test is ideally 
plications, the x? test has been described as a 
to determine whether or not a signifi- 
d number of cases falling into each 
d on the null hypothesis. In 
*How well does our observed 


This is the type of proble 
Suited. In single-variable ap 
"goodness of fit" technique: it permits us 
cant difference exists between the observe 
category, and the expected number of cases, base! 
other words, it permits us to answer the question, 
distribution fit the theoretical distribution?" 

What we require, then, is à null hypothesis which allows us to specify the 
frequencies that would be expected in each category and, secondly, a test of 


this null hypothesis. The null hypothesis may be tested by 


5 (fo cm (17.4) 


where 
ја = the observed number in a given category, 


fe = the expected number in that category, 


23 directs us to sum this ratio over all k categories. 


i=l 


the test of significance as well as the quantity 
bserved frequencies whereas the word, “chi- 
square distribution. 


s The symbol x? will be used to denote 
Obtained from applying the test to o 
Square," will refer to the theoretical chi- 
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As is readily apparent, if there is close agreement between the observed 
frequencies and the expected frequencies, the resulting x? will be small, leading 
to a failure to reject the null hypothesis. As the discrepancy (f, — fe) increases, 
the value of x? increases. The larger the x?, the more likely we are to reject the 
null hypothesis. | 

In the above example, the null hypothesis would be that there is an equal 
preference for each color, i.e., 200 is the expected frequency in each category. 
Thus 


x? = (200 — 200)?/200 + (300 — 200)2/200 + (100 — 200)2/200 
= 0 + 50.00 + 50.00 
= 100.00. 


In studying the Student t-ratio (Section 12. 
distributions of t varied аз а function of degrees 
for x?. However, assignment of degrees of free 
are based on N, Whereas, for x?, the degrees of freedom are a function of the 
number of categories (k). In the one-variable case, df = k — 1.* Table B 
lists the critical values of x2 for various a-levels. If the obtained x? value ex- 


ceeds the critical value at a given probability level, the null hypothesis may be 
rejected at that level of significance. 


In the above example, k = 3. Therefore, df 
we find that Table B indicates that а x? value of 
significance. Since our obtained value of 100.00 
reject the null hypothesis and assert, instead, t| 
terminant for soap preference among women. 


5) we saw that the sampling 
of freedom. The same is true 
dom with the Student (-ratio 


= 2. Employing « = 0.01, 
9.21 or greater is required for 
is greater than 9.21, we may 
hat color is a significant de- 


17.5 THE X? TEST OF THE INDEPENDENCE OF 
CATEGORICAL VARIABLES 


been concerned with th 
practice, employing categorical variables, 


· For example 
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activities, such as attitudes of fraternity brothers vs. nonfraternity students 
toward certain basic issues (e.g., cheating on exams), differences in grading 
practices among professors in various departments of study. All the above 
problems have some things in common: (1) They deal with two or more nominal 
categories in which (2) the data consist of а frequency count which is tabulated 


and placed in the appropriate cells. 


Table 17.1 
2 х 2 contingency table showing the number of men and 
women indicating characteristics of automobiles they like best 


Response to question 


Sex of Appearance | Performance Row 
respondents marginal 
Male (а) 75 (b) 125 200 
Female (с) 150 (d) 100 250 
сон 225 225 450 
marginal 


share an additional and more important characteristic: 
bvious way to assign expected frequency values 
ll point out, shortly, what we must do is 


These examples also 
(3) There is no immediately о 
to each category. However, as we sha 
base our expected frequencies on the obtained frequencies themselves. 

Let us take a look at a hypothetical example. It is frequently claimed that 
men select cars primarily by performance characteristics, whereas women select 
cars primarily by appearance characteristics. Two hundred men and 250 women 
were asked the question, “What is the one characteristic of your present auto- 
mobile which is most satisfying to you?” The responses to the question were 
placed in one of two subgroups, depending on whether performance character- 
istics or appearance was mentioned. The results are found in Table 17.1. In- 
spection of the table reveals that the results confirm the claim. 

We must now apply a test of significance. In formal statistical terms, 


1. Null hypothesis (Но): There is no difference between men and women in 
their preferences concerning “most liked” automobile characteristics. 
There is a difference between men and women 


2. Alternative hypothesis (Н): wee 
g “most liked” characteristic. 


in their preferences concernin 
3. Statistical test: Since the two grou 5 

the data are in terms of frequencies т discrete 

independence is the appropriate statistical test. 


ps (male and female) are independent, and 
categories, the x? test of 
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4. Significance level: о = 0.05. 


5. Sampling distribution: The sampling distribution is the chi-square distribu- 
tion with df = (r — 1)(c — 1). 

Since marginal totals are fixed, the frequency of only one cell is free to vary. 
Therefore, we have a one-degree-of-freedom situation. 
finding df in the two-variable case is (r — 1) (с — 1), 
of rows and с = number of columns. 
(2— 1(2—1)=1. 


The general rule for 
in which r = number 
Thus in the present example, df = 


- Critical region: Table В (in Appendix II) shows that for df = 1, = 0.05, 
the critical region consists of all values of x2 > 3:84. x? 


is calculated from 
the formula 


во у у dem. (17.5) 
т=1 c=] Se 
where 


E c 
N > directs us {о sum this ratio over both rows and columns. 
т=1 c=] 


a basis for determining the expected 
moment on cell (a). The two mar- 


50 are men, we would expect that 299 x 225 


Consequently, we may obtain all 
tracting from the appropriate m 
100; cell (d) is 225 — 109 or 12 
certain that no error w 


arginal totals, 
5; and cell 


€ made no error. Thus the ex- 
h direct calculation, is 
#88 x 225 = 125 


Since this figure does agree wi 


х th the result obtain 
proceed with our calculation of 


the x? value. 
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Table 17.2 

Number of men and women indicating characteristics of 
automobiles they prefer most (expected frequencies 
within parentheses) 


Response to question 


Sex of Appearance | Performance Row 
respondents marginal 
) 75 125 200 
мы (100) (100) 
F је 150 100 250 
ome (125) (125) 


Incidentally, you may have noted that there is a simple rule which may be 
followed in determining expected frequency of a given cell; you multiply the 
marginal frequencies common to that cell and divide by N. 

Table 17.2 presents the obtained data, with the expected cell frequencies in 
the lower right-hand corner of each cell. 

Now, all that remains to calculate is the x? value. However, as in the normal 
approximation to the binomial, the empirical distributions of categorical vari- 
ables are discrete, whereas the theoretical distributions of chi-square are con- 
tinuous. Consequently, in the one-degree-of-freedom situation, a correction for 
continuity is required to obtain a closer approximation of the obtained x? 
values to the theoretical distribution. This correction consists of subtracting 
0.5 from the absolute difference |f — fel. Thus, in the one-degree-of-freedom 
situation, the formula for calculating x? becomes 


2 л em 2 
=> P» (|fo 5 0.5). (17.6) 


т=1 с=1 


where 


2 i а 2 
x2 — (75 — 100] — 0.5) 4 (1125 — 100| — 0.5) 


100 100 
, 0150 — 125] — 0.5)? 4 (1100 — 125] — 0.5)? 
t 125 125 


_ 600.25 600.25 , 600.25 , 60025 _ әј 60. 
100 ^ 100 125 * 125 


Since the x? value 21.60 is greater than 3.84, required for significance at the 
In other words, we may conclude that men and 
lly, women 


0.05 level, we may reject Ho. : 
Women show a differential basis for car preference and, more specifica 
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state their preference on the basis of appearance characteristics more often 
ga syne we often find that we have more than two subgroups within 
a nominal class. For example, we might have three categories in one scale and 
four in another, resulting in a 3 x 4 contingency table. 

obtaining the expected frequencies is the same as the one fo 
gency table. Of course, 
contingency table, df 


The procedure for 


r the 2 X 2 contin- 
the degrees of freedom will be greater than 1 (e.g., 3 x 4 


— 6). Thus no correction for continuity is necessary. 


17.6 LIMITATIONS IN THE USE OF x? 


Employing а = 0.05, we find that the critical г 
of x? > 3.84. Since the obtained x? 
of no difference in the opinions o 
question. You conclude, instead, tha 
sex of the respondent, 


egion consists of all the values 


Table 17.3 
Response to question 
Sex Approve Disapprove 
30 45 75 
Male 
(40) (35) 
Female 50 25 75 
(40) (35) 
80 70 150 


X? = 9.67 
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Table 17.4 
Response to question 
Sex Approve Disapprove 
28 37 65 
Male (32.5) (32.5) 
Female 52 28 55 
S (27.5) (27.5) 
60 60 120 
x? = 2.15 


Subsequent to the study, you discover that a number of students were in- 
advertently polled as many as two or three times by different members of the 
class. Consequently, the frequencies within the cells are not independent since 
some individuals had contributed as many as two or three responses. In a re- 
analysis of the data, in which only one frequency per respondent was permitted, 
we obtained the results shown in Table 17.4. 

Note that now the obtained x? of 2.15 « 3.84; thus you must accept Ho. 
The failure to achieve independence of responses resulted in a serious error in 


the original conclusion. Incidentally, you should note that the requirement of 


independence within a cell or condition is basie to all statistical tests. We have 
ith the x? test because violations may 


mentioned this specifically in connection w 


be very subtle and not easily recognized. — en : 
When discussing the normal approximation to the binomial, we pointed out 


that the extent of the approximation becomes less as Р and Q diverge from $. 
We stated, as a rule of thumb, that NPQ should equal at least 9 to justify the 
normal probability model. А similar stricture applies to the x? test. With 
small N’s or when the expected proportion in any cell is small, the approxima- 
tion of the sample statistics to the chi-square distribution may not be very 
close. A rule which has been generally adopted, in the one-degree-of-freedom 
Situation, is that the expected frequency in all cells should be equal to or greater 
than 5. When df > 1, the expected frequency should be equal to or greater 
than 5 in at least 80% of the cells. When these requirements are not met, 


other statistical tests are available. (See Siegel, 1956.) 


CHAPTER SUMMARY 


d four tests of significance employed with 
mial test, the normal approximation to the 
d the х? two-variable test. 


In this chapter we have discusse 
categorical variables, і.е., the bino 
binomial, the x? one-variable test an 
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1. We saw that the binomial may be employed to test null hypotheses ad 
frequency counts are distributed between two categories or cells. When = 
Q = запа when № < 25, Table M provides the one-tailed probabilities directly. 
When P ғ Q, probabilities may be obtained by employing formula (17-1). А 
which is based on the binomial expansion. When N < 10, Table № provides 
the critical values for the selected values of P and 0. A rule of thumb is that 
NPQ must equal or exceed 9 as P approaches 0 or 1 to permit the use of the 
normal approximation to the binomial. 

2 


The x? one-variable test has been described as a “goodness of fit” technique, 


permitting us to determine whether or not a significant difference exists 
between the observed number of ¢ 


ases appearing in each category and the ex- 
pected number of cases specified u 


nder the null hypothesis. 
3. The x? two-variable case may be employ: 
ables are related or independent. If the x2 


that the variables are interdependent, or related. In this chapter, we restricted 


our discussion to the 2 x 2 contingency table. However, the procedures are 
easily extended to include more than two categories within each variable. 

4. Finally, we discussed two limitations on the use of the x2 test. In the one- 
degree-of-freedom situation, the expected frequency should equal or exceed 5 
to permit the use of the x? test. When df > 1, the expected frequency in 80% 
of the cells should equal or exceed 5, A second, and most important, restriction 


ts must be independent of one another. Failure to 
meet this requirement results in ar 


1 error known as the inflated N and may well 
lead to the rejection of the null hypothesis when it is true (Type I error). 


ed to determine whether two vari- 
value is significant, we may conclude 


Terms to Remember: 


T'wo category (dichotomous) populations 


Correction for continuity 
Binomial test X? one-variable case 
Binomial expansion "Goodness of Sit” test 
Normal approximation to binomial x? test of independence 
“Inflated N” 
EXERCISES 


1. In 9 tosses of a single coin, 


a) what is the probability of obtaining exactly 7 heads? 
b) what is the probability of obtaining as many as 8 heads? 
с) what is the probability of obtainin 
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If 60% is considered a passing grade on a 40-item multiple choice test, determine 
the probability of passing when there are 
a) four alternatives, b) three alternatives, с) two alternatives. 

. In reference to Problem 4, Chapter 15, show how the binomial expansion might 
be employed to determine the probability of one success (i.e., rejection of Ho at 
a = 0.05) out of ten attempts. 


. A study was conducted in which three groups of rats (5 per group) were reinforced 
under three different schedules of reinforcement (100% reinforcement, 50% rein- 
forcement, 25% reinforcement). The number of bar-pressing responses obtained 


during extinction are shown below. 


100% 
615 


25% 
545 


50% 
843 


Criticize the use of chi-square as the appropriate statistical technique. 


. The World Series may last from four to seven games. During the period 1922-1965, 
the distribution of the number of games played per series was as follows: 


4 5 6 F 
9 8 9 |18 


For these data, test the hypothesis that each number of games is equally likely to 


occur. 


Number of games 
Frequency of occurrence 


. In a large eastern university, & study of the composition of the student council 
reveals that 6 of its 8 members are political science majors. In the entire student 
body of 1200 students, 400 are political science majors. Set this study up in formal 
statistical terms and draw the appropriate conclusions. 

- A study was conducted to determine if there is a relationship between socio- 
economie class and attitudes toward a new urban-renewal program. The results 


are listed below. 


Disapprove | Approve 


Socio-economic Middle Ур 60 


class Lower 200 100 


Set this study up in formal statistical terms and draw the appropriate conclusion. 
. Construct the sampling distribution of the binomial when P = 0.20, Q = 0.80, 
and п = 6. 


- Out of 300 castings on a given mol 
produced 31 defective castings in 
difference in the proportion of defective cas 


d, 27 were found to be defective. Another mold 
500. Determine whether there is а significant 
tings produced by the two molds. 
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10. 


11. 


12, 


13. 
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Employ the X? test, one-variable case, for the example shown in Section 17.3 
of the text. Verify that X? = 22 in the one-degree-of-freedom situation. 


In a study concerned with preferences of packaging for potato chips, 100 women 


in a high income group and 200 women in a lower income group were interviewed. 
The results of their choices follow: 


Upper income group Lower income group 


Prefer metallic package 36 84 
Prefer waxed paper package 39 51 
Prefer cellophane package 16 44 
Have no preference 9 21 


What conclusions would you draw from these data? 


Suppose that 100 random drawings from a deck of cards produced 28 hearts, 
19 clubs, 31 diamonds, and 22 spades. Would you consider these results unusual? 
In polling 46 interviewees drawn at random from a specified population, we find 
that 28 favor and 18 oppose a certain routing of a highway. Test the hypothesis 


that the sample was drawn from a population in which P = Q = 5. Use the normal 
approximation to the binomial and the X? one-variable case. Verify thatz = VX2. 


Statistical Inference 18 
With Ordinally Scaled Variables 


1841 INTRODUCTION 
out that the researcher is frequently faced 
test is appropriate for his data. You will 


recall that this was not really а problem in relation to categorical variables be- 


cause nonparametric tests alone are suitable for nominally scaled data. 
In this chapter we shall discuss several statistical techniques which are fre- 


quently employed as alternatives to parametric tests. 


In the previous chapter, we pointed 
With a choice as to which statistical 


18.2 MANN-WHITNEY U-TEST 
erful nonparametric statis- 


lizes most of the quantitative information 
st commonly employed as an alternative 
1 to achieve interval scaling 
tions of the parametric 


The Mann-Whitney U-test is one of the most pow! 


= tests, since, as we shall see, it uti 
ing is inherent in the data. It is mo 
" he Student t-ratio when the meas 
T when the researcher wishes to av 
Counterpart. 
Imagine that we have drawn two independe 


tions Т} nid les 
$. The null hypothesis is that both samples =” А : ; 
the same ан Вола The two-tailed alternative hypothesis, against which 


We test the null hypothesis, i5 that the parent populations, from which the sam- 
bles were drawn, are different. Imagine, further, that we combine the nı + па 
observations and asi n a rank of 1 to the smallest value, а rank of 2 to the next 
паев value ана сораша until we have assigned ranks = observa- 
ions. Let us refer to our two groups as Ё and C eg bini ine + w 
Count the number of times each С precedes each E in the ie 2x youl К. |“ 
Pect, under the null hypothesis, that it would equal the number е а eac 
Precedes a С. In gib words, if there is no difference between the two groups, 


urements fai 
oid the assump 


nt samples of nı and пә observa- 
are drawn from populations with 
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the order of Е'8 preceding C's, and vice versa, should be random. However, if 
the null hypothesis is not true, we would expect a bulk of the E-scores or the C- 
cores to precede their opposite number. 
5 Let us take an example. Suppose you have the hypothesis that leadership 
is a trainable quality. You set up two groups, one to receive special training in 
leadership (Æ) and the other to receive no special instruction (C). Following the 


training, independent estimates of the leadership qualities of all the subjects 
are obtained. The results are: 


E-scores 12 18 31 45 47 
C-scores 2 8 15. 19 88 


In employing the Mann-Whitney test, wi 
distribution of the statistie “U.” 
from the lowest to the hi 
(Table 18.1). 


€ are concerned with the sampling 
To find U, we must first rank all the scores 
ighest, retaining the identity of each score as E or C 


Table 18.1 
Rank 112131 4|5| 6] 7 8| 9110 
Score 2/8 [12 [15 | 18 19 | 31 | 38 | 45 | 47 


Condition | C | C [в C|E|C 


You note that the number of E' 
C's preceding E’s. The next ste 


nd Е (score of 18) precedes two C's (scores of 19 
) precedes one C (score of 38). "inally, the last 


is the sum of the number of times cach Е precedes 
а C. Thus in our hypothetical problem, U — 3 +2+1+0 +0 = 6. 


Наа we concentrated on the number of times С?з precede E’s we would have ob- 
tained a sum of 5+ 544434 2 — 19. We shall refer to this greater sum 
аз U’. Under the null hypotheses, U and U' should be equal. The question 18 


whether the magnitude of the observed difference is sufficient to warrant the 
rejection of the null hypothesis, 

The sampling distribution of U under the null h 
I; through І, show the values of U and U' у 
levels. 'To be significant at a given a-level, the 
less than the tabled value, or, the obtained U’ 


pothesis is known. Tables 
hich are significant at various о 
obtained U must be equal to or 
must be equal to or greater than 
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its corresponding critical value. Employing a = 0.05, two-tailed test, we find 
(Table Із) that for n; = 5 and nz = 5, either U < 2 or U’ > 23 is required 
to reject Ho. Since our obtained U of 6 > 2, we may not reject the null hy- 
pothesis. 

Formula (18.1) may be employed as a check on the calculation of U and U’: 


О = пт2 — U. (18.1) 


The counting technique for arriving at U can become tedious, particularly 
with large n’s, and frequently leads to error. An alternative procedure, which 
provides identical results, is to assign ranks to the combined groups, as we did 
before, and then employ either of the following formulas to arrive at U. 


U = nm + moi H Ri, (18.2) 
or 

U = nm + nate D — Ro, (18.3) 
where 


R, = the sum of ranks assigned to the group with a 
sample size of nı, 


R> = the sum of ranks assigned to the group with a 
sample size of no. 


Let us suppose that we conducted a study to determine the effects of а drug 
on the reaction time to a visual stimulus. Since reaction time (and related 
measures such as latency, time to traverse a runway, etc.) are commonly skewed 
to the right because of the restriction on the left of the distribution (ie., no 
Score can be less than zero) and no restrictions on the right (i.e., the score can 
take on any value greater than zero), the Mann-Whitney U-test is selected in 
preference to the Student t-ratio. The results of the hypothetical study and the 
computational procedures are shown in Table 18.2. 

To check the above caleulations, we should first obtain the value of U', 


employing formula (18.3): 


1 
TENERAS пабы T ) — 39 = 45. 


We employ formula (18.1) as a check for our caleulations: 
U = nn; — U' 
= 56 — 45 
zm. 
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Table 18.2 


The calculation of the Mann-Whitney U employing formula (18.2) 
(hypothetical data) 


Experimental Control 
Тіше, Rank | Time, Rank 
milliseconds milliseconds 
140 4 130 1 = ni(ni + 1) 281 
147 6 135 2 Uses tite o 
153 8 138 3 8(9) _ 
160 10 144 5 = 
165 11 148 7 = 56+ 36 — 81 = 11. 
170 13 155 9 
171 14 168 12 
193 15 
Ri = 81 R2 = 39 
т=8 по = 7 


Employing а = 0.01, two-tailed test, form = 8 and n; = 7, we find (Table I1) 


that a U < 6 is required to reject Но. Since the obtained U of 11 is greater 
than this value, we accept H о. 


Tables I, through І, have been constructed 
caleulate both U and U'. Indeed, it is not even 
these statistics has been calculated. Е 


so that it is not necessary to 


ic, whether j 


these limits to be significant. Thus you need not be concerned about labeling 
which of the statistics you have calculated. 
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fortunately, the use of this formula is rather involved and is beyond the scope 
of this introductory text.* However, the failure to correct for ties results ina 
test which is more “conservative,” i.e., decreases the probability of a type I 
error (rejecting the null hypothesis when it should not be rejected). Correcting 
for ties is recommended only when their proportion is high and when the uncor- 
rected U approaches our previously set level of significance. 


18.3 NONPARAMETRIC TESTS INVOLVING CORRELATED SAMPLES 


In Chapter 14, when discussing the Student t-ratio for correlated samples and 
the algebraically equivalent Sandler A-statistic, we noted the advantages of 
employing correlated samples wherever feasible. The same advantages accrue 
to nonparametric tests involving matched or correlated samples. In this sec- 
tion we shall discuss two such tests for ordinally scaled variables, i.e., the sign 


lest and the Wilcoxon signed rank test. 


18.4 THE SIGN TEST 


Let us suppose that we are repeating the leadership experiment with which we 
introduced the chapter, employing larger samples. On the expectation that in- 
telligence and leadership ability are correlated variables, we set up two groups, 
an experimental and a control, which are matched on the basis of intelligence. 
On completion of the leadership training course, independent observers are 
asked to rate the leadership qualities of each subject on a 50-point scale. The 
results are listed in Table 18.3. 

The rating scales seem to be extremely crude and we are unwilling to affirm 
that the scores have any precise quantitative properties. The only assumption 
we feel justified in making is that any difference which exists between two 
paired scores is a valid indicator of the direction and not the magnitude of the 
difference. А › ш 

There are 13 pairs of observations in Table 18.3. Since pair M is tied and 
there is, consequently, no indication of a difference one way or another, we drop 
these paired observations. Of the remaining 12 pairs, we would expect, on the 
basis of the null hypothesis, half of the changes to be in the positive direction 
and half of the changes to be in the negative direction. In other words, under 
Ho, the probability of any difference being positive is equal to the probability 
that it will be negative. Since we are dealing with a two-category population 
(positive differences and negative differences), Но may be expressed in pre- 


* See Siegel (1956), pp. 123-125, for corrections when a large number of ties occur. 
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Table 18.3 


Ratings of two groups of matched subjects on qualities of leadership 
(hypothetical data) 


Leadership score 


i ; g 
Matched pair | Experimental Control Sign a a 

A 47 40 + 

В 43 38 Я 

C 36 42 — 

D 38 25 "T^ 

E 30 29 "D 

Е 22 26 = 

G 25 16 zs 

H 21 18 T 

I 14 8 “ү 

J 12 4 qr 

K 5 T = 

L 9 3 T 

M 5 5 (0) 


cisely the same fashion as in the binomial test when P = Q = 1. That is, in 
the present problem, Но: Р = Q=h. Indeed, the sign test is merely а varia- 
tion of the binomial test introduced in Section 19:2; 


In the present example, out of 12 comparisons showing a difference (N — 12), 
9 are positive, and 3 are negative. Since P= Q = 5, We refer to Table М, 


under 2 = 3, М = 12, and find that the one-tailed probability is 0.073. The 
two-tailed probability is therefore 


0.146. Employing a = 0.05 (two-tailed test) 
we accept Не since р > 0.05. 

The assumptions underlyin, 
measurements must be inde 


е. 
с warranted by the scale of measurement em- 
ployed, we have little choice but t 


} О employ the sign test, Tf, on the other hand, 
the data do permit us to make such quantitative Statements as “a difference of 


+," we lose power when we employ the sign test. 
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Table 18.4 


Ratings of two groups of matched subjects on qualities of leadership 
(hypothetical data) 


Leadership score 


машаа Experimental | Control Difference Rank of Ranks with 
pair difference smaller sum 
A 47 40 +7 9 
B 43 38 +5 5 
C 36 42 —6 —7 —7 
D 38 25 +13 12 
E 30 29 +1 1 
Е 22 26 —4 —4 —4 
G 25 16 +9 11 
Н 21 18 +3 3 
T 14 8 +6 7 
J 12 4 +8 10 
K 5 7 —2 —2 —2 
L 9 3 +6 7 
М 5 5 (0) — 
Т = —18 


18.5 WILCOXON MATCHED-PAIRS SIGNED-RANK TEST 


We have seen that the sign test simply utilizes information concerning the direc- 
tion of the differences between pairs. If the magnitude as well as the direction 
of these differences may be considered, a more powerful test may be employed. 
The Wilcoxon matched-pairs signed-rank test achieves greater power by utilizing 
the quantitative information inherent in the ranking of the differences. 

For heuristic purposes, let us return to the data in Table 18.3 and make a 
different assumption about the scale of measurement employed. Suppose that 
the rating scale is not as crude as we had imagined, i.e., not only do the measure- 
ments achieve ordinal scaling but also the differences between measures achieve 
ordinality. Table 18.4 reproduces these data, with an additional entry indicating 


the magnitude of the differences. 


: Note that the difference column represen 1 À 
іп ranks. The following column represents the ranking of these differences from 


smallest to largest without regard to the algebraic sign. Now, if the null hy- 
pothesis were correct, we would expect the sum of the positive and that of the 
negative ranks to more or less balance each other. The more the sum of the 
ranks are preponderantly positive or negative, the more likely we are to reject 
the null hypothesis. 


ts differences in scores rather than 


264 Inference with ordinally scaled variables 


The statistic T is the sum of the ranks with the smaller sum. In the е о 
problem, Т is equal to —13. Table J presents the critical values of Т for samp | 
sizes up to 50 pairs. All entries are for the absolute value of T. In the ues 
example, we find that а T of 13 or less is required for significance at the E ә 
level (two-tailed test) when n = 12. Note that we dropped the M-pair from 
our calculations since, as with the sign test, a zero difference in scores can- 
not be considered as either a negative or a positive change. Since our obtained 
T was 13, we may reject the null hypothesis. 

You will recall that the sign test applied to these same data did not lead to 
the rejection of the null hypothesis. The reason should be apparent, i.e., we 


were not taking advantage of all the information inherent in our data when we 
employed the sign test. 


18.5.1 Assumptions Underl 


ying Wilcoxon's Matched-pairs 
Signed-Rank Test 


Ап assumption involved in the use of the Wilcox 
scale of measurement is at least ordinal in natur 
tion is that the scores 
than and less than. 
sumption which may 
differences in scores 
whether or not this 
ample, a personalit: 
situation. 


оп signed-rank test is that the 
e. In other words, the assump- 
permit the ordering of the data into relationships of greater 
However, the signed-rank test makes one additional as- 
Tule it out of some potential applications, namely, that the 
also constitute an ordinal scale. It is not always clear 
assumption is valid for a given set of data. Take, for ех- 
у scale purported to measure “manifest anxiety” in a testing 
Can we validly claim that a difference between matched pairs of, 
say, 5 points on one part of the scale is greater than a difference of 4 points on 
another part of the scale? If we cannot validly make this assumption, we must 


employ another form of statistical analysis, even if it requires that we move to 
& less sensitive test of significance. Once again, our basic conservatism а8 
scientists makes us more willing to risk a type II rather than a type I error. 


CHAPTER SUMMARY 


Let us briefly review what w 

We have pointed out th 
and then “shop around" f etermine the significance of 
differences between exper The researcher must specify т 
advance of the experiment hi sis, alternative hypothesis, test of 
significance, and the probabili i will accept as the basis for ге- 
jecting the null hypothesis, 

We demonstrated the 
the Student (-ratio when th 
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part. It is one of the most powerful of the nonparametric tests, since it utilizes 
most of the quantitative information inherent in the data. 

We have seen that by taking into account correlations between subjects on 
a variable correlated with the criterion measure, we can increase the sensitivity 
of our statistical test. 

The sign test accomplishes this objective by employing before-after measures 
on the same individuals. 

We have also seen that the sign test, although taking advantage of the 
direction of differences involved in ordinal measurement, fails to make use of 
information concerning magnitudes of difference. 

The Wilcoxon matched-pairs signed-rank test takes advantage of both 
direction and magnitude implicit in ordinal measurement with correlated samples. 
When the assumptions underlying the test are met, the Wilcoxon paired rep- 
licates technique is an extremely sensitive basis for obtaining probability values. 


Terms to Remember: 


Mann-Whitney U-test Wilcoxon matched-pairs signed-rank test 


Sign test 


EXERCISES 


1. For the data presented below, determine whether there is a significant difference 
in the number of stolen bases obtained by two leagues, employing 
a) the sign test, b) the Wilcoxon matched-pairs test, 
с) the Mann-Whitney U-test. 


Which is the best statistical test for these data? Why? 


Number of stolen bases 


Team standing | League 1 | League 2 
1 91 81 
2 46 51 
3 108 63 
4 99 51 
5 110 46 
6 105 45 
7 191 66 
8 57 64 
9 34 90 

10 81 28 
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2. In a study to determine the effect of a dru 


. Assume that the subjects in Problem 


Inference with ordinally scaled variables 


5 оп aggressiveness, group A received 
A test of aggressiveness was applied fol- 
res obtained were as follows (the higher 


a drug and group B received a placebo. 
lowing the drug administration. The sco 
the score, the greater the aggressiveness) : 


12 


—__ 


20 


9 


—— 


14 


ee 


15 


— |——— 


18 | 13 


9 | 16 


—_ 


Group А | 10 | 8 


Group B | 12 


a 5 


ИЕ 6 


Set this study up in formal statistica 


l terms and state the conclusion which is 
warranted by the statistical evidence. 


tions make more favorable impressions on 
22 individuals are randomly selected 
ssigned to the personal-social relations 


training period, all 22 individuals are obser 


client, and they are rated on a ten-point scale (0-9) for their ease in establishing 
relationships. 'The higher the score, the better the rating. Set up and test Ho 
employing the appropriate test statistic. Use œ = 0.01. 

Experimentals: 8 7 74 79° 375839 3 

Controls: 56260265108 


3 were matched on а variable known to be 
correlated with the criterion variable. Employ the appropriate test statistic to 
test Но: а = 0.01. 


higher the score, the 


more favorable the attitude) 


Husband Wife 


46 44 35 39 
59 48 39 29 
17 30 37 45 
4] 56 36 29 
36 30 45 48 
29 35 40 35 


What do you conclude? 


Review of Section Il. 
Inferential Statistics 


B. NONPARAMETRIC TESTS OF SIGNIFICANCE 


In the two preceding chapters you have seen several ways of handling data for 
Which parametric tests of significance were not appropriate. Below are some 
data, based on a hypothetical experiment. Formulate the null hypothesis, the 
alternative hypothesis, and conduct the statistical analysis appropriate to the 


assumptions enumerated in each problem. 


37 | 35 | 33 | 28 0 29 5 


— 


1 


7 


— 


4 


Experimental 
9 


—— 


5 


—— 


16 | 14 
23 


пк 


Control 32 | 24 | 29 | 31 | 15 | 18 


1, Subjects are randomly assigned to both groups. The scale of measurement 
IS ordinal, and the population is not normally distributed. 

ariable known to be correlated with the criterion 
s cannot be assumed to represent mag- 


2. 

Subjects are matched on a v 
variable. However, differences in score 
nitudes of differences but only direction. 
3. Subjects are matched. Scores are based 
Scores may be assumed to be ordinal. How 
normally distributed. 

4. Determine how effective the matching techniques were. 


on an ordered scale. Differences in 
ever, the population of scores is not 
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Appendix 1 
Review of Basic Mathematics 


ARITHMETIC OPERATIONS 

You already know that addition is indicated by the sign “+,” subtraction by 
Кле sign “—,” multiplication in one of three ways, 2 X 4, 2(4), or 2 · 4, and divi- 
sion by a slash, “/,” a bar, “—,” or the symbol “+.” However, it is not unusual 
to forget the rules concerning addition, subtraction, multiplication, and divi- 
sion, particularly when these operations occur in a single problem. 


Addition and Subtraction 


When a series of numbers are added together, the order of adding the numbers 


has no influence on the sum. Thus, we may add 2 + 5 + 3 in any of the fol- 


lowing ways: 
54243 2-345, 


2+5+3, 
34245, 3+5+2. 


5+3 +2, 

When a series of numbers containing both positive and negative signs are 

added, the order of adding the numbers has no influence on the sum. However, 

it is often desirable to group together the numbers preceded by positive signs, 

group together the numbers preceded by negative signs, add each group to- 
gether separately, and subtract the latter sum from the former. Thus, 


—243+5—4+2+1—8 


may best be added by grouping in the following ways: 


+3 =й 

+5 = 

+2 $ 

+ 

NS —14 = —3 
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Incidentally, to subtract a larger numerical value from a smaller numerical 
value, as in the above example (11 — 14), we ignore the signs, subtract the 


smaller number from the larger, and affix a negative sign to the sum. Thus, 
—14+11 = —3. 


Multiplication 


The order in which numbers are multiplied has no effect on the product. In 
other words, 


2x3x4=2x4x3=3x2x4 
8x4x2=4x2x3=4x3x2= 24. 


|| 


When addition, subtraction, апа multiplication occur in the same expres- 


sion, we must develop certain procedures governing which operations are to be 
performed first. 


In the following expression, 


2х4+7х3— 5 


multiplication is performed first. Thus, the above expression is equal to 


1) 2x4=8, 2 8+21—5= 24. 
7х3 = 21, 
—5 = —5, 
We may not add first and then multiply. Thus, 2 X 4 + 7 is not equal to 
2(4 + 7) or 22, 


If a problem involves finding the product of one term multiplied by а second 
expression which includes two or more terms which are either added or sub- 
tracted, we may multiply first and then add, or add first and then multiply- 
Thus the solution to the following problem becomes 


8(6 — 4) = 8х6 — 8х4 


= 48 — 32 
= 16, 
or 
8(6 — 4) = 8(2) 
= 16. 


3 In most cases, however, it is more convenient to reduce the expression 
within the parentheses first. Thus, generally speaking, the second solution ар“ 
pearing above will be more frequently employed. 
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Finally, if numbers having like signs are multiplied, the product is always 
Positive; e.g., (+2) x (+4) = +8 and (—2) x (—4) = +8. If numbers bear- 
ing unlike signs are multiplied, the product is always negative; e.g., 


(+2) x (—4) = —8 
and 


(—2) x (44) = —8. 


The same rule applies also to division: when we obtain the quotient of two num- 
bers of like signs, it is always positive; when the numbers differ in sign, the 
quotient is always negative. 


M ultiplication as successive addition. Many students tend to forget that multi- 
Plication is a special form of successive addition. Thus 


15 + 15 + 15 + 15 + 15 = 5(15) 
апа 


(15 + 15 + 15 + 15 + 15) + (16 + 16 + 16 + 16) = 5(15) +446). 


This formulation is useful in understanding the advantages of “grouping” 
Scores into what is called a frequency distribution. In obtaining the sum of an 
array of scores, some of which occur a number of times, it is desirable to mul- 
tiply each score by the frequency with which it occurs, and then add the prod- 
ucts. Thus, if we were to obtain the following distribution of scores, 


12, 13, 13, 13, 14, 14, 14, 14, 15, 15, 15, 15, 
15, 15, 15, 16, 16, 16, 17, 17, 17, 17, 18, 


and wanted the sum of these scores, it would be advantageous to form the fol- 
Owing frequency distribution: 


X if fX 
12 1 12 
18 3 39 
14 4 56 
15 7 105 
16 3 48 
17 4 68 
18 1 18 


N = 23 УЈХ = 346 
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ALGEBRAIC OPERATIONS 
Transposing 


To transpose a term from one side of an equation to another, you merely have 


to change the sign of the transposed term. All the following are equivalent 
statements: 


a+b=c, 
a=c—b, 
b=c—a, 
0—c—a-—b, 
0— c — (a + b). 


Solving Equations Involving Fractions 


Much of the difficulty encountered in solving equations which involve frac- 

tions can be avoided by remembering one important mathematical principle: 
Equals multiplied by equals are equal. 

Let us look at a few sample problems. 


1. Solve the following equation for (s 


b = afz. 


In solving for z, we want to ex 


press the value of z in terms of a and b. In 
other words, we want our final eq 


uation to read, z — 


Note that we may multiply both sides of the equation by z/b and obtain 
the following: 
ggg 
K xb 
"This reduces to 
_ a 
тет: 


2. Solve the above equation for a. 


| Similarly, if we wanted to solve the equation in terms of а, we could mul- 
tiply both sides of the equation by x. Thus 
бане 8. 
z æ 
becomes bz = а, ога = bz. 
In each of the above Solutions, you will note that the net effect of multiply- 


ing by a constant has been to rearrange the terms in the numerator and the 
denominator of the equations. In fact, we may state two general rules which 
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will permit us to solve the above problems without having to employ multipli- 

cation by equals (although multiplication by equals is implicit in the arithmetic 

Operations): 

a) A term which is in the denominator on one side of the equation may be 
moved to the other side of the equation by multiplying it by the numera- 
tor on that side. Thus 


ELI becomes х = ab. 


b) А term in the numerator on one side of an equation may be moved to the 
other side of the equation by dividing it by the numerator on that side. 
Thus 


g = 
ab = >= may become а= р or Bec: 


Thus we have seen that all of the following are equivalent statements: 


Similarly, 


LX xy = МХ LX _ 
ү ^+ УХ = NX, y^ 


Dividing by a sum or a difference. It is true that 


£95 and n 5. 
2 g'z z 


We cannot, however, simplify the following expressions as easily: 


or А. 
yz јр 


Thus, 
2 т 
yte” у 


i : 
n which зе means “not equal to.” 


REDUCING FRACTIONS TO SIMPLEST EXPRESSIONS 
is corollary to the rule that equals multiplied by equals are equal is: 
Unequals multiplied by equals remain proportional. 


T А - 8 
hus, if we were to multiply 2 by $, the product, 35, is in the same proportion 
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аз i. This corollary is useful in reducing the complex fractions to their simplest 
expression. Let us look at an example. 


Example: Reduce 


ало [ета 
о 
ч 
са 
1 


to its simplest expression. | 
Note that if we multiply both the numerator and the denominator by 


we obtain 


which becomes ad/bc. 
However, we could obtain the sam 


е result if we were to invert the divisor 
and multiply. Thus 
a 
b a.d ad 
с b c be 
d 


We may now formulate a general rule for dividing one fraction into another 
fraction. In dividing fractions, we invert the divisor and multiply. Thus 


= 

y x b В ba 
а? becomes oa which equals ey 
b 


To illustrate 


: F a= 5, b= 2, r= 3, and y 
become 


= 4, the above expressions 


A general practice you sh 
into fractional expressions is t 
to substitution. 


ould follow when substituting numerical values 
o reduce the expression to its simplest form prior 
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Multiplication and Division of Terms Having Exponents 


An exponent indicates how many times a number is to be multiplied by itself. 
For example, X5 means that X is to be multiplied by itself 5 times, or 


X5=X-X-X-X-X. 


It X = 8, 


5 
X5-.3.9.3.9.8— Iy SERM ; 
3.3.3.3.3 = 243 аһа (+) a 3333 


To multiply X raised to the ath power (X^) times X raised to the bth power, 
you simply add the exponents and raise X to the (a + b)th power. The reason 
for the addition of exponents may be seen from the following illustration. 

If a — 3 and b — 5, then 


x*.x'— XX’ = (Х.Х. X)X-X- X. X-X), 


Which equals ХЗ. 
Now,if X — 5, a — 3, and b — 5, then 


xe. x? = yore E +9 „айс ХЗ == 58 Е 390,625. 


Их=ва= 2, and b = 3, 
243 5 9 
„а, yb +b 1 2 1 Le 
X*.X х“ (9 (9 65 7776 


j To divide X raised to the ath power by X raised to the bth power, you sim- 
: Y subtract the exponent in the denominator from the exponent in the numera- 
9r.* The reason for the subtraction is made clear in the following illustration. 


ИИ 
жир. ада 
This leads to an interesting exception to the rule that an exponent indicates the 
Umber of times a number is multiplied by itself; that is, 


however, 


x 


aum = i therefore ЖЕ 


Any 
У number raised to the zero power is equal to 1. 
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If X = $, a = 4, b = 2, then 


x^ 


a = xe 2 x4? = x?. 


Substituting 5 for X, we have 


which, when multiplied by itself, 
à table of square roots. 


number of pairs — number of digits. 


However, if there is an 
ceding the decimal equ 
illustrate this point: 


odd number of di 


gits, then the number of digits pre- 
als the number of 


pairs +1. The following examples 


a) 500. 50. 
¥2500.00' \/2500; 
b) 158 1.58 


250.00’ V2.5000 ` 


Appendix II 


Glossary of Symbols 


gen below are definitions of the symbols which appear in the text followed by 
page number showing the first reference to the symbol. 
"i n letters and Greek letters are listed separately in their approximate 
Phabetical order. Mathematical operators are also listed separately. 


Symbol 


R A 
" МЛ 
ROS VIA „е ® 


х? 


Definition 

MATHEMATICAL OPERATORS 
Not equal to (14) 

ais less than b. (14) 

ais greater than b. (14) 

Less than or equal to (138) 


Greater than or equal {о (138) 
Square root (10) 
X raised to the ath power (10) 


Factorial: multiply N by all integers less than 
it but greater than zero: 
(N)(N—1)(N—2-.-(2Q) (244) 
Absolute value of X (71) 

Sum all quantities or scores that follow (10) 


Sum all quantities X; through Xy: 
Х, + Х, +: + Хк (11) 


Definition 

GREEK LETTERS 

Probability of a type I error, probability of re- 
jecting Но when it is true (165) 

Probability of a type II error, probability of 
accepting Но when it is false (168) 

Chi square (247) 
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и Population mean (57) 
Ho Value of the population mean under Но ( 
и: Value of the population mean under H, (: 
их Mean of the distribution of sample means 
рх:-х, Mean of the distribution of the differenee be- 
tween pairs of sample means (195) 
Mp Mean of the difference between paired scores (207) 
9^ Population variance (73) 
€ Population standard deviation (73) 
2 _ с? Variance of the sampling distribution of the 
CE CMS anam (175) 
9 Тгие standard error of the m 
ш N samples of a fixed N (175) 
Cx;—x, True standard error of the diffe 
means (195) 


nue 
^ 
© 


ean given random 


rence between 


Symbol Definition 
ENGLISH LETTERS 


A= Statistic employed to test hypotheses for cor- 
— (XD) related samples (210) 


4 Constant term in a re 
b, Slope of a line relati 
of X (112) 
с Number of columns ina contingency table (250) 
cum f Cumulative frequency (28) 
cum fj Cumulative frequency at the lower real limit 
of the interval containing X (50) 
cum % Cumulative percent (28) 
(1) Rank on X-variable — г 
D (Trho formula) (103) 
(2) Score on X-variable — Score on Y-variable 
(X — Y) (208) 
D Mean of the differences 
Scores (207) 


gression equation (112) 
ng values of Y to values 


ank on Y-variable 


between the paired 


d Deviation of а difference Score (D) from D (208) 
df Degrees of freedom: number of values free to 
vary after certain restrictions have been placed 
on the data (180) 
F А ratio of two variances ( 199) 
f Frequency (25) 


Glossary of symbols 


Number of cases within the interval contain- 

ing X (50) 

Expected number in a given category (247) 

Observed number in a given category (247) 

A score multiplied by its corresponding fre- 

quency (58) 

The null hypothesis; hypothesis actually tested (166) 

The alternative hypothesis; hypothesis enter- 

tained if Но is rejected (166) 

Width of the class interval (26) 

Number of groups or categories (219) 

Coefficient of nondetermination (123) 

Mean deviation (71) 

Total number of scores or quantities (10) 

{ (1) Number of pairs (97) 

(2) Number in either sample (195) 

[ш Proportion (20) 

(2) Probability (137) 

Probability of event А (137) 

Probability of В given than A has occurred (141) 
(1) Probability of the occurrence of an event (140) 
(2) Proportion of cases in one class in a two- 

category population (243) 

Probability of the nonoccurrence of an 

event (140) 

(2) Proportion of cases in the other class of а 

two-category population (243) 


(1 


— 


First quartile, 25th percentile (71) 
Third quartile, 75th percentile (71) 
(1) Pearson product-moment correlation co- 


efficient (94) 
(2) Number of rows in a contingency table 


Coefficient of determination (122) 

Spearman rank-order correlation coefficient (94) 
Sum of ranks assigned to the group with a sam- 
ple size of nı (Mann-Whitney U-formula) (259) 
Sum of ranks assigned to the group with a sam- 
ple size of nə (Mann-Whitney U-formula) (259) 


(250) 


Variance of asample (73) 
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s= > а Standard deviation of a sample (73) 
N 
gat 


Ум Unbiased estimate of the population variance (178) 


27? Sample standard deviation based on unbiased 
N —] variance estimate (178) 


s% Estimated variance of the sampling distribu- 
tion of the mean (178) 


$= 
вх = Ут = т Estimated standard error of the mean (178) 
Sx,—x, Estimated standard error of the difference be- 
tween means (195) 
8p Standard deviation of the difference scores (208) 
8p Estimated standard error of the difference be- 
tween means, direct-difference method (208) 
4% Between-group variance estimate (219) 
$85 Within-group variance estimate (219) 
Sesty Standard error of estimate w 
made from X to Y (119) 
Sestz Standard error of estimate when predictions 
are made from Y to X (119) 
T Sum of the ranks with the least frequent sign (264) 


Statistic employed to test hypotheses when c 
is unknown (180) 


Statistics in the Mann-Whitney test (258) 
;Y Variables; quantities or scores of variables (10) 
Y; Specific quantities indicated by the subscript ? (10) 


hen prediction are 


X,Y Arithmetic means (57) 
Х; Mean of the ith group (218) 
x X to 
No = 25, tot 


UN Overall mean (218) 


T— X—X Deviation ofas 
x Number of objects in one cate; 
ber of successes (244) 
УХ? Sum of the Squares of the raw scores (75) 
(ZX)? Sum of the raw scores, the quantity squared (75) 


Sum squares, sum of the squared deviations 
from the mean (75) 


core from its mean (74) 
gory or the num- 


20.01 


20.05 


Xx 


Lip 


2, 


Glossary of symbols 


Total sum squares, sum of the squared devia- 

tions of each score (X) from the overall mean 

(Xtot) (217) 

Within-group sum squares, sum of the squared 

deviations of each score (X) from the mean of 

its own group (ХЭ (217) 

Between-group sum squares, sum of the squared 

deviations of each group mean (X;) from the 

overall mean (Xtot), multiplied by the n in each 

group (217) 

Score at lower real limit of interval containing 

X (50) 

Scores predicted by regression equations (113) 

(0) Deviation of a specific score from the 
mean expressed in standard deviation 
units (82) 

(2) Statistic employed to test hypotheses 

when g is known (176, 195) 

Critical value of z, minimum 2 required to re- 

ject Ho at the 0.01 level of significance, two- 

tailed test (177) 

Minimum value of 2 required to reject Ho at the 

0.05 level of significance, two-tailed test (177 


У’ expressed in terms of a z-score (116) 
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THE USE OF TABLE A 


The use of Table A requires that the raw score be transformed into a z-score 
and that the variable be normally distributed. 

The values in Table A represent the proportion of area in the standard 
normal curve which has a mean of 0, a standard deviation of 1.00, and a total 
area also equal to 1.00. 

Since the normal curve is symmetrical, it is sufficient to indicate only the 
areas corresponding to positive z-values. Negative z-values will have precisely 
the same proportions of area as their positive counterparts. 


Column B represents the proportion of area between the mean and a given 2. 


0.5000 of 
0.5000 of the total 
the total 
area 


| à 


| 
DAA 
Mea z 


Column C represents the proportion of area beyond a given z. 


Mean z =z Mean 


Table A 
Proportions of Area under the Normal Curve 


(A) (в) © (A) (8) ©) w i 
area between 
between | area z area between | area z d 
z ROR Ed beyond meon ond beyond meanen 
5 z 
1 A is 
5000 0.55 .2088 -2912 1.10 -3643 
0-00 20000 КАО 0.55 12123 | :2877 И 13665 
те 10080 | :4920 0.57 12157 | 2843 1:12 -3686 
0.02 0190 "4880 0.58 12190 -2810 112: -3708 
0.04 0160 ‚4840 0.59 .2224 .2776 1.14 . 
749 
0199 .4801 0.60 .2257 .2743 1.15 E 
ES 0239 .4761 0.61 .2291 .2709 1.16 .3770 
0:07 0279 .4721 0.62 .2324 .2676 1.17 .3790 
0.08 0319 .4681 0.63 12357 .2643 1.18 .3810 
0.09 0359 4641 0.64 -2389 .2611 1.19 .3830 
9 
0.10 0398 4602 0.65 .2422 .2578 1.20 . 384! 
0.11 0438 4562 0.66 .2454 .2546 1.21 .3869 
0.12 0478 4522 0.67 .2486 .2514 1.22 .3888 
0.13 0517 4483 0.68 12517 -2483 1.23 13907 
0.14 0557 4443 0.69 2549 +2451 1.24 13925 
0.15 0596 4404 0.70 .2580 .2420 1.25 .3944 
0.16 0636 4364 | | 0.7 12611 12389 1:26 13962 
0.17 0675 4325 0.72 .2642 .2358 1.27 .3980 
0.18 0714 4286 0.73 .2673 .2327 1.28 .3997 
0.19 0753 4247 0.74 .2704 .2296 1.29 .4015 
0.20 0793 4207 0.75 .2734 2266 1.30 ‚4032 
0.21 0832 4168 0.76 2764 2236 1.31 .4049 
0.22 0871 4129 0.77 2794 2206 1.32 .4066 
0.23 0910 4090 0.78 2823 2177 1.33 .4082 
0.24 0948 4052 0.79 2852 2148 1.34 ‚4099 
0.25 0987 4013 0.80 .2881 .2119 1.35 4115 
0.26 1026 3974 0.81 2910 +2090 1.36 4131 
0.27 1064 3936 0.82 .2939 .2061 1.37 „4147 
0.28 1103 3897 0.83 .2967 .2033 1.38 .4162 
0.29 1141 3859 0.84 12995 +2005 1.39 4177 
0.30 1179 3821 0.85 .3023 .1977 1.40 .4192 
0.31 1217 3783 0.86 .3051 .1949 1.41 .4207 
0.32 1255 3745 0.87 .3078 .1922 1.42 .4222 
0.33 1293 3707 0.88 3106 .1894 1.43 .4236 
0.34 1331 3669 0.89 3133 .1867 1.44 -4251 
0.35 .1368 3632 0.90 3159 1841 1.45 .4265 
0.36 .1406 3594 0.91 3186 1814 1.46 .4279 
0.37 . M43 3557 0.92 3212 1788 1.47 .4292 
0.38 . 1480 3520 0.93 3238 1762 1.48 .4306 
0.39 1517 3483 0.94 3264 1736 1.49 .4319 
0.40 1554 +3446 0.95 3289 am 1.50 .4332 
0.41 1591 .3409 0.96 3315 .1685 1.51 p E 
0.42 .1628 .3372 0.97 3340 .1660 1.52 .4357 
0.43 1664 3336 0.98 3365 +1635 1.53 .4370 
0.44 1700 3300 0.99 3389 леп 1.54 .4382 
0.45 1736 3264 1.00 3413 1587 
0-46 172 3228 1:01 3438 1562 1:25 ro 
я .1808 1.02 3461 1539 > 
0.48 . 1844 3156 1.03 3485 1515 i Ei p: 
0.49 1879 3121 1.04 3508 1492 1.39 74441 
0.50 1915 .3085 1.05 3531 „1469 
0.51 1950 .3050 1.06 3554 1465 | be ire 
0.52 1985 .3015 1.07 3577 .1423 1. 62 14474 
0.53 2019 . 2981 1.08 3599 -1401 1.63 "4484 
0.54 2054 25254 1.09 3621 -1379 1.64 14495 


Table A. (continued) 


Е 
(А) (В) (C) (A) (B) (C) (A) (B) (с) 
* area between | area z _|area between} area 2 area between | area 
| теап апа beyond | mean and beyond mean and beyond 
z 2 | т z z z 
— 
ro .4505 a] 2.22 .4868 0132 | 2.79 ‚4974 .0026 
e .4515 .0485 2.23 14871 0129 2.80 .4974 :0026 
1862 .4525 10475 2.24 4875 0125 2.81 .4975 10025 
108 .4535 10465 2.25 .4878 0122 2.82 .4976 .0024 
14545 10455 2.26 .4881 -0119 2.83 14977 +0023 
ium .4554 .0446 2.27 4884 0116 2.84 .4977 .0023 
ЈЕЛ 4564 0436 2.28 .4887 .0113 2.85 .4978 .0022 
1-72 4573 0427 2.29 .4890 0110 2.86 .4979 :0021 
ae 4582 0418 2.30 4893 0107 2.87 .4979 :0021 
4591 0409 2.31 .4896 0104 2.88 .4980 10020 
| e .4599 0401 2.32 .4898 .0102 2.89 .4981 .0019 
RE .4608 0392 2.33 .4901 .0099 2.90 .4981 .0019 
Hee .4616 0384 2.34 .4904 .0096 2.91 .4982 .0018 
179 +4625 0375 2.35 „4906 .0094 2.92 .4982 .0018 
.4633 0367 2.36 .4909 .0091 2.93 .4983 10017 
no 4641 .0359 2.37 | 491 .0089 2.94 | .4984 | .0016 
qd 4649 .0351 2.38 14913 .0087 2.95 -4984 -0016 
1:83 4656 :0344 2.39 .4916 .0084 2.96 14985 10015 
1:84 4664 -0336 2.40 14918 0082 2.97 .4985 10015 
i 4671 .0329 2.41 .4920 .0080 2.98 .4986 .0014 
1289 4678 .0322 2.42 .4922 .0078 2.99 .4986 .0014 
1:8 4686 :0314 2.43 14925 10075 3.00 14987 :0013 
a 4693 -0307 2.44 14927 0073 3.01 .4987 10013 
vos 4699 | 1030 2.5 | 1499 | 0071 3.02 | 14987 | .0013 
у 4706 10294 2.46 14931 .0069 3.03 .4988 :0012 
1 
1190 4713 .0287 2.47 .4932 .0068 3.04 .4988 .0012 
1:92 4719 :0281 2.48 4934 .0056 3.05 4989 10011 
1:93 4726 :0274 2.49 14936 .0064 3.06 .4989 .0011 
1:94 4732 .0268 2.50 .4938 .0062 3.07 .4989 .0011 
у 4738 10262 2.51 4940 .0060 3.08 .4990 .0010 
1. 
1 "52 4744 .0256 2.52 4941 0059 3.09 .4990 .0010 
1:97 4750 :0250 2.53 .4943 .0057 3.10 4990 :0010 
1:98 4756 :0244 2.54 4945 10055 3.11 4991 .0009 
1:99 4761 :0239 2.55 4946 .0054 3.12 4991 10009 
^ 4767 10233 2.56 4948 10052 3.13 4991 .0009 
2 4772 .0228 2.57 .4949 .0051 3.14 .4992 .0008 
2.02 4778 .0222 2.58 14951 10049 3.15 14992 :0008 
2:03 4783 0217 2.59 14952 .0048 3.16 .4992 .0008 
2.04 4788 0212 2.60 .4953 .0047 3.17 .4992 .0008 
Я 4793 0207 2.61 .4955 .0045 3.18 .4993 .0007 
Bite 4798 .0202 2.62 .4956 .0044 3.19 .4993 .0007 
2.07 4803 .0197 2.63 14957 10043 3.20 4993 10007 
2\08 4808 10192 2.64 4959 10041 3.21 14993 10007 
2\09 4812 :0188 2.65 14960 :0040 3.22 14994 10006 
3 4817 0183 2.6 :4961 :0039 3.23 :4994 -0006 
2:19 4821 .0179 2.67 | .4982 .0038 3.24 4994 .0006 
2:12 4826 0174 2.68 4963 .0037 3.25 .4994 .0006 
2.13 4830 ‘0170 2.69 4964 .0036 3.30 .4995 10005 
2.14 4834 0166 2.70 4965 10035 3.35 .4996 .0004 
5 4838 0162 2.71 4966 .0034 3.40 .4997 .0003 
15 
EU i 4967 .0033 3.45 
2:16 pn "154 25 4968 -0032 3.50 
2:18 .4850 .0150 2. 4969 .0031 3.60 
2:19 .4854 .0146 2: . 3.70 
2 .4857 .0143 2. 3.80 
-20 
2.21 -4861 .0139 2. 3.90 
.4864 :0136 2. 4.00 


Table B 


Table of X? 
к=н T RE жые а ыы T C ч 
Degrees 
of Р = .99 98 95 90 | „80 ‚70 ‚50 .30 
freedom 

df | 
] .000157 .000628 ‚00393 . 0642 ‚148 „455 1.074 1.642 2.706 ! 3.841 | 5.412 | 6.635 | 
2 „0201 „0404 . 103 . 446 ite 1.386 | 2.408 3.219 4.605 | 5.991 | 7.824 | 9.210 | 
3 “119 ‚ 185 :392 1.005 1.424 2.366 3.665 4.642 6.251 | 7.815 9.837 11.341 | 
4 ‚297 ‚429 „УЛ 1.649 2.195 3.357 4.878 5.989 7.779 9.488 11.668 [3277 | 
5 .554 „732 1,145 2.343 3.000 4.351 6.064 7.289 9. 236 11.070 ! 13.388 | 15.086 | 
6 .872 1.134 1.635 3.070 3.828 5.348 7.231 8.558 10.645 12.592 15.033 16.812 
7 1.239 1.564 2.167 3.822 4.671 6.346 8.383 9.803 12.017 14.067 16.622 18.475 | 
8 1.646 2.032 2.793 4.594 5 527 7.344 9.524 11.030 13.362 15,507 18.168 20.090 
9 2.088 2.532 3.323 5.380 6.393 8.343 10.656 12.242 14.684 16.919 19.679 21.666 | 
10 2.558 3.059 3.940 6.179 7.267 9.342 11.781 13.442 15.987 18.307 21.161 | 23.209 | 
11 3.053 3.609 4.575 6.989 8.148 10.341 12.899 14.631 17.275 19.675 22.618 | 24.725 | 
12 3.971 4.178 5.226 7.807 9.034 11.340 14,011 15.812 18.549 21.026 24.054 | 26.217 | 
13 4.107 4.765 5.892 8.634 9.926 12.340 15.119 16.985 19.812 22.362 25.472 | 27.688 | 
14 4.660 5.368 6.571 9.467 10.821 13.339 16.222 18.15] 21.064 23.685 26.873 | 29.141 | 
15 5.229 5.985 7.261 10.307 11. 72] 14.339 17.322 19.311 22.307 24.996 28.259 30.578 

16 5.812 6.614 7.962 11.152 12.624 15.338 18.418 20.465 23.542 26.296 29.633 | 32.000 

17 6.408 7.255 8.672 12.002 13.531 16.338 19.51] 21.615 24.769 27.587 30.995 | 33.409 

18 7.015 7.906 9.390 12.857 14.440 17.338 20.601 22.760 25.989 | 28.869 32.346 | 34,805 | 
19 7.633 8.567 10.117 13.716 15.352 18.338 21.689 23.900 27. 204 30. 144 33.687 36. 191 | 
20 8.260 9.237 10.851 14.578 16.266 19.337 22.775 25.038 28.412 31.410 35.020 | 37.566 | 
21 8.897 9.915 11.591 15.445 17.182 20,337 23.858 26.171 29.615 32.671 36.343 38.932 

22 9.542 10,600 12.338 16.314 18.101 21.337 24.939 27.301 30.813 33.924 37.659 | 40.289 

23 10.196 11.293 13.091 17.187 19.021 22.337 26.018 28.429 32.007 39. 172 38.768 | 41.638 
24 10.856 11,992 13.848 18.062 19.943 23.337 27.096 29.553 33.196 36.415 40.270 42.980 | 
25 11,524 12.697 14.611 18.940 20.867 24.337 28.172 30.675 34.382 37.652 41.566 | 44.314 | 
26 12.198 13.409 15.379 19,820 21.772 25.336 29.246 31.795 35.563 38.885 42.856 | 45.642 
27 12.879 14.125 16.15] 20.703 22.719 26.336 30.319 32.912 36.741 40.113 44.140 | 46.963 | 
28 13.565 14.847 16.928 21.588 23.647 27.336 31.391 34.027 37.916 41.337 45.419 | 48.278 | 
29 14, 256 15.574 17.708 22.475 24.577 28.336 32.461 35. 139 39.087 42.557 46.693 49.588 

14,953 16.306 18.493 23.364 25.508 29.336 33.530 36.250 40.256 43. 773 47.962 50.892 
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Table C 
Critical Values of t 


For any given df, the table shows the values ot t corresponding to various levels of probability. Obtained + is 
Significant at a given level if it is equal to or greater than the value shown in the table. 


Level of significance for one-tailed test 


ъ= pow os [| » [ow Io 
Level of significance for two-tailed test 


NON CO CO CO C2 CO Co C29 W > > м 


һмм DO PO NM MD DO hà9 NNW Б 
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Table D. Critical Values of ЕР 


greater than the value shown in the table. 


0.05 (light row) and 0.01 (dark row) points for the distribution of F 


The obtained F is significant at a given level if it is equal to or 
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2.16 | 2.12 | 2.10 
(continued) 


.44 | 2.36 | 2.33 | 2.27 | 2.23 | 2.21 
.36 | 2.28 | 2.25 | 2.19 | 2.15 | 2.13 


„33 | 2:25 | 2.21 
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.58 | 2.47 | 2.38 | 2.30] 2.21 


1 
2 


2|2.52|2.44 |2.32| 2.24 | 2.15 | 2.06 | 2.09 | 1.92 


9 
6 


l 
2 


.30 | 2.22 | 2.13 | 2.04| 1.98 | 1.90 


‚80 


| 
2 


1.57 | 1.52 | 1.49 
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Table D; 


Values of F exceeded by 0.025 of the values in the sampling distribution. 


If, in testing the homogeneity of two sample variances, the larger variance is placed over the 
smaller, the number of ratios greater than any given value, equal to or greater than unity, is doubled. 
Therefore use of the values tabulated below, in comparing two sample variances, will provide a 0,05 
level of significance. 


df for larger variance (numerator) 


df 


smaller 
variance 
(denomi- 
nator) 


Interpolation may be performed using reciprocals of the degrees of freedom. 
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Table E 
Critical Values of A 


For any given value of n ~1, the table shows the values of A corresponding to various levels of probability. А is 
gnificant at a given level if it is equal to or less than the value shown in the table. 
ЈЕ 
Level of significance for one-tailed test 
.05 .025 ] .01 .005 .0005 
He Level of significance for two-tailed test 

| а-и ло .05 .02 .01 .001 п-1* 
1 0.5125 0.5031 0.50049 | 0.50012 0.5000012 1 
2 0.412 0.369 0.347 0.340 0.334 2 
3 0.385 0.324 0.286 0.272 0.254 3 
4 0.376 0.304 0.257 0.238 0.211 4 
5 0.372 0.293 0.240 0.218 0.184 5 
$ 0.370 0.286 0.230 0.205 0.167 6 
7 0.369 0.281 0.222 0.196 0.155 7 
8 0.368 0.278 0.217 0.190 0.146 8 
9 0.368 0.276 0.213 0.185 0.139 9 
10 0.368 0.274 0.210 0.181 0.134 10 
n 0.368 0.273 0.207 0.178 0.130 n 
12 0.368 0.271 0.205 0.176 0.126 12 
13 0.368 0:270 0.204 0:174 0.124 13 
n 0.368 0.270 0.202 0.172 0.121 14 
Е 0.368 0.269 0.201 0.17 0.119 15 
16 0.368 0.268 0.20 0.169 0.117 16 
18 0.368 0.268 0.199 0.168 0.116 17 
19 0.368 0.267 0.198 0.167 0.114 18 
20 0.368 0.267 0.197 0.166 0.113 19 
0.368 0.266 0.197 0.165 0.112 20 
я 0.368 0.266 0.196 0.165 0.111 21 
23 0.368 0.266 0.196 0.164 0.110 22 
pi 0.368 0.266 0.195 0.163 0.109 23 
25 0.368 0.265 0.195 0.163 0.108 24 
0.368 0.265 0.194 0.162 0.108 25 

29 0.368 0.265 0.194 0.162 0.107 26 
28 0.368 0.265 0.193 0.161 0.107 27 
29 0.368 0.265 0.193 0.161 0.106 28 
30 0.368 0.264 0.193 0.161 0.106 29 
0.368 0.264 0.193 0.160 0.105 30 
a 0.368 0.263 0.191 0.158 0.102 40 
120 0.369 0.262 0.189 0.155 0.099 60 
0.369 0.261 0.187 0.153 0.095 120 
LE | 7 0.260 0.185 | 0.151 i 0.092 E 


Table F. Transformation of r to z,. 


г z Г т 2, г Ze 
.01 .010 .34 | ‚354 .67 .811 
.02 020 35 .366 .68 .829 
.03 .030 .36 .377 .69 .848 
.04 .040 .37 .389 .70 .867 
.05 .050 .38 .400 .71 .887 
.06 .060 .39 .412 .72 .908 
.07 .070 .40 .424 .73 .929 
.08 .080 .41 .436 .74 .950 
.09 .090 .42 .448 „75 .973 
Ло .100 .43 .460 .76 .996 
m 110 .44 .472 7 1.020 
12 121 .45 .485 .78 1.045 
.13 .181 .46 .497 .79 1.071 
.14 Ла .47 .510 .80 1.099 
15 .151 .48 .523 .81 1.127 
.16 .161 .49 .536 .82 1.157 
17 .172 .50 .549 .83 1.188 
.18 .181 .51 .563 .84 1.221 
.19 .192 .52 .577 .85 1.256 
.20 .203 .53 .590 .86 1.293 
.21 .214 .54 .604 .87 1.333 
22 .224 .55 .618 .88 1.376 
„23 .234 .56 .633 .89 1.422 
-24 +245 .57 .648 .90 1.472 
.25 .256 .58 663 .91 1.528 
.26 .266 .59 .678 .92 1.589 
27 -277 .60 .693 .93 1.658 
-28 -288 61 ‚709 .94 1.738 
-29 -299 .62 .725 .95 1.832 
P res = ‚741 .96 1.946 
. 5 .758 .97 2.092 
a| 2а | S| 75 | за 
. .793 .99 2.647 


Tables 301 


Table G. Critical Values of rho (Rank-Order Correlation Coefficient) 


Level of significance for one-tailed test 
-05 | 025 .01 [ 05 
Level of significance for two-tailed test 

at | w .05 .02 :01 

5 900 1.000 1.000 — 
6 829 886 .943 1.000 
7 714 .786 .893 929 
8 643 .738 833 881 
9 600 -683 783 833 
10 564 1648 746 794 
12 506 .591 712 777 
14 456 1544 645 715 
16 425 1506 601 665 
18 399 1475 564 625 
20 377 1450 534 591 
22 359 .428 508 562 
24 343 1409 485 537 
26 329 1392 465 515 
28 317 | X | - dp 
30 306 .364 2 47 


*n = number of pairs 
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Table H 


Table of Functions of r 


É Ar г2 М ] Nr 1-0 4-28 100(1 —k) r 
k ФЕН. 
1.00 | 1.0000 1.0000 0.0000 0.0000 0.0 
199] 19950 9801 10995 1000 “0199 «Ma ri M 
58 | 1989 -204 11400 11414 10396 11990 8010 | 198 
з i ý „1706 i У 3 
:% | :9798 :9216 1960 190 “0708 E 22:00 36 
95 9747 .9025 .2179 22 | | 
194 | 19695 :8836 12375 bas Tie 2102 yt oF 
193 | 19644 :8649 12551 12646 11351 5015 PA" s 
`92 19592 18454 2713 52699 . .3676 63.24 .93 
191] :9539 8281 12862 3000 1719 pup 5018] ү 
: 58.54 | 91 
.90 | „9487 .8100 30 
.89 | :9434 17921 Er EU ds 1839 SUM ose 
.88| 9381 17744 13250 13454 pu 4560 54.40 | .89 
p 280 74 -3250 de 22% 14750 52.50 | 188 
:86 | .9274 17396 3470 13742 p» “3103 as | 
a у 12604 5103 48.97 | 186 
E .9220 .7225 
IE e mus зл de -2775 .5268 47.32 .85 
.83| :910 16889 13756 14123 A 2525 Pree з 
82) .9055 -6724 13842 14243 13276 A 49:22 E. 
: 19000 16561 13923 4359 13439 E AU ров 
. > .36 P 
.80 8944 .6400 4000 
| тиз 6241 14073 pre “3989 Eat 09 || +80 
P 8832 16084 14142 4690 1391 "2 Sp dE 
7 +8775 15929 -4208 14796 Jon 6380 За p 
Е н 15776 14271 у 3 : 36.20 E 
м а ; 4877 4224 -6499 35.01 176 
4 5 .5625 .4330 5000 
LIE 15476 14386 15099 pos po 39589 | з 
. „8544 .5329 14440 5196 o -6726 32.74 .74 
.72 | 18485 .5184 14490 Е 2684 31.66 73 
24 5292 4816 я 
3 18426 15041 14538 5385 ; 6940 30. 60 72 
м ен 4959 +7042 29.58 Ка 
| .8367 .4900 .4583 | | 
Ф| 28207 14761 14625 p 3239 ges 223» || 75 
s 8246 14624 14665 15657 1537 .7238 27.62 .69 
«67 | 2818 14489 14702 15745 E: RS WE E 
: 8124 14356 4737 15831 p “7513 д |“ 
` : 24.87 | 16 
FIBRE .4225 .4770 5916 
к +8000 24096 24800 16000 E :7599 24.01 65 
83 | 27937 :3969 14828 `6083 A 7684 23.16 | :64 
e -7874 13844 14854 16164 “8138 ae 22:34 
17810 3721 14877 6245 16279 И 21.54 162 
ad ж кы eo» " 20.75 | 61 
$| m ш | om | am | Б | 38 | ва 9 
257 | :7550 ; en El -663 : less | e 
.56 17483 aed? -4951 .6557 “erat 216 18,54 +08 
3136 4964 16633 eal 18216 17.84 157 
ре ái aps бо 8285 17.15 .56 
| ode 12916 14984 “6782 Hee Eu 16:48 = 
| Bm -2809 14991 16856 Tet .8417 15.83 154 
| oc po 14996 6928 7296 250 15:20 | 153 
> .4999 7000 7399 “АО 14.58 .52 
285 кай ни кз а . 13:98 | 151 
. .7071 E. 
500 .8660 13.40 .50 
= НЕ і 
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El т г? 4-8 l-r? л-в 100(1 – k) ‚| 
k % ЕН. 

= 

-50 ‚7071 .2500 .5000 .7500 .8660 13.40 .50 
.49 .7000 .2401 .4999 7599 .8717 12.83 .49 
.48 .6928 2304 .4996 -7696 -8773 12.27 .48 
47 ‚6856 2209 .4991 ‚7791 .8827 11.73 47 
46 .6782 2116 4984 .7884 .8879 11.21 46 
.45 .6708 .2025 .4975 .7975 .8930 10.70 .45 
.44 .6633 .1936 .4964 .8064 .8980 10.20 .44 
43 6557 ‚1849 .4951 .8151 .9028 9.72 .43 
42 ‚6481 ‚1764 .4936 .8236 -9075 9.25 .42 
41 - 6403 .1681 14918 .8319 .9121 8.79 41 
-40 . 6325 .1600 .4899 .7746 .8400 .9165 8.35 .40 
-39 -6245 11521 14877 ‚7810 18479 -9208 7.92 .39 
.38 .6164 .1444 .4854 .7874 .8556 .9250 7.50 .38 
.37 6083 11369 `4828 ‚7937 .8631 .9290 7.10 JT 
+36 .6000 1296 4800 .8000 ‚8704 9330 6.70 .36 
.35 .59 1225 4770 .8062 .8775 9367 6.33 35 
+34 E] 1156 .4737 .8124 .8844 -9404 5.96 .34 
:33 .5745 1089 .4702 .8185 .8911 .9440 5.60 .33 
.32 15657 11024 -4665 .8246 .8976 :9474 5.25 `32 
.31 5568 .0961 .4625 .8307 .9039 .9507 4.93 .31 
-30 E .4583 .8367 9100 .9539 4.61 .30 
39 | 155 0541 14538 18426 19159 19570 4.30 :29 
-28 .5292 0784 .4490 .8485 -9216 -9600 4.00 .28 
.27 .5196 “0729 .4440 „8544 .9271 .9629 3.71 „27 
+26 ‚5099 0676 4386 - 8602 +9324 = 9656 3.44 .26 
.25 А 4330 .8660 .9375 .9682 3.18 .25 
.24 4699 КС! A .8718 .9424 .9708 2.92 724 
+23 4796 0529 .4208 .8775 .9471 .9732 2.68 .23 
-22 ‚4690 10484 14142 .8832 .9516 .9755 2.45 E 
.21 "4583 “0441 74073 8888 9559 .9777 2:23 21 
.20 4000 .8944 .9600 .9798 2.02 .20 
лә | 14359 К 13923 19000 9639 9818 182 | 119 
-18 .4243 10324 .3842 .9055 +9676 .9837 1.63 .18 
17 4123 10289 13756 .9110 .9711 -9854 1.46 17 
16 .4000 10256 13666 9165 9744 19871 1.29 16 
18 71 .9220 .9775 .9887 Kets „15 
ла | xu “0196 “3470 19274 :9804 9902 в | ла 
3 -3606 0169 13363 19327 19831 19915 ^85 3 
12 3464 0144 3250 .9381 19856 19928 72 u2 
SU] -3817 10121 3129 19434 9879 9939 ‘61 a 
ло .9487 .9900 .9950 .50 .10 
109 3162 :0100 sr 19539 19919 19959 a “09 
:08 | 2828 10064 12713 19592 19936 .9968 132 :08 
.07 12646 0049 12551 19644 19951 19975 25 107 
06 | 12449 10036 12375 9695 9964 7982 -18 -06 
.05 19747 .9975 .9987 EH .05 
104 2235 фо 12179 19798 9984 19992 ‘в | 04 
.03 11232 "0009 1706 19849 19991 19995 105 “03 
02 | пам 10004 71400 19899 19996 19998 102 |02 
:0 | 1000 10001 10995 9950 19999 9999 "01 Sr 
| | .0000 0000 .0000 1.0000 1.0000 1.0000 .00 "m 


Table lı 


Critical Values of С and U’ for a One-tailed Test at с = 0.005 ог a Two-tailed Test ata = 0.01 


To be significant for any given п; and nz: Obtained Ц must be equal to or less than the value shown in the table. 
Obtained U’ must be equal to or greater than the value shown i 


n the table, 


(Dashes in 


Table 15 
Critical Values of U and U' for а One-tailed Test at a = 0.01 ога Two-tailed Test ata = 0.02 


To be significant for any given n, and n5: Obtained U must be equal to or less than the value shown in the table. 
Obtained U’ must be equal to or greater than the value shown in the table. 


E чч SA 7 8 9 10 1 2z T$ M. 105 it Т7 Е i D 


-- -- c 00 -- - - - - - о о о о о о ìl | 
26 28 3 32 34 36 37 39 

e« Ceo мы = ОФ UD 1 i d = 32 2 3 3 „А 34 4 5 
21 24 26 29 32 34 37 40 42 45 47 5% 52 55 

es s бт т ия G3 #82 » FF & 3X. F 4 »+ 9.» wW 
20 23 27 30 33 37 40 43 4 50 53 57 и 8 & л 

= 0 1 2 8 4 S 6 7 B ә TO п ~» 33 M 3135 16 
20 24 28 32 36 40 44 48 52 56 0 64 68 72 76 80 8 
— | Ш S »+ 6 7 S 39 тг Т2 d» 15 E tS ов 22 
23 28 33 38 42 47 52 57 м 66 71 75 80 84 89 94 93 


0 2 4 6 7 91 135 177 20 22 274 2324 326 3 2 M 
24 30 36 42 49 55 ól 67 73 79 84 90 96 102 108 114 120 126 
yr 2 d 3» о т dá 16 во 21 23 25 2 3) 33 3&6 3 Ж 
2B B3 4D dr аы МО в м 300 102 па 190 125 18 18 
1 5 à Е 71 i3 T © ЮЭ 324 22 ж 33 ee зв д 44 € 
29 37 44 52 59 67 74 81 88 96 103 110 117 124 132 139 146 153 
| 4 7 9 12 15 18 2 25 28 3| 3 37 41 44 47 50 53 
32 40 48 57 65 73 81 88 % 104 112 120 128 135 143 151 159 167 


55 70 84 98 112 126 140 153 167 180 193 207 220 233 247 260 273 286 


(Dashes in the body of the table indicate that no decision is possible at the stated level of significance. ) 


Table l; А = 
Critical Values of U and U' for a One-tailed Test at a = 0.025 or a Two-tailed Test ata = 0.05 


be significant for any given пу and пз: Obtained U must be equal to or less than the value shown in the table. 
ET U' must be equal to or greater than the value shown in the toble. 


mI enas 325 765 x повете 
nz 
RESORT VO RII IC ACE CER ЛА CERE CECI NUR EN CAU 
о "=з ш ш шо 0 0 UO о ү + 1 1 (E даљ E 20 
Ses IS 48 720.22 23: 05 ол с ЗЇ 82 ба 6 ла 
-- -- -- -- 0 | AP MS А: AE eee ee о ж УВ 
s 15 17 20 22 25 27 30 32 35 37 40 42 45 47 50 52 
xn isst aa aa QM Mr E A TNR C MCN E S NT n 42 31$ a 
16 19 22 25 28 32 35 38 41 44 47 5 53 57 6 63 67 
ilo F cake E MU ТРОЙ и 14 15 17 18 19 20 
15 19 23 27 30 34 38 42 46 49 53 57 61 65 68 72 76 80 
De [оо Б Оё i8. МО TR Маји те | 1» 21. 22 24 25 27 
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fte» Op д E ho м ТЕ и lé 18 20 22 24 258 28 зу 3 и 
===. 953 ва мал шый књ 
8|-- 2 34.9.9 19 ја ТБ {л 1$ 92 $4 др 29 3| 34 36 38 41 
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WS у 4 8 32 16 0. 24 в ду 41 45 50 54 59 63 67 72 756 
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31 42 53 65 75 86 97 107 118 129 139 149 160 170 181 191 202 212 222 
17 #52 ЕН AF m» QN па 39 45 BY 2 (63 52.28 Чї ду өт 795 105 
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(Dashes in the body of the table indicate ther no 4 


о! no decision is possible at the stated level of significance.) 


Table l4 
Critical Values of U and U' for a One-tailed Test at « = 0.05 or a Two-tailed Test ata = 0.10 


To be significant for any given n, and пз: Obtained U must be equal to or less than the value shown in the table. 
Obtained U’ must be equal to or greater than the value shown in the table. 
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26 35 45 54 63 72 № 90 99 108 117 126 135 144 153 161 170 179 188 

15| -- 3 7 12 18 23 28 33 39 44 50 55 61 66 72 77 83 88 94 100 

27 38 48 57 57 77 87 % 106 115 125 134 144 153 163 172 182 191 200 

16 | -- 3 8 14 19 25 30 36 42 48 54 60 65 71 77 83 89 95 101 107 

29 40 50 61 71 82 92 102 112 122 132 143 153 163 173 183 193 203 213 

17 | -- 3 9 15 20 26 33 39 45 SI 57 64 70 77 83 89 % 102 109 115 

31 42 53 65 76 86 97 108 119 130 140 151 161 172 183 193 204 214 225 

18| -- 4 9 16 22 28 35 41 48 55 61 68 75 82 88 95 102 109 116 123 

32 45 56 68 80 91 103 114 123 137 148 159 170 182 193 204 215 226 237 

19| 0 4 10 17 23 30 37 44 51 58 65 72 80 87 94 101 109 116 123 130 

19 34 47 59 72 84 96 108 120 132 144 156 167 179 191 203 214 226 238 250 

2| о 4 11 18 25 32 39 47 54 62 69 77 84 92 100 107 115 123 130 138 

20 36 49 62 75 88 101 113 126 138 151 163 176 188 200 213 225 237 250 262 


(Dashes in the body of the table indicate that no decision is possible at the stated level of significance. ) 
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Table J 4 
Critical Values of 7 at Various Levels of Probability 


i ith differences that are а! 
| T denotes the smaller sum of ranks associated with 
Те уроон of ranked differences), the obtained Т is si 
the value shown in the table. 


Il of the same sign. For any 
gnificant at a given level if it is equal to or less than 


Level of significance for one-tailed test | | Level of significance for onertalles test 
5 | 05 B .01 ч . 005 .05 .025 | .01 + 005 
Level of significance for two-tailed «c Level of significance for two-tailed = 
N ло BE es | .02 E .01 N | эй % | 02 | .01 
5 0 -- -- -- | 28 130 16 101 F| 9 
6 2 0 - = 29 140 126 110 100 
7 3 2 о -- 30 151 137 120 109 
8 5 3 1 0 31 163 147 130 118 
9 8 5 3 1 32 175 159 140 128 
10 10 8 5 3 33 187 170 151 138 
n 13 10 7 5 34 200 182 162 148 
12 17 13 9 7 35 213 195 173 159 
13 21 17 12 9 36 227 208 185 171 
14 25 21 15 12 37 241 221 198 182 
15 30 25 19 15 38 256 235 21 194 
16 35 29 23 19 39 271 249 224 207 
17 41 34 27 23 40 286 264 238 220 
18 47 40 32 27 41 302 279 252 233 
19 53 46 37 32 42 319 294 266 247 
20 60 52 43 37 43 336 310 281 261 
21 67 58 49 42 44 353 327 296 276 
22 75 65 55 48 45 371 343 312 291 
23 83 73 62 54 46 389 361 328 307 
24 91 81 69 61 47 407 378 345 322 
25 100 89 76 68 48 426 396 362 339 
26 110 98 84 75 49 355 
27 по 107 92 83 373 
(Slight discrepancies will be found between the criti 


the 1964 revision of F, Wilcoxon, and 
Lederle Laboratories, 1964, The di 
given significance level, occasiona 


pearing in the table above and in Table 2 of 


oximate Statistical Procedures, New York, 


policy of se ecting the critica value nearest a 
Пу overstepping that level. For example, for N = 8 


the probability of a T of 3 = 0.0390 (two-tail) 
and 


the Probability of a T of 4 = 0.0546 (two-tail). 
Wilcoxon and Wilcox select a T of 4 as the с 


ritical value at the 0,05 level of significance (two-tail), whereas 
Table J reflects a more conservative policy by setting a T of 3 as t 


he critical value at this level.) 


Tables 309 
Table K 
Factorials of Numbers 1 to 20 
N NI 
0 
1 | 
2 2 
3 6 
4 24 
5 120 
6 720 
7 5040 
8 40320 
? 362880 
10 3628800 
11 39916800 
12 479001600 
13 6227020800 
14 87178291200 
15 1307674368000 
16 20922789888000 
17 355687428096000 
18 6402373705728000 
19 121645100408832000 
20 24329020081 76640000 
Table L 
Binomial Coefficients 
N N N N N N N N N 
[м ЮЖО ар у G D G Y 
0 1 
1 1 1 
1 2 1 
3 1 3 3 1 
4 1 4 6 4 1 
5 1 5 10 10 5 1 
6 1 6 15 20 15 6 1 
7 1 2. 2 35 35 21 7 1 
8 1 в 28 56 70 56 28 8 1 
$ 1 9 з 84 126 126 84 36 9 1 
10 тю a 1 210 252 210 120 45 10 1 
n 1 nnn 5 165 330 462 462 330 165 55 n 
12 1 12 & 220 495 72 924 792 495 220 66 
13 ] 3. Ж 25 As 107 Ine 1Л6 1287 715 286 
14 1 14 Я 34 10 2002 3003 3432 3003 2002 1001 
15 | 15 105 455 135 3003 5005 6435 6435 5005 3003 
16 1 à 10 5 1820 4368 8008 11440 12870 11440 8008 
M. 1 17 1% 680 2380 6188 12376 19448 24310 24310 19448 
18 1 18 153 816 3060 8568 18564 31824 43758 48620 43758 
18 | 19 IN 969 3876 11628 2732 50388 755809 92378 92378 
| 47 | у o» № пио пи тен зе HESS Cx) uses ты 
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Table M 


Cumulative Probabilities Associated with Values As Small As Observed Values 
of x in the Binomial Test (x is the smaller of the observed frequencies) 


Given in the body of this table аге one-tailed probabil 
To save space, decimal points аге omitti 


ties under Но 
ed in the p's. (x = smaller of tl 


for the binomial test when P = Q= 1/2. 
he observed frequencies) 


11.0 or approximately 1.0, 


212 345 500 655 788 


|» i 2 8 as 5 7 а P9 б qd i» jj Е 

031 188 50 812 969 + 

016 109 344 656 вәт 984 | 

008 062 227 500 773 938 992 t 

004 035 145 363 637 855 965 996 t 

002 020 090 254 500 746 910 980 998 1 

001 011 055 172 377 623 828 945 989 999 t 

006 033 113 274 500 726 887 967 994 t t 
003 019 073 194 387 613 806 927 981 997 + t 

13 002 Ol! 046 133 29] 500 709 867 954 989 998 | t 
14 00! 006 029 090 212 395 $05 788 910 971 994 999 t t 
15 004 018 059 151 304 500 696 849 94] 982 996 { t t 
16 002 011 038 105 227 402 598 773 895 962 989 998 | t 
17 001 006 025 072 166 gis 500 685 834 928 975 994 999 + 
18 001 004 015 048 119 240 407 593 760 881 952 985 996 999 
19 002 010 032 084 180 32, 500 676 820 916 968 990 998 
20 001 006 021 058 132 252 412 588 748 868 942 979 994 
21 00! 004 013 039 095 192 332 500 668 808 905 961 987 
22 002 008 026 067 143 262 416 584 738 857 933 974 
23 001 005 017 047 105 202 339 500 661 798 895 953 
24 001 003 011 032 076 154 27] 419 581 729 846 924 
25 002 007 022 054 115 
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Table N 


Critical Values of x at the 0.05 (lightface type) and 0.01 (boldface type) Levels of Significance 
for Various Values of Р and О when N < 10 


X = frequency in the category with P probability of occurrence. The obtained x must be equal t Ц 
than the value shown in the table for significance at the chosen level. Ба аи 
ы Рм | o | ло | .2 25 .30 1/3 240 
Q .99 95 90 .80 75 Jo | 2/3 1.60 

2 1 2 2 2 -- -- s -- 
2 2 2 -- -- -- -- -- 

3 1 2 2 3 3 3 3 -- 
2 2 3 3 -- = 25 " 

4 1 2 2 3 4 4 4 4 
2 Г 3 4 4 4 ы == 

5 1 2 з 4 4 4 4 5 
2 3 3 4 5 5 5 E 

6 2 2 з 4 4 5 5 5 
2 3 4 5 5 6 5 5 

7 2 2 3 4 5 5 5 6 
2 3 4 5 6 6 6 7 

8 2 3 3 5 5 6 6 6 
2 3 4 5 6 7 7 7 

9 2 3 4 5 5 6 6 7 
2 3 4 6 6 7 7 8 

10 2 3 4 5 6 6 7 8 
2 4 5 6 7 8 8 9 


(Dashes in the body of the table indicate that no decision is possible at the stated level of significance.) 


Table о 
Some Approximately Normal Populations for Sampling Experiments 


LX f f f [ f 

2 4 2 0 0 

3 54 27 6 

4 242 121 24 12 

5 400 200 40 

6 242 121 24 12 

7 54 27 6 

8 4 2 0 0 

N 1000 500 100 50 

н 5.00 5.00 5.00 5.00 
Le .99 .99 .98 .98 
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Table P. Percentage Points of the Studentized Range 
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Table О. Squares, Square Roots, and Reciprocals of Numbers from 1 to 1000 


| м № JN VN мом JN VN м м JN IAN 
1 1 1.0000 1.000000 | 61 3721 7.8102 .016393 |121 14641 11.0000 .00826446 
2 4 1.4142 1500000 | 62 3844 7.8740 .016129 |122 14884 11.0454 [00819672 
3 9 1.7321  .333333 | 63 3969 7.9373 015873 |123 15129 11.0905 ‘00813008 
4 16 2.0000 250000 | 64 4096 8.0000 015625 |124 15376 11.1355 100800452 
5 25 2.2361  .200000 | 65 4225 8.0623 .015385 |125 15625 11.1803 100800000 
6 36 2.4495  .166667 | 66 4356 8.1240 .015152 |126 15876 11.2250 .00793651 
7 49 2.6458  .142857 | 67 4489 8.1854 .014925 |127 16129 11.2694 100787402 
8 64 2.8284  :125000 | é8 4624 8.2462 1014706 |128 16384 11.3137 100781250 
9 вт 3.000 ли | 69 4761 8.306 .014493 |129 16541 11.3578 00775194 
10 — 100 3.1623 (100000 | 70 4900 8.3666 014286 |130 16900 1114018 100749231 
i gt { .090909 | 71 5041 8.4261 .014085 [131 17161 11.4455 .00763359 
E i 144 demus ли nes mue nu ud 14891 — 00757576 
13 169 3.60%  .076923 | 73 5329 8.5440 .013699 |133 17689 11.5326 100751880 
14 196  3:7417 1071429 | 74 5476 8.6023 .013514 |134 17956 11.5758 00746269 
15 225 3,8730 1066667 | 75 5625 8.6603 013333 |135 18225 11.6190 00740741 
lé 2% 4.0000 .062500 | 76 5776 8.7178 .013158 |136 18496 11.6619  .00735294 
dE Iv dS NM A X 11.7047 00729927 
18 324 4.2426  .055556 | 78 6084 8.8318 .012821 |138 19044 11.7473 100724538 
19 361 43589 1052632 | 79 6241 8.8882 .012658 [139 19321 11.7898 00719424 
20 — 400 44721 1050000 | 80 6400 8.9443 .012500 |140 19600 11.8322 100714286 
2 .047619 | 81 6561 9.0000 .012346 |141 19881 11.8743  .00709220 
X M4 P anl ar 424 05M. шл» | QOEM то 5007020 
23 529 47958 1043478 | 83 6889 9.1104 .012048 |143 20449 11.9583 00699301 
24 5% 4,8990 1041667 | 84 7056 9.1652 .011905 |144 20736 12.0000 00694444 
25 6525 50000 1040000 | 85 7225 9.2195 .011765 |145 21025 12.0416 00689655 
26 2| во 7396 9.2736 .011628 |146 21316 12.0830  .00684932 
Z^ x9 i | due cuu. AMA [2-209 Па шк; 
28 784 52915 1035714 | 88 7744 9.3808 :011364 |148 21904 12.1655 100675676 
29 м1 5385 (034483 | 89 7921 9.4340 .011236 |149 2220) 12.2066 00671141 
30 900 54772 :033333 | 90 8100 9.4868 011111 |150 22500 12.2474 10066666 
151 22801 12.2882 000662252 
31 961 5.5678 .032258 | 91 8281 9.5394 .010989 . . 
32 1024 5.8569 .031250 | 92 8464 9.5917 .010870 [152 23104 12.3288 00657895 
: 9.6437 .010753 |153 23409 12.3693 00653595 
32 1080 5.7446 .030303 | 93 ВЫ? 9. 154 23716 12.4097 100649351 
3$ 1156 5.8310  .02412 | 94 8886 9.505 01028 hias 24025 12.4097 100645161 
35 1225 5,9161 .028571 | 95 9025 9.7468 .0105 E E 
36 12% 6.0000  .027778 | 96 9216 9.7980 .010417 |156 24336 12.4900 10009108 
37 1369 6.0828  .027027 | 97 9409 9.8489 . 10204 |158 24964 12.5598 .00632911 
39 кеч eod ЖОЙ | oe n 2:493 1010101 |199 25281 1216095 ба 
40 1500 6.3246 025000 |100 10000 10.0000 .010000 |160 25600 12.6491  .00625000 
2 и мш шш pm vam кина а im es qun 
3 1764 6.4807 .023810 | 102 10.1489 00970874 |163 26569 12.7671  .00613497 
3 1 5.2274 022727 104 josie 10.1980 .00961538 |164 26896 12.8062 00609756 
45 2025 $2985 1022222 |105 11025 10.2470 100952381 165 27225 12.8452 00606061 
943396 |166 27556 12.8841 .00602410 
4j 216 6.7823 .021739 (106 11236 10-2956 сбыт 167 27009 12.9228 00590002 
ás 2209 6.8989 021277 |107 11449 10-552. 00925926 168 28224 12.9615 00595238 
$ 2304 6.9282 1020833 |108 11664 10.3902 Сер 28561 13.0000 100591716 
59 2401 7.0000 020408 |109 11881 10.4403 “90909091 |170 28900 13.0384 .00588235 
50 250 7071  .020000 |110 12100 10.488! . 
4 10.5357 .00900901 |171 29241 13.0767 .00584795 
2 2801 7.1414 019608 |111 12321 75830 .00892857 |172 29584 13.1149 00581395 
52 2704 тли ‘019231 |112 12544 10. 1 100884956 |173 29929 13.1529 100578035 
Sj 2809 7.2801 018868 |113 12769 10.630 100877193 |174 30276 13.1909 100574713 
Sf 2916 7.3485 :018519 |114 12996 10.6771 “908695651175 30625 13.2288 (00571429 
55 3025 74162 018182 |115 13225 10.7238 . 
5 7703 .00862069 |176 30976 13.2665 .00568182 
2 3% 7.4803 .017857 |116 19456 10.7709 ee or 177 3139 13.201 00264972 
Ss 3249 7588 01744 |17 13689 10.8008 00847458 178 31684 13.3417 00561798 
= 3364 7.6158 .017241 |118 12924 10 9087 .00840336 |179 32041 13.3791 100558659 
€ 5081 б «а 119 14400 10.9545 .00833333180 32400 13.4164 . 


Table О. (continued) 


WO се JN ум |N № AN им |N N? VN 1/N 
181 32761 13.4536  .00552486 241 58081 15.5242 .00414938 |301 90601 17.3494 00332226 
3494 .00 
182 33124 13.4907 00549451 242 58564 15.5563 .00413223|302 91204 173781 00331126 
183 33489 13.5277 00546448 |243 59049 15.5885 (00411523303 91809 17.4069 100330033 
184 33856 13.5647 (00543478 |244 59536 15.6205 .00409836|304 92416 17.4356 00328047 
185 34225 13.6015 100540541 |245 60025 15.6525 (00408163 |305 93025 17.4542 100328947 
186 34596 13.6382 (00537634 |246 60516 15.6844 00406504 
187 34969 13.6748 100534759 247 61009 15.7162 100404858 30° 02626 17-4929 00326797 
188 35344 13.7113 -00531915 |248 61504 15.7480 100403226 308 94864 17.5499 0032175 
189 35721 13.7477 .00529101 |249 62001 15.7797 (00401606 | 30 5 Я 
189 3872) 13.7477 00529101249 9 95481 17.5784 (00323625 
à 2 62500 15.8114 .00400000|310 96100 17.6068 00322581 
191 36481 13.8203 .00523560|251 63001 15.8430 
192 36864 13.8564 .00520833|252 63504 15 8745 “003968 zou s ee ow 
: -00396825| 312 97344 17.6635 (00320513 
193 37249 13.8924 .00518135|253 64009 15.9060 00395257313 9/969 17 319489 
194 37636 13.9284 00515464 |254 64516 15.9374 (00393701 |314 әлә “7300 100 
195 38025 13.9642 .00512821 |255 65025 15.9687 00392157 318 95255 17.9482 “00317460 
E T2 21 fI T1 ры юлын 
. 3 і : 5|317 100489 17.8045 00315457 
198 39204 14.0712 .00505051 |258 66564 16.0624 ‘003 А 
5 -00387597 | 318 101124 17 14465 
199 39601 14.1067 .00502513|259 67 epee ote 
200 40000 14.1421 100500900 |260 780 16 1245 10030600 320 102400 17:800 “00312500 
201 ] | 
O 0097512201 88121 16.1555 00383142321 103041 17.9165 .00311526 
203 41209 14.2478 100492611 263 69169 16.2173 002616790322 103684 17.9444 00310559 
204 41616 14.2829 .00490196|264 69696 16.2481 “00378768 324 әл» ЈЕ Е 
205 42025 14.3178 .00487805|265 70225 16.2788 ^ pe. 180000 „О0з0801 
à .2788 .00377358|325 105625 18.0278 00307692 
206 42436 14. | | 
207 42849 14-5527 pond tr eee 18.3401 100075740 326 106276 18.0555 00206748 
208 43264 14.4222 обоа 71289 16.3401 100974532 327 106929 18.0831 100305810 
209 49681 14.4568 00478469 |269 72361 16-3012 100371747 ae Wen d M 
14.4914 — 100476190 | 270 i ; 108251 18-1384 „00903931 
ео 72900 16.4317 .00370370| 330 108900 18.1659 100303030 
212 44944 14.5602 и 272 73904 16.4924 00604 332, 109561 18.1934 .00302115 
213 45369 lassas Ama 73984 24 .00367647 332 110224 18.2209 00301205 
214 45796 14.6287 00467290 |274 75076 163529 100356300 333 110889 18.2483 00300300 
215 46225 14.6629 00465116 275 75625 16.5831 О see 111556 18.2757 0029940! 
216 46656 14.6969 (00462963 кы о онан 
5 3 276 76176 16. 
21) 47089 14.7309 00460829 277 76729 166433 003623191336 112896 18.3303 .00297619 
218 47524 14.7648 00458716 278 77284 16° :00359011|337 113569 18.3576 00296736 
219 47961 14.7986 0045621279 77841 ү Я 338 114244 18.3848 00295858 
220 48400 14.8324 .00454545|280 78400 14 7332 10035123 S Mid Е 
221 48841 14.8661 00452489 | 281 d 
à 78961 16. 
222 49284 14.8997 .00450450 282 79524 16/929 100355872 34] 116281 18.4662 00293255 
223 49729 14.9332  .00448430 283 80009 |, 100354510342 116964 18.4932 00292398 
225 50176 14.9666  .00446429 264 80656 16-8225 ‘00353357 |343 117649 18.5203 .00291545 
625 15.0000 ом 265 80086 18-882 0052113344 118336 18.5472 00050698 
226 51076 15.0333 .00442478| 286 81796 16.9115 — eee NN 
. 9115 
228 31909 13-066 (00440529 287 82369 1694 100049650 |346 119716 18.6011 .00289017 
84 15.0997 00438596288 82944 00342232347 120409 18.6279 00288184 
32% 52441 15.1327 .00436681|289 8352] 17.0008 "0034602. 348 121104 18.6548 00287356 
15.1688 00434783290 810 17.0204 ‘08460211349 121801 18.6815 00286533 
231 53361 15.1987 .00432900]291 e468) 17.0587 — с шы шы 
232 53824 20387. 
233 54289 15.2643 10042918 293 80262 17-0880 100942443. 352 123901 18.7617 00284091 
2M 54756 15-2971 .00427350 294 86436 17:144 "0340134 se o 18.7803 90288286 
23297 .00425532| 295 87025 17.1756 100338988 821 125316 18.8149 .00282486 
236 55696 15.3623 00403729 296 в 126025 18.8414 00281690 
237 56169 15.3948 00421941297 88909 17.2047 00337838 |356 127 
238 56644 15.4272 700420168296 22209 17.2939 00936700 357 127449 Mid “come 
289 57121 { voor. 00 : : 
20 ИШ 154% -00418410}299 89401 17.2916 D 358 128164 18.9209 700279330 
3 Е 67:300 90000 17.3205 003333331229 128881 18.9473 .00278552 
60 129600 18.9737 00277778 


(continued) 


Table О. (continued) 


2 
zi 


N N? AN VN |N N? VN |N № ÁN ум 
361 130321 19.0000 .00277008| 421 177241 
362 131044 19.0263 .00276243| 422 178084 
363 131769 19.0526 .00275482| 423 178929 
364 132496 19.0788 .00274725| 424 179776 
365 133225 19.1050 .00273973| 425 180625 


.5183 .00237530|481 231361 21.9317 .00207900 
.5426 .00236967|482 232324 21.9545 .00207469 
.00236407 | 483 233289 21.9773 .00207039 
.5913 .00235849 |484 234256 22.0000 .00206612 
.6155 .00235294|485 235225 22.0227 .00206186 


.6398 .00234742|486 236196 22.0454 .00205761 
6640 .00234192|487 237169 22.0681 .00205339 
.6882 .00233645|488 238144 22.0907 .00204918 
.7123 .00233100|489 23912] 22.1133 .00204499 
7364 .00232558|490 240100 22.1359 .00204082 


7605 .00232019 | 491 241081 22.1585 .00203666 
7846 .00231481 |492 242064 22.1811 .00203252 
.00230947|493 243049 22.2036 .00202840 
8327 .00230415 |494 244036 22.2261 .00202429 
8567 .00229885 |495 245025 22.2486 .00202020 


КЕЧ 
Ё 
3 


366 133956 19.1311 .00273224|426 181476 
367 134689 19.1572 .00272480| 427 182329 
368 135424 19.1833 .00271739|428 183184 
369 136161 19.2094 .00271003|429 184041 
370 136900 19.2354 .00270270|430 184900 


371 137641 19.2614 .00269542|431 185761 
372 138384 19.2873 .00268817|432 186624 
373 139129 19.3132 .00268097|433 187489 
374 139876 19.3391 .00267380|434 188356 
375 140625 19.3649 .00266667|435 189225 


376 141376 19.3907 .00265957|436 190096 
377 142129 19.4165 .00265252|437 190969 
378 142884 19.4422 .00264550|438 191844 
379 143641 19.4679 .00263852|439 192721 
380 144400 19.4936 .00263158|440 193600 


381 145161 19.5192 .00262467|441 194481 21.0000 .00226757|501 251001 22.3830 .00199601 
382 145924 19.5448 .00261780|442 195364 21.0238 .00226244|502 252004 22.4054 .00199203 
383 146689 19.5704 .00261097|443 196249 21.0476 .00225734|503 253009 22.4277 .00198807 
384 147456 19.5959 .00260417|444 197136 21.0713 .00225225|504 254016 22.4499 .00198413 
385 148225 19.6214 .00259740| 445 198025 21.0950 .00224719|505 255025 22.4722 .00198020 


.8806 .00229358 |496 246016 22.2711 .00201613 
.9045 .00228833 |497 247009 22.2935 .00201207 
.9284 .00228311 |498 248004 22.3159 .00200803 
.9523 .00227790 |499 249001 22.3383 .00200401 
.9762 .00227273 |500 250000 22.3607 .00200000 


3888383 NBNBN мызын 
= 


386 148996 19.6469 .00259067|446 198916 21.1187 .00224215 |506 256036 22.4944 .00197628 
387 149769 19.6723 .00258398| 447 199809 21.1424 .00223714|507 257049 22.5167 .00197239 
388 150544 19.6977 .00257732| 448 200704 21.1660 .00223214|508 258064 22.5389 .00196850 
389 151321 19.7231 .00257069 | 449 201601 21.1896 .00222717|509 259081 22.5610 .00196464 
390 152100 19.7484 .00256410| 450 202500 21.2132 .00222222|510 260100 22.5832 .00196078 


391 152881 19.7737 .00255754|451 203401 21.2368 .00221729|511 261121 22.6053 .00195695 
392 153664 19.7990 .00255102|452 204304 21.2603 .00221239 |512 262144 22.6274 .00195312 
393 154449 19.8242 .00254453|453 205209 21.2838 .00220751 |513 263169 22.6495 .00194932 
394 155236 19.8494 .00253807 454 206116 21.3073 .00220264 |514 264196 22.6716 .00194553 
395 156025 19.8746 .00253165|455 207025 21.3307 .00219870 |515 265225 22.6936 .00194175 


396 156816 19.8997 .00252525| 456 207936 21.3542 .00219298 |516 266256 22.7156 .00193798 
397 157609 19.9249 .00251889| 457 208849 21.3776 .00218818|517 267289 22.7376 .00193424 
398 158404 19.9499 .00251256|458 209764 21.4009 .00218341 |518 268324 22.7596 .00193050 
399 159201 19.9750 .00250627| 459 210681 21.4243 .00217865 |519 269361 22.7816 .00192678 
400 160000 20.0000 .00250000] 460 211600 21.4476 .00217391 |520 270400 22.8035 .00192308 


401 160801 20.0250 .00249377|461 212521 21.4709 .00216920 |521 271441 22.8254 .00191939 
402 161604 20.0499 .00248756|462 213444 21.4942 .00216450 |522 272484 22.8473 .00191571 
403 162409 20.0749 .00248139|463 214369 21.5174 .00215983|523 273529 22.8692 .00191205 
404 163216 20.0998 .00247525|464 215296 21.5407 .00215517 |524 274576 22.8910 .00190840 
405 164025 20.1246 .00246914|465 216225 21.5639 .00215054 |525 275625 22.9129 .00190476 


406 16483 ; 100246305 |466 217156 21.5870 .00214592 |526 276676 22.9347 .00190114 
407 165689 20: 1742 “00245700 467 218089 21.6102 .00214133|527 277729 22.9565 .00189753 
408 166464 20.1990 `00245098 |468 219024 21.6333 .00213675 |528 278784 22.9783 .00189394 
409 167281 20.2237 .00244499|469 219961 21.6564 .00213220 |529 279841 23.0000 .00189036 
410 168100 20.2485 .00243902|470 220900 21.6795 .00212766 |530 280900 23.0217 .00188679 


221841 21.7025 .00212314|531 281961 23.0434 .00188324 
00242308 472 222784 21.7256 .00211864|532 283024 23.0651 .00187970 
21.7486 .00211416|533 284089 23.0868 .00187617 
.00210970|534 285156 23.1084 .00187266 


411 168921 20.2731 

412 169744 20.2978 .00242718| 472 

2d 170569 20.3224 .00242131 18 Du 21 05 
171 100241546 А 

415 172225 20-3715 100240964475 225625 21.7945 .00210526 |535 286225 23.1301 .00186916 

00210084 |536 287296 23.1517 .00186567 


416 17305 .00240385 | 476 226576 21.8174 . 
7 173889 P `00239808|477 227529 21.8403 .00209644 |537 288369 23.1733 -00186220 
418 174724 20.4450 .00239234|478 228484 2128232 “00208768 239 290521 Ad 00185579 
419 17 A 8663 |479 229441 21. К f 2 

420 176400 20:453 100238095 480 230400 21.9089 .00208333 |540 291600 23.2379 .00185185 


Table О. (continued) 


н№ AN ум [м N? AN VN |м № OWN VN 
541 292681 23.2594 .00184843| 601 36120 
Зар 293764 23.2809 00184502 602 302404 24:55 ЖОГ? бо 92-7099 SOINS 
543 294849 23.3024 .00184162|603 363609 24.5551 0014583 d 450245 о 00151057 
544 295936 23.3718 00183824 604 364816 24.5764 00169563 | Ged 440896 Ж 00120020 
— 23.3452 :00183486| 605 366025 24.5967 (00155289 665 44225 22.7682 1001060? 
298116 23.3666 000183150 | 60, 
Soo BENG ASKS 00183150 «06 367236 24.6171 (00165017 666 443556 25.9070 00150150 
548 300304 23.4094 100182482 608 369664 24.6577 СОН 667 444889 25.8263 .00149925 
549 301401 23.4307 100182149 609 370881 24.6775 :00194474| 668 446224 25.8457 .00149701 
$50 302500 23-480) 109182149 609 370881 24.6779 00164204 G6? 447561 25.8650 00149477 
24.6982 .00163934 |670 448900 25.8844 00149254 
85) 303601 23.4734 «00181488 611 373321 24.7184 00163666] 671 4 
-4947 . Ў 5 
Ж bum ОЛО manes as ил ара Ою йо 
6 23.5372 100180505 614 37 à : 21673 452929 25.9422 . 
28 | 6996 24.7790 | ate а 
5 308025 23.5584 00180180 615 378225 24 7992 КРОТ 65 455525 25.9008 00148148 
556 309136 23.5797 не 
557 310246 22-5797) (90179856) 616 379456 24.8193 .00162338|676 456976 26.0000 
588 311364 23.620 00179211] 618 381904 24.8596 ОО 877 458329 26.0192 0014770 
Таз з а : -00161812|678 459684 26. ; 
559 312 7 83161 24809) | 6.0384 00147493 
600 23.6643 .00178571,620 384400 24.8998 ЮП! e 461041 26.0576 .00147275 
за Qm дз reU) Gn Жыш on 462400 26.0768 00147059 
15844 23. | +2192. 40016 
$6 318969 23.0203. 100784 622 386884 24.9999 100160772 682 46761 26.1151 .00146828 
318098 . 19600. Я " 
864 318096 23.7487 .00177305 624 389376 24.9800 00180514 683 466489 26.1343 00146413 
-7697 .00176991|625 390625 25.0000 0010050 oe fresh 26.1534 .00146199 
PORE . 26.1725 00145985 
ere 23.7908 00176678) 626 391876 25.0200 00159744] 686 
567 321489 23.8118 100178367 627 392129 25.0400 001 470596 26.1916 .00145773 
369 52204 21-8328 (00176056 628 394384 25.0599 100159236 dea 471969 26.2107 .00145560 
599 529761 23.8537 (00175747 629 395641 25.0799 “Oo! 688 473344 26.2298 .00145349 
1847 .00175439 630 396900 29-0799 00138983 689 474721 26.2488 00145138 
571 326041 23.8956 .001751 . 690 476100 26.2679 00144928 
572 327184 23.9165 ‘ООО, 398161 25.1197 001584 
573 328329 23.9374 00174520 cas 379424 25.1396 200158228 692 472081 26-286 .00144718 
574 329476 23.9503 00174520633 400689 2511595 :001 2 478864 26.3059 .00144509 
НЕК 01021 5и 401956 25: 1794 100157978 2 450205 26.3249 .00144300 
i 3225 25.1992 00 6 26.3439 00144092 
576 331776 24.0000 0 ; 001579065 483025 26.362 · 
f ili 13629 00143885 
577 332929 2 6 404496 25. 
577 332929 24.0208 00173310637 405769 25 5190 (00157233 |696 484416 26 
579 335241 24-0416 00173010 638 407044 25.2587 .00136986 697 485809 26.4008 00143472 
E EE LEES HE IUE 
12982 10015 .4386 .00143062 
581 337561 24.1039 "73150500 200, 490000 
Е ТРЕ 26.4575 (00142857 
582 338724 24 641 410881 25.31 
X PE CICER v 
ee esse 24. 1661 :00171233 | 644 4114 25-3574 -00155521 | 703 20424 20-1953 00142450 
‚Ек К Slane 
96 24.2074 { : 5 497025 26. | 
587 344569 242004 В 646 417316 25.4165 (00154 26.5518 .00141844 
EGER S ри БЫ лы) нь 
.2693 .0016977 4558 .00154; 26.5895 .00141443 
590 348100 24 : 91649 421201 1001549211708 501264 
бе 2899 .00169492 | 650 422500 54 PE 709 502681 dedi "00141044 
m gun RM quam mmo mou nsum im sen o у 
392 3894 24.391 ЕЕ 429104 КА КОА 505521 2 
594 352836 24.3721 И 653 426409 25.5539 100153374 |712 506944 26:663 "0140449 
595 354025 24.3926 ‘ао 427716 25.5734 00129059713 508369 26.7021 00140252 
5 429025 25 -00152905 | 714 50 к р 
.5930 9796 26.7 
596 355216 24.4131 .00 "00192872 1715 51 17598 100139860 
26 35 у .00167785 | 656 430 1225 26.7395 .00139860 
6409 24.4336 .00 336 25.6125 
598 357604 24.4540 :00127204 |697 431649 25. :00152439 1716 51265 
599 398801 24 40 -00167224 | 658 432964 25 220 +00152207 | 717 514089 26.7582 .00139665 
600 360000 24.4949 ‘бо 659 434281 eng 00151976 718 515924 25.7769 .00139470 
1 :00166667 660 435600 popu. +00151745 | 719 516961 26.7955 .00139276 
-6905 .00151515 | 729 E 26.8142 00139082 
26.8328 00138889 
J 


(continued) 


Table О. (continued) 


N м М ум |N № AN VN |мо № AN ум 

721 519841 26.8514 .00138696| 781 609961 27.9464 .00128041|841 707281 29.0000 .00118906 
722 521284 26.8701 .00138504| 782 611524 27.9643 .00127877|842 708964 29.0172 _00118765 
723 522729 26.8887 .00138313| 783 613089 27.9821 .00127714|843 710649 29.0345 00118424 
724 524176 26.9072 .00138122| 784 614656 28.0000 .00127551 |844 712336 29.0517 00118483 
725 525625 26.9258 .00137931| 785 616225 28.0179 .00127389|845 714025 29.0689 .00118343 
726 527076 26.9444 .00137741| 786 617796 28.0357 .00127226|846 715716 29.0861 .00118203 
727 528529 26.9629 .00137552| 787 619369 28.0535 .00127065 |847 717409 29.1033 .00118064 
728 529984 26.9815 .00137363| 788 620944 28.0713 .00126904|848 719104 29.1204 100117925 
729 531441 27.0000 .00137174| 789 622521 28.0891 .00126743|849 720801 29.1376 .00117786 
730 532900 27.0185 .00136986|790 624100 28.1069 .00126582|850 722500 29.1548 00117647 
731 534361 27.0370 .00136799| 791 625681 28.1247 .00126422|851 724201 29.1719 .00117509 
732 535824 27.0555 .00136612|792 627264 28.1425 .00126263|852 725904 29.1890 .00117371 
733 537289 27.0740 .00136426 793 628849 28.1603 .00126103|853 727609 29.2062 .00117233 
734 538756 27.0924 .00136240|794 630436 28.1780 .00125945|854 729316 29.2233 .00117096 
735 540225 27.1109 .00136054| 795 632025 28.1957 .00125786|855 731025 29.2404 .00116959 
736 541696 27.1293 .00135870| 796 633616 28.2135 .00125628|856 732736 29.2575 .00116822 
737 543169 27.1477 .00135685| 797 635209 28.2312 .00125471|857 734449 29.2746 .00116686 
738 544644 27.1662 .00135501|798 636804 28.2489 .00125313|858 736164 29.2916 00116550 
739 546121 27.1846 .00135318|799 638401 28.2666 .00125156|859 737881 29.3087 .00116414 
740 547600 27.2029 .00135135|800 640000 28.2843 .00125000|860 739600 29.3258 .00116279 
741 549081 27.2213 .00134953|801 641601 28.3019 .00124844 |861 741321 29.3428 .00116144 
742 550564 27.2397 .00134771| 802 643204 28.3196 .00124688|862 743044 29.3598 00116009 
743 552049 27.2580 .00134590| 803 644809 28.3373 .00124533|863 744769 29.3769 .00115875 
744 553536 27.2764 .00134409| 804 646416 28.3549 .00124378 864 746496 29.3939 (00115741 
745 555025 27.2947 .00134228| 805 648025 28.3725 (00124224 |865 748225 29.4109 .00115607 
746 556516 27.3130 .00134048|806 649636 28.3901 .00124069 |866 749956 29.4279 .00115473 
747 558009 27.3313 .00133869 |807 651249 28.4077 .00123916 |867 751689 29.4449 .00115340 
748 559504 27.3496 .00133690 |808 625864 28.4253 .00123762|868 753424 29.4618 .00115207 
749 561001 27.3679 .00133511|809 654481 28.4429 .00123609 869 755161 29.4788 .00115075 
750 562500 27.3861 .00133333 |810 656100 28.4605 .00123457|870 756900 29.4958 .00114943 
751 564001 27.4044 .00133156|811 657721 28.4781 .00123305|871 758641 29.5127 .00114811 
752 565504 27.4226 .00132979|812 659344 28.4956 .00123153|872 760384 29.5296 .00114679 
753 567009 27.4408 .00132802|813 660969 28.5132 .00123001 |873 762129 29.5466 .00114548 
754 568516 27.4591 .00132626|814 662596 28.5307 .00122850|874 763876 29.5635 .00114416 
755 570025 27.4773 .00132450|815 664225 28.5482 .00122699 875 765625 29.5804 .00114286 
756 571536 27.4955 .00132275 816 665856 28.5657 .00122549|876 767376 29.5973 .00114155 
757 573049 27.5136 .00132100| 817 667489 28.5832 .00122399|877 769129 29.6142 .00114025 
758 574564 27.5318 .00131926|818 669124 28.6007 .00122249|878 770884 29.6311 00113895 
759 576081 27.5500 .00131752 819 670761 28.6182 .00122100|879 772641 29.6479 .00113766 
760 577600 27.5681 .00131579|820 672400 28.6356 .00121951|880 774400 29.6848 .00113636 
761 579121 27.5862 .00131406|821 674041 28.6531 .00121803|881 776161 29.6816 .00113507 
762 580644 27.6043 .00131234|822 675684 28.6705 .00121655|882 777924 29.6985 .00113379 
763 582169 27.6225 .00131062|823 677329 28.6880 .00121507 |883 779689 29.7153 .00113250 
764 583696 27.6405 .00130890|824 678976 28.7054 .00121359|884 781456 29.7321 .00113122 
765 585225 27.6586 .00130719|825 680625 28.7228 .00121212|885 783225 29.7489 .00112994 
766 586756 27. .00130548|826 682276 28.7402 .00121065|886 784996 29.7658 .00112867 
767 588289 37 6943 :00130378 | 827 683929 28.7576 .00120919|887 786769 29.7825 .00112740 
768 589824 27.7128 .00130208|828 685584 28.7750 .00120773 |888 788544 29.7993 .00112613 
769 591361 27.7308 (00130039 |829 687241 28.7924 .00120627 |889 790321 29.8161 .00112486 
770 592900 27.7489 |00129870| 830 688900 28.8097 .00120482 |890 792100 29.8329 .00112360 
771 594441 27.7 .00129702| 831 690561 28.8271 .00120337|891 793881 29.8496 .00112233 
772 595984 27: 7049 100129534| 832 692224 28.8444 .00120192|892 795664 29.8664 .00112108 
773 597529 27.8029 .00129366|833 693889 28.8617 .00120048|893 797449 29.8831 .00111982 
774 599076 27.8209 .00129199|834 695556 28.8791 .00119904|894 799236 29.8998 .00111857 
775 600625 27.8388 .00129032| 835 697225 28.8964 .00119760|895 801025 29.9166 .00111732 
776 6 698896 28.9137 .00119617 |896 802816 29.9333 .00111607 
777 503729 27 947 “00128700 RH 700569 28.9310 .00119474|897 804609 29.9500 00111483 
778 605284 27.8927 .00128535|838 702244 28.9482 .00119332 |898 806404 29.9666 .00111359 
779 606841 27.9106 .00128370|839 703921 28.9655 .00119190 |899 808201 29.9833 .00111235 
780 608400 27.9285 .00128205|840 705600 28.9828 .00119048 |900 810000 30.0000 .00111111 
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Table Q. (concluded) 


N2 


AN 


им 


м? 


JN 


1/N 


N2 


ум 


811801 
813604 
815409 
817216 
819025 


820836 
822649 
824464 
826281 
828100 


829921 


30.0167 


.00110988 
.00110865 
.00110742 
.00110619 
.00110497 


.00110375 
.00110254 
.00110132 
00110011 
00109890 


.00109769 
.00109649 
.00109529 
.00109409 
00109290 


00109170 
.00109051 
.00108932 
.00108814 
.00108696 


.00108578 
.00108460 
.00108342 
.00108225 
.00108108 


.00107991 
00107875 
.00107759 
.00107643 
.00107527 


-00107411 
-00107296 
-00107181 
-00107066 
-00106952 


876096 
877969 
879844 
881721 
883600 


885481 
887364 
889249 
891136 
893025 


894916 
896809 
898704 
900601 
902500 


904401 
906304 
908209 
910116 
912025 


913936 
915849 
917764 
919681 
921600 


923521 
925444 
927369 
929296 
931225 


933156 
935089 
937024 
938961 
940900 


30.5941 
30.6105 


30.6268 


| N 
.00106838| 971 
.00106724 
.00106610 
-00106496 
.00106383 


.00106270 
.00106157 
.00106045 
.00105932 
.00105820 


00105708 
.00105597 
.00105485 
.00105374 
.00105263 


.00105152 
.00105042 
.00104932 
.00104822 
.00104712 


.00104603 
.00104493 
.00104384 
.00104275 
.00104167 


.00104058 
.00103950 
.00103842 
.00103734 
.00103627 


-00103520 
-00103413 
-00103306 
-00103199 
-00103093 


942841 
944784 
946729 
948676 
950625 


952576 
954529 
956484 
958441 
960400 


962361 
964324 
966289 
968256 
970225 


972196 
974169 
976144 
978121 
980100 


982081 
984064 
986049 
988036 
990025 


992016 
994009 
996004 
998001 
1000000 


.00102987 
.00102881 
.00102775 
.00102669 
. 00102564 


.00102459 
.00102354 
00102249 
.00102145 
.00102041 


.00101937 
.00101833 
.00101729 
.00101626 
‚00101523 


‚00101420 
.00101317 
‚00101215 
. 00101112 
.00101010 


.00100908 
.00100806 
.00100705 
.00100604 
.00100503 


.00100402 
.00103842 
.00100200 
.00100100 
.00100000 


Table Н. Random Digits 


Row 
number 
00000 10097 32533 76520 13586 34673 54876 80959 09117 39292 74945 
00001 37542 04805 64894 74296 24805 24037 20636 10402 00822 91665 
00002 08422 68953 19645 09303 23209 02560 15953 34764 35080 33606 
00003 99019 02529 09376 70715 38311 31165 88676 74397 04436 27659 
00004 12807 99970 80157 36147 64032 36653 98951 16877 12171 76833 
00005 66065 74717 34072 76850 36697 36170 65813 39885 11199. 29170 
00006 31060 10805 45571 82406 35303 42614 86799 07439 23403 09732 
00007 85269 77602 02051 65692 68665 74818 73053 85247 18623 88579 
00008 63573 32135 05325 47048 90553 57548 28468 28709 83491 25624 
00009 73796 45753 03529 64778 35808 34282 60935 20344 35273 88435 
00010 98520 17767 14905 68607 22109 40558 60970 93433 50500 73998 
00011 11805 05431 39808 27732 50725 68248 29405 24201 52775 67851 
00012 83452 99634 06288 98033 13746 70078 18475 40610 68711 77817 
00013 88685 40200 86507 58401 36766 67951 90364 76493 29609 11062 
00014 99594 67348 87517 64969 91826 08928 93785 61368 23478 34113 
00015 65481 17674 17468 50950 58047 76974 73039 57186 40218 16544 
00016 80124 35635 17727 08015 45318 22374 21115 78253 14385 53763 
00017 74350 99817 77402 77214 43236 00210 45521 64237 96286 02655 
00018 69916 26803 66252 29148 36936 87203 76621 13990 94400 56418 
00019 09893 20505 14225 68514 46427 56788 96297 78822 54382 14598 
00020 91499 14523 68479 27686 46162 83554 94750 89923 37089 20048 
00021 80336 94598 26940 36858 70297 34135 53140 33340 42050 82341 
00022 44104 81949 85157 47954 32979 26575 57600 40881 22222 06413 
00023 12550 73742 11100 02040 12860 74697 96644 89439 28707 25815 
00024 63606 49329 16505 34484 40219 52563 43651 77082 07207 31790 
00025 61196 90446 26457 47774 51924 33729 65394 59593 42582 605027 
00026 15474 45266 95270 79953 59367 83848 82396 10118 33211 ees 
00027 94557 28573 67897 54387 54622 44431 91190 42592 92927 45 28 
00028 42481 16213 97344 08721 16868 48767 03071 12059 25701 Bae 
00029 23523 78317 73208 89837 68935 91416 26252 29663 05522 8 
00030 04493 52494 75246 33824 45862 51025 61962 79335 65337 12472 
00031 00549 97654 64051 88159 96119 63896 54692 82391 23287 29529 
00032 35963 15307 26898 09354 33351 35462 77974 50024 90103 39333 
00033 59808 08391 45427 26842 83609 49700 13021 24892 78565 20106 
00034 46058 85236 01390 92286 77281 44077 93910 83647 70617 42941 
00035 32179 00597 87379 25241 05567 07007 86743 17157 85394 11838 
00036 69234 61406 20117 45204 15956 60000 18743 92423 97118 96338 
00037 19565 41430 01758 75379 40419 21585 66674 36806 84962 85207 
00038 45155 14938 19476 07246 43667 94543 59047 90033 20526 E 
00039 94864 31994 36168 10851 34888 81553 01540 35456 0501 
1 31880 
00040 98086 24826 45240 28404 44999 08896 39094 73407 3544 
00041 33185 1603 41941 50949 89435 48581 88695 41994 37548 73048 
00042 80951 00406 96382 70774 20151 23387 25016 25298 94624 em 
00043 79752 49140 71961 28296 69861 02591 74852 20539 00387 59579 
00044 18633 32537 98145 06571 31010 24674 05455 61427 77938 
00045 77557 32270 97790 17119 52527 58021 80814 51748 
00046 54178 А 80993 37143 05335 12969 56127 19255 36040 90324 
00047 11664 49883 52079 84827 59381 71539 0573 о 88461 23356 
00048 48324 77928 31249 64710 02295 368: 
00049 69074 94138 87637 91976 35584 04401 10518 21615 01848 76938 
0 86304 83389 87374 64278 58044 
en 92188 rud EP 94938 80907 91870 76150 68476 64659 
Ta 20045 83407 21981 2009 2290 64464 27124 67018 41361 82760 
00052 73159 50209 ud А 90429 12272 95375 05871 93823 43178 
75768 76490 
00054 54016 44056 66281 31003 00682 27398 20714 53295 07706 17813 
7: 04618 97553 31223 08420 
00055 08358 69910 78542 42785 Шо 28073 32604 60475 94119 01840 
00056 28306 03264 81333 10591 2 20791 
215 90290 28466 68795 7776 
00027 28810 Der AE 12689 20263 90212 55781 76514 83483 47055 
8 91757 53741 94541 
00059 HIER EM 00397 58391 12607 17646 48949 72306 


Table R. (continued) 


Row 
потре 2893 55507 
4 82774 51908 13980 7 
77313: 03820 е ы $5210 29773 74287 75251 65344 67415 
0001 19202 37174 саа 05688 7315 07082 85046 31853 38452 
93278 81757 0800 45449 
00062 21818 59313 7 23621 94049 91345 42836 09191 
00065 99559 66331 6253 24170 69777 12830 74819 78142 43860 72834 
000 
58303 29822 93174 93972 
о 11303 22970 28834 94137 73515 90400 71148 43643 
СООО ЕЛ 1 73852 70091 61222 60561 62327 
00067 84133 89640 44035 52166 7560 81604 18880 
00068 56732 16234 17395 96131 [з зр 85644 47277 
00069 65138 56806 87648 85261 чал 
9 64049 65584 
Oo | па 96397 01904 maoe тр ми й — Uum 37438 
00071 37402 15501 2957! 
15 39250 75237 62047 
00072 97125 40348 87083 31417 218 20 wena УУУ 03856 54552 
00073 21826 41134 47143 34072 64638 85' 691 19202 
00074 73135 42742 95719 09035 85794 74296 08789 88156 64 xi 
04713 66 
Ways 0908 8007 0006) 1808 юм ашр pasas ои 06455 
04 
92983 05128 09719 77433 53783 92301 5 
00075 10646 Eon 99599 10507 13499 06319 53075 71839 AM 1096 
00079 39820 98952 43622 63147 64421 80814 43800 09351 31 
23768 06156 04111 08408 
CE DONE P ONE I NECI. 95954 49953 
CAE G RE 1009 30098 800 B2067 NE 69200 
8 
00084 27267 50264 13192 72294 07477 44606 17985 48911 97341 pe 
76 6625 
Wes Gea piae MEA HD 0н? Soyan аша asmoa 20976 esasa 
00087 48908 15877 54745 24591 35700 04754 83824 52692 21130 22160 
00088 06913 45197 42672 78601 11883 09528 et 1 2890) И 75 ое 
00089 10455 16019 14210 33712 91342 37821 88. 
6769 
00090 12883 97343 65027 61184 04285 01392 17974 15077 90712 2 
00091 21778 30976 38807 36961 31649 42096 63281 02023 08815 мее 
с Gunn с икэн 
00093 6 
00094 60584 47377 07500 37992 45134 26529 26760 83637 41326 44344 
53853 41377 36066 94850 58838 73859 49364 73331 96240 43642 
00096 24637 38736 74384 89342 52623 07992 12369 18601 03742 83873 
00097 83080 12451 38992 22815 07759 51777 97377 27585 51972 27807 
00098 16444 24334 36151 99073 27493 70939 85130 32552 54846 mien 
00099 60790 18157 57178 65762 11161 78576 45819 52979 65130 
н ша I seme ван а 
00101 38555 95554 735 4776; 71 
00102 17546 73704 92052 46215 55121 29281 59076 07936 27954 58909 
00103 32643 52861 95819 06831 00911 98936 76355 93779 80863 00514 
00104 69572 68777 39510 35905 14060 40619 29549 69616 33564 60780 
00105 24122 66591 27699 06494 14845 46672 61958 77100 90899 75754 
00106 61196 30231 92962 61773 41839 55382 17267 70943 78038 70267 
00107 30532 21704 10274 12202 39685 23309 10061 68829 55986 66485 
00108 03788 97599 75867 20717 74416 53166 35208 33374 87539 08823 
00109 48228 63379 85783 47619 53152 67433 35663 52972 16818 60311 
00110 60365 Por 82078 м 12614 29297 01918 28316 98953 73231 
00111 83799 42 6623 3444; 34994 41374 70071 14736 09958 18065 
00112 32960 07405 36409 83232 99385 41600 11133 07586 15917 06253 
00113 19322 53845 57620 52606 66497 68546 78138 66559 19640 99413 
00114 11220 94747 07399 37408 48509 23929 27482 45476 85244 35159 
00115 31751 57260 68980 05339 15470 48355 88651 22596 03152 19121 
00116 88492 99382 14454 04504 20094 98977 74843 93413 22109 78508 
00117 30934 47744 07481 83828 73788 06533 28597 20405 94205 20380 
00118 22888 48893 27499 98748 60530 45128 74022 84617 82037 10268 
00119 78212 16993 35902 91386 44372 15486 65741 14014 87481 37220 


(continued) 


Table В. (continued) 


Row 
number 
00120 41849 84547 46850 52326 34677 58300 74910 64345 19325 81549 
00121 46352 33049 69248 93460 45305 07521 61318 31855 14413 70951 
00122 11087 95294 14013 31792 59747 67277 76503 34513 39663 77544 
00123 52701 08337 56303 87315 16520 69676 11654 99893 02181 68161 
00124 57275 36898 81304 48585 68652 27376 92852 55866 88448 03584 
00125 20857 73156 70284 24326 79375 95220 01159 63267 10622 48391 
00126 15633 84924 90415 93614 33521 26665 55823 47641 86225 31704 
00127 92694 48297 39904 02115 59589 49067 66821 41575 49767 04037 
00128 77613 19019 88152 00080 20554 91409 96277 48257 50816 97616 
00129 38688 32486 45134 63545 59404 72059 43947 51680 43852 59693 
00130 25163 01889 70014 15021 41290 67312 71857 15957 68971 11403 
00131 6525] 07629 37239 33295 05870 01119 92784 26340 18477 65622 
00132 36815 43625 18637 37509 82444 99005 04921 73701 14707 93997 
00133 64397 11692 05327 82162 20247 81759 45197 25332 83745 22567 
00134 04515 25624 95096 67946 48460 85558 15191 18782 16930 33361 
00135 83761 60873 43253 84145 60833 25983 01291 41349 20368 07126 
00136 14387 06345 80854 09279 43529 06318 38384 74761 41196 37480 
00137 51321 92246 80088 77074 88722 56736 66164 49431 66919 31678 
00138 72472 00008 80890 18002 94813 31900 54155 83436 35352 54131 
00139 05466 55306 93128 18464 74457 90561 72848 11834 79982 68416 
0014 82474 25593 48545 35247 18619 13674 18611 19241 
00147 aisle тат 53342 44276 75122 11724 74627 73707 58319 15997 
00142 07586 16120 82641 22820 92904 13141 32392 19763 61199 2790 
00143 90767 04235 13574 17200 69902 63742 78464 22501 18627 9 22 
00144 40188 28193 29593 88627 94972 11598 62095 36787 00441 58 
001 87 55087 19152 00023 12302 80783 32624 68691 
oore MN 4498) 18822 36024 00867 76378 41605 65961 73488 
446 м 72383 742 05041 4980. 20288 34060 
00147 67049 09070 93399 45547 94458 74284 5041 49807 060 
00148 79495 04146 52162 90286 54158 34243 46978 35482 59362 95 
00149 91704 30552 04737 21031 75051 93029 47665 64382 99782 93478 
о 48277 59820 96163 64654 25843 41145 42820 
00120 74015. 46874 85570240 25704 91035 01755 14750 48968 38603 
15) 24108 88222 582 04 90314 72877 17334 39283 04149 
00152 62880 87873 EI 17710 59521 06554 07850 73950 79552 
09192 11748 12102 aloe 25852 58905 57216 39618 49856 99326 
00154 17944 05600 60478 03343 2585 
46780 56487 09971 59481 37006 22186 
ors, 56067 42792 25547 20818 59849 96169 61459 21647 87417 17198 
196 54244 91030 224 47670 07654 46376 25366 94746 49580 
00127 aie a 86995 30307 94304 71803 26825 05511 12459 91314 
69170 37403 713 711 
00159 08345 88975 35841 85771 08105 59987 87112 21476 14 81 
73035 41207 74699 09310 
00160 27767 43584 9590) 88907 дш 8743 43905 31048 56699 
0018] 13025 T4338 24006: 12245 24432 24896 43277 58874 11466 16082 
00162 qom 30391 61105 57411 06368 53856 30743 08670 84741 
10875 62004 40 27886 61732 75454 
00164 54127 57326 26629 19087 24472 88779 305 заран 
17374 52003 70707 4 
0016 — 6031 42824 BID 142678 768 73209 59202 11973 02902 33250 
90166 49739 71484 32003 7808. 39014 97066 83012 09832 25571 77628 
00124 $650 ees 39837 90582 81232 44987 09504 96412 90193 79568 
8 66692 13986 98524 97831 65704 09514 
но AN абая нлр 95294 00556 70481 06905 
00170 41468 85149 49554 17994 ТЕ 2986. 34099 74474 20740 
00171 94559 37559 59678 3110 90850 64618 80820 51790 11436 38072 
00172 41615 70360 64114 58660 24781 89683 55411 85667 77535 99892 
00122 50273 93113 А1792. бес 02 05069 95083 05783 28102 57816 
00174 41394 80504 90670 08289 409 oe 
90726 57166 98884 
00175 25807 24260 71529 78920 22582 07395 68984 83620 89747 98882 
00176 06170 97965 88302 98041 2102 25818 36421 16489 18059 51061 
00177 60808 54444 74412 81105 IUE 71944 92638 40333 67054 16067 
00178 80940 44893 10408 36222 8 177 55292 21036 82808 77501 97427 
001799 _ 19516 90120 46759 71643 13 
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Table R. (concluded) 


Row 
number 

00180 49386 54480 23604 23554 21785 41101 91178 10174 29420 90438 
00181 06312 88940 15995 69321 47458 64809 98189 81851 29651 84215 
00182 60942 00307 11897 92674 40405 68032 96717 54244 1070] 41393 
00183 92329 98932 78284 46347 71209 92061 39448 93136 25722 08564 
00184 77936 63574 31384 51924 85561 29671 58137 17820 22751 36518 
00185 38101 77756 11657 13897 95889 57067 47648 13885 70669 93406 
00186 39641 69457 91339 22502 92613 89719 11947 56203 19324 20504 
00187 84054 40455 99396 63680 67667 60631 69181 96845 38525 11600 
00188 47468 03577 57649 63266 24700 71594 14004 23153 69249 05747 
00189 43321 31370 28977 23896 76479 68562 62342 07589 08899 05985 
00190 64281 61826 18555 64937 13173 33365 78851 16499 87064 13075 
00191 66847 70495 32350 02985 86716 38746 26313 77463 55387 72681 
00192 72461 33230 21529 53424 92581 02262 78438 66276 18396 73538 
00193 21032 91050 13058 16218 12470 56500 15292 76139 59526 52113 
00194 95362 67011 06651 16136 01016 00857 55018 56374 35824 71708 
00195 49712 97380 10404 55452 34030 60726 75211 1027 36633 68424 
00196 58275 61764 97586 54716 50259 46345 КТ 46092 26787 60939 
00197 89514 11788 68224 23417 73959 76145 30342 40277 11049 72049 
00198 15472 50669 48139 36732 46874 37088 63465 09819 58869 35220 
00199 12120 86124 51247 44302 60883 52109 21437 36786 49226 77837 | 


Answers to 
Selected Exercises 


Answers to 
Selected Exercises 


Chapter 1 
1. a) Statistic b) Statistic c) Data 
d) Data e) Inference from data f) Inference from data 


£) Statistic 


Chapter 2 
c—a bY 
ld) X е hoe b) X= > cQ 
d) X — ac/b e) X = acY/b f) X = (C?Y/b)—a 
1 
\ qe И Хх = VF б х= - 
Е а/с — b h) X = VY DA a 
2.a) X=3 b) X = 24 с) X = #85 d X = 27 е Х= 7 
3. а) 100.00 Ь) 46.41 с) 2.96 d) 0.01 
е) 16.46 f) 1.05 g) 86.21 h) 10.00 
4. a) 0.03052 b) 0.084680 с) 0.12088 
d) 0.38 е) 0.111 f) 0.85714 
5. b) 0.2308; 23.08% с) 0.7576; 75.76% 4) 0.4706; 47.06% 
6. a) 25 b) 60 с) 37 
d) 31 e) 60 f) 44 
3 N 6 2 N А 
в) Sy, ух, Q)»x d x 
i=l i=l i=3 i=4 
8. a) Ratio b) Ratio c) Nominal d) Ordinal e) Nominal 


b) Interval; continuous 


9. a) Ratio; continuous 
d) Ordinal; discontinuous 


c) Nominal; discontinuous 
10. a) 12.65 b) 4.00 c) 1.26 d) 0.40 e) 0.13 
ll. а) —0.5 to 40,5 b) 0.45 to 0.55 c) 0.95 to 1.05 

d) 0.485 to 0.495 e) —4.5 to —5.5 f) —4.45 to —4.55 


325 


326 Answers to selected exercises 


15. a) Discrete b) Discrete с) Continuous 
d) Continuous e) Continuous f) Discrete 
16. a) Business administration 20.00% b) 38.10 с) 13.33 
Education 75.00% 4.76 20.00 
Humanities 57.14% 14.29 26.67 
Science 28.57% 23.81 13.33 
Social science 50.00% 19.05 26.67 


d) 58.33% Males 
41.67% Females 


19. a) Continuous b) Discrete с) Continuous 
d) Discrete e) Discrete 
20. a) Year % Males % Females 
1940 51.33 48.67 
1945 51.35 48.65 
1950 51.31 48.69 
1955 51.24 48.76 
1960 51.20 48.80 
b) Time ratios, fixed base (1940) 
Year Males Females 
1940 100.00 100.00 
1945 115.92 115.84 
1950 150.50 150.65 
1955 171.12 171.80 
1960 179.87 180.85 
Chapter 3 
l. True limits Midpoint Width 
а) 7.5-12.5 10 5 
b) 5.5-7.5 6.5 2 
с) (—0.5)-(+2.5) 1 3 
d) 4.5-14.5 9.5 10 
e) (—1.5)-(—8.5) —5 7 
f) 2.45-3.55 3 14 
g) 1.495-1.755 1.625 0.26 
h) (—3.5)-(+3.5) 0 7 
3. Class intervals True limits Midpoint f Cum f Cum 96 
95-99 94.5-99.5 97 1 40 100.0% 
90-94 89.5-94.5 92 3 39 97.5 
85-89 84.5-89.5 87 4 36 90.0 
80-84 79.5-84.5 82 8 32 80.0 
75-79 74.5-79.5 77 11 24 60.0 
70-74 69.5-74.5 72 4 13 32.5 
65-69 64.5-69.5 67 3 9 22.5 
60-64 59.5-64.5 62 3 6 15.0 
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3. Class intervals True limits Midpoint Ј Cum f Cum % 
55-59 54.5-59.5 57 0 3 7.5 
50-54 49.5-54.5 52 1 3 7.5 
45-49 44.5-49.5 47 1 2 5.0 
40-44 39.5-44.5 42 I 1 2.5 
4.bi-3 
Class intervals 1 Class intervals f 
96-98 1 66-68 3 
93-95 1 63-65 1 
90-92 2 60-62 2 
87-89 3 57-59 0 
84-86 2 54-56 0 
81-83 Yi 51-53 T 
78-80 4 48-50 0 
75-77 F 45-47 1 
72-74 1 42-44 0 
69-71 3 39-41 1 
с) t= 10 d) i = 20 
Class intervals f Class intervals 4 
90-99 4 80-99 16 
80-89 1 60-79 21 
70-79 15 40-59 3 
60-69 6 
50-59 1 
40-49 2 
6 а i=7 b) 14.5-21.5 c) 18 
7.5-14.5 1 
0.5- 7.5 4 
8. Class intervals Ј Class intervals "а 
65—69 1 30-34 6 
60-64 2 25-29 5 
55-59 3 20-24 4 
50-54 4 15-19 3 
45—49 5 10-14 2 
40-44 6 5-9 1 
35-39 8 
9. Class intervals f Class intervals Т 
63-67 3 28-32 0 
58-62 0 23-27 9 
53-57 7 18-22 0 
48-52 0 13-17 5 
43-47 11 8-18 0 
38-42 0 3-7 1 
33-37 14 
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18. 24 
20 | 
16 | 
12 
8 | | 
4 
07 112 Г 122 132 ! 142 T 152 T 162 
117 127 137 147 157 
Score 
35|-- А Group 19. a) Positively skewed 
i 
Sul , \ ---Group B b) Normal 
PON c) Normal 
d) Bimodal 
20. 21. 
18} 
M. 80 
14 70 
12- 60 
10} 50 
a 40 
6 30 
а 20 
є@ 10 
057 ‚ЖИ 
47 82 57 62 67 72 77 82 87 9257 9 99 52 59 о < 
Score поем 
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24. а) 34.62%, 


b) Class intervals f с) с 
92-94 1 52 
89-91 0 51 
86-88 2 51 
83-85 0 49 
80-82 0 49 
77-79 3 49 
74-76 5 46 
71-73 7 41 
68-70 5 34 
65-67 10 29 
62-64 11 19 
59-61 4 8 
56—58 4 5 
d) Class intervals y cf 
90-94 1 52 
85-89 2 51 
80-84 0 49 
75-79 7 49 
70-74 9 42 
65-69 14 33 
60-64 15 19 
55-59 4 4 
25, 26. 
BE 16 
Thm 14 
6} 12 
5- 10 
fab Pe 
3r. 6 
2L 4 
ijs 2 | | | | | 
0 | LL 0 20 25 30 35 40 45 50 55 60 65 
7 121725 F 33) 3 3732 37 62 67 5 10 ее of class intervals 


Midpoints of class intervals 


330 Answers to selected exercises 
2 
27 28; 
50 
so} HE 
45 40 
40[- 35- 
35} 30 
~ 30r Е 25 
Е 25} 8 20 
© г0ј- 15 
15} 10 
10 I- 
єй jr We eee ie ed : BUCRELERE ај ТЕ 575 
9.5 119.5 1 29.5 Т 39.5 [49.5 Т 59.5 Г69.5 ЛЕП в 
145 24.5 34.5 445 545 645 à An кыж E 
Upper real limits of class intervals Upper real limi 
Chapter 4 
2. a) 26.36 b) 46.82 c) 88.45 
4. а) 103.88 b) 113.03 c) 124.78 
6. a) 81.02 b) 94.76 c) 88.04 
16.9 93.1 
7 === e 1036 b) — = 84.64 с) 2.459 
А Тш % Алт 5 PORE 
d) 0.18% e) 26.73% f) 3.73% 
b) 57, 76 €) Law school freshmen, 60 
9. a) 2 b) 9.6 c) 19.2 d) 36 e) 42 f) 84.8 
10. a) 2 b) 12 с) 17.4 d) 30 е) 41.2 f) 80 
13. а) 178 b) 24.5 с) 37 4) 40.3 е) 47 
14. а) 16.5 Ь) 247 с) 36.1 d) 43 e) 46.4 
Chapter 5 
1, a) X = 47 Median = 4.5 Mode = 8 
b) x = 5.0 Median = 5.0 Mode = 5.0 
€) X = 17.5 Median = 4 Mode = 4 
2. (с) 
4. All measures of central tendency will be reduced by 5. 
5. All measures of central tendency will be divided by 16. 
6. Chapter 3, Problem 13 
X = 136.64 Median = 136.32 Mode = 137 
Chapter 3, Problem 20 
Х = 74.05 Median = 73.81 Mode = 72 
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7. X = 5.0; median unchanged, mode unchanged 


8. a) Negative skew b) Positive skew 
с) No evidence of skew d) No evidence of skew 
9. 7(c) Symmetrical 7(d) Bimodal 
10. X = 5.0: a) X =7.0 b) X = 30 c) No change d) X = 10.0 e) X = 
11. Group A: median; Group B: mean 
12. b) Means Medians 
f ў 
6 1 3 
5 6 5 
4 11 9 
3 z 6 
2 4 3 
1 1 4 
d) Drawing from means: 1) dg 2) dg 3) 35 
Drawing from medians: 1) Зу 235 3) 55 
13. Х = 6.46, Median = 6.1 
14. a) $3.03 b) $3.12 
15. a) 71.9 b) во 
78 
3 76 
& 74 
c 
8 
= 72 
70 
68. 1 | | 
Е: 5 30 35 40 45 50 
Size of class 
17. Х = —1.44, Median = —0.25, Mode = —5.00 
22. Raise median: (c) 
Raise mean: (b) 
Chapter 6 
1. s? = 1.67, з = 1.29 
a) No change b) No change c) Increase d) Increase 
5. All scores have the same value. 
6. а) 3.52 b) 2.31 с) 5.89 d) 0 
8. а) 11 Ь) 9 c) 21 d) 1 
10. Problem 8, Chapter 3: X — 37.00, s — 14.00 
Problem 9, Chapter 3: X — 37.40, s — 14.22 
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2.5 


e) Decrease 


332 Answers to selected exercises 
11. a) Х = 63.10 b) Range = 36, Interquartile range = 
c) s = 7.89, s? = 62.19 
12. X = 8.80, s = 13.05 
13. X L 68.25, s = 7.61 
16. January, 1965 January, 1966 
Bs X 35.58 38.65 
b) Range 40 44 
M.D. 7.78 7.33 
d $ 9.72 8.13 
rd 94.55 66.05 
Chapter 7 
l. а) 0.94 b) —0.40 
d) —1.32 e) 2.23 
2. а) 0.4798 b) 0.4713 c) 0.0987 
e) 0.4505 f) 0.4750 g) 0.4901 


3. а) 1) 0.3413; 341 2) 0.4772; 477 
b) 1) 0.1587; 159 2) 0.0228; 23 3) 0.6915; 
е) 1) 0.1359; 136 2) 0.8351; 835 
5. а) 40.13; 57.93 
6. (a),(b),(c),(d) 
9. Test I, Test I 
13. a) 


b) 60.26 


National League 
X 43.08 
8 7.81 
с) American League, V = 21.91% 


39.75 
8.71 


Chapter 8 


1. r = 0.8466 

2. r = 0.9107 

3. тло = 0.906 

6. r = 0.8260 

7. т = 0; ra, = 0.50 
11 —0.7692 
. r = 0.7614 
. 8) т = —0.8924 
. 8) тло = —0.7947 


TS 


b) r = —0.8720 
b) т = —0.6177 


3) 0.1915; 192 


692 4) 0.9938; 994 5) 0.5000; 500 
3) 0.6687; 669 


8.00, M.D. = 5.50 


May, 1965 May, 1966 
76.90 70.42 
41 34 
7.47 7.81 
9.55 9.23 
91.23 85.18 
с) 0.00 
f) —2.53 

d) 0.1554 
h) 0.4951 


4) 0.4938; 494 


4) 0.3023; 302 


American League 


с) т = 0.9729 


0.9557 


€) то = 


Answers to selected exercises 333 


15. a) r = 0.1068 b) r = 0.0734 
с) Jan., 1965, т, = —0.1700 
Jan., 1966, тт = —0.7253 
May, 1965, го = 0.1898 
May, 1966, тло = 0.9329 


| 


16. а) ra, = 0.1366 b) ra, = 0.0814 

17. а) т = 0.1412 

18. а) г = 0.2987 b) National League, тло = 0.4172 
American League, тло = 0.5624 

Chapter 9 

1. Y'  3— 0.9 (X — 3) 

2. a) 1.72 b) 118.48 с) Sesty = 0.3928 

3. a) 1.59 b) sesty = 0.47; Sestz = 11.20 с) 0.1296 

4. As r increases the angle formed by the regression lines decreases. In the limiting 


cases (r = +1.00), the regression lines are superimposed upon each other. When 
r = 0, the regression lines are at right angles to each other. 
6. a) 0 b) 0.60 с) 1.20 
d) 1.5 e) —0.75 f) —1.20 
7. а) У’ = 89.17 Ге 
b) The proportion (р) of area corresponding to a score of 110 or higher is 0.0031 


е) X = 31.54 d) p = 0.4129 e) p < 0.00003 
f) X = 68.46 g) 500, 93, 93, 907 

8. а) т = 0.9398 b) 50, 40, 60, 70 

10. a) 34.41 b) p = 0.1949 с) 48.64 d) p = 0.9082 
e) 57.11 f) p = 0.4207 g) p — 0.3897 

ll. a) т = —0.8450 b) (1) 3.78 (2) p — 0.0084 


Review Section I 


1. В. (1) 11.70 (2) 142.5 (3) 3.74 
С. (1) то = —0.106 (2) r = —0.185 

2. C. X = 7.961, s = 0.409 р. r = —0.7855 1) 39273 

Chapter 10 

1. а) 0.1250 Ь) 0.1250 с) 0.3750 4) 0.5000 

2. a) 0.0192 b) 0.0769 c) 0.3077 d) 0.4231 

3. Problem 1: а) 7 to 1 against, b) 7 to 1 against 


Problem 2: a) 51 to 1 against, b) 12101 against 


4. a) 0.1667 b) 0.1667 c) 0.2778 d) 0.5000 
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5. a) 0.0046 b) 0.0278 с) 0.0139 d) 0.0556 e) 0.5787 
6. а) 0.0129 b) 0.4135 с) 0.0100 
7. а) 0.0156 Ь) 0.4219 с) 0.0123 
À | 68.64 and >131.36 
Я 0.0838 b) 126.40 . с) < RS 
е с 0.4648 е) 1) 0.0070 ii) 0.2160 iii) 0.0390 
9. (b) 
10. р = d 
11. a) p = 0.20 b) p = 0.04 c) p — 0.80 d) p = 0.64 
12. a) 0.6561 b) 0.0001 c) 0.3438 
13. a) р = 0.0456 b) р = 0.0021 €) p — 0.9544 
d) p — 0.9109 е) p = 0.0228 f) p-= 0.0520 
14. a) $ b) à c) i d) 0 
15. а) ү b) & с) i$ 
16. а) $ b) ds с) 4$ 
17. а) 40% b) 12% е) 16% d) 3.36% 
18. a) p = 0.3085 b) p = 0.2266 с) р = 0.4649 
d) p = 0.3104 e) p = 0.0947 f) p = 0.0947 
Chapter 11 
6. а) тузт ог 0.00098 b) 0.055 ©) 17.18 to 1 against passing | 
7. а) Ho b) Hı e) Hı d) Ho 
8. a) Type II b) Type I с) No error d) No error | 
9. а) р = 0.062 b) р = 0.773 с) р = 0.124 d) p = 0.938 


10. a) Type II b) Type II с) no error 


Chapter 12 


3. а) 21.71-26.29 
4. а) 23.28-24.72 b) 23.05-24.95 | 
‚ Reject Ho; z = 2.68 in which 20.01 = +2.58 


- Accept Ho; t = 2.618 in which 20.01 = 2.831, df = 21 


· Reject Ho; = 2.134 in which 10.05 = 1.833 (one-tailed test), df = 9 
га)г = 2.73, р = 0.9968 


b) 2 = — 0.91, p = 0.1814 
с) 2 = 1.82, р = 0.0344 d) р = 0.6372 
10. а) 36.81-43.19 Ь) 35.79-44.21 
11. а) 2 = 1.66 


b) z = 7.64 
12.1 = 2.083, df = 25 


b) 20.82-27.18 


DOAN 


= 
з 
I 
|. 
5) 
с с 
— = 
з З 
tol 
=. и 
ni” а 


Chapter 13 


= ew мю 


> 


. 8) 


"du 


t = 2.795, reject Ho 


+ # = 1.074, accept Ho 
‚ t = 0.802, accept Ho 


а) t = 3.522, reject Но 
а) z = 141, p = 0.0793 
c) z = —2.12, p = 0.0170 


а) z = —0.71, р = 0.7611 
с) 2 = —1.41, р = 0.9207 


t = 2.48, df = 14 
t = 2.913, df = 18 


t = 2.304, df = 26 
t = 1.361, df = 25 
t = 1.275, df = 162 
- t = 2.224, df = 28 
t = 0.583, df = 34 
t = 0.643, df = 20 
- а) False b) True 
p = 0.7778 b) p = 0.6111 
е) р = 0.0833 f) p=0 
= 5.0, 01 = 2.24 
и? = 4.0, 02 = 2.24 
(8) z = —1.59, р = 0.9441 
©) 2 = —1.59, р = 0.0559 


€) z = 4.76, р = 0.00003 
5) р = 0.0559 


Answers to selected exercises 


в) p= 5 d) p =0 
c) p= $ d) p = 5 
b) z = 1.99 
b) F = 3.00, accept Ho 
b) z = —2.12, p = 0.9830 
d) z = —5.66, p < 0.00003 
b) z = —1.06, p = 0.8554 
d) z = —1.77, p = 0.9616 
c) False 
= 0.3889 d) p = 0.2222 


c) p 
g) p = 0.4722 


b) z = 0.00, p = 0.5000 
= —3.18, p = 0.0007 
f) p = 0.5007 
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21. a) z = —0.63, p = 0.2643 b) z = —0.94, p = 0.1736 
е) 2 = —1.27, p = 0.1020 d) z = —1.92, p = 0.0274 
Chapter 14 
1. t = 3.027, df = 16; reject Но. 
2. t = 2.08, df = 32; accept Ho. 
3. t = 1.571, A = 0.465, df = 9; accept Ho. 
4. 


Trho between final standing and homeruns in 


American League is 0.04; for Na- 
tional League it is 0.36. Both correlations are 


too low to justify use of correlated 


samples. 
7. а) А = 0.048 b) А = 0.048 с) А = 0.778 
8. А = 0.199 
10. Manufacturer А: A = 0.195 11. А = 0.216 
Manufacturer В: А = 0.573 
12. А = 5.480 13. А = 0.210 
14. А = 0.230 15. А = 0.422 
Chapter 15 


1. Ё = 36.99; reject Но. 


2. All comparisons are significant at 0.01 level. It is clear that death rates are lowest 
in summer, 


next to lowest in spring, next to highest in fall, and highest in winter. 


3. Е = 0.643 

5. F = 0.30, df = 3/12 

6. F = 10.43, df = 2/12 HSD = 11.89 
7. F = 12.09, df = 5/18 HSD = 6.02 


REVIEW OF SECTION II INFERENTIAL STATISTICS 


A. Parametric Tests 


b) X f 9х ‘ 
2 1 2 0.0123 
2.5 4 2.5 0.0494 
3 10 3 0.1235 
3.5 16 3.5 0.1975 
4 19 4 0.2346 
5 16 4.5 0.1975 
ЫБ 10 5 0.1235 
| 4 5.5 0.0494 
6 1 6 


b2 


~ 


Answers to selected exercises 


d) 0.82 e) 0.82 

f) i) 0.0123; ii) 0.1852; iii) 0.3704 
. а) ра 1.856, df = 8; accept Ho. b) t = 2.727, df = 18; reject Ho. 
га) А = 0.210, df = d reject Но. b) 1 = 0.111, df = 9; reject Ho. 


a= ү df = 2/27 


Chapter 16 


Lis 
3. 
4. 


5. 


№ = 30 

28.77% 

a) 1) 0; = 0.1685; 3) Power = 0.8315 

b) Hu к 3) The concept of power does not apply. 
a) 5.26% b) 10.20% с) 17.88% d) 28.77% 


һ t2 


© 
UU 


Chapter 17 
. a) p = 0.070 b) p = 0.020 c) p — 0.040 


. а) p « 0.0003 b) p — 0.0003 c) p — 0.1335 


. Inflated № 


1 
2 
4 
5. Х? = 
6 
7 


6.00, df = 


- Binomial Test N = 8, X = 6, P = 1,0 = 3; reject Ho at а = 0.05 
X? = 1.66, df = 1 
9. 
11. 
12. 
13. 


X? = 1.789, df = 
x? = 6.00, df = 3 
x? = 3.60, df = 3 
2 = 1.327, X? = 1.761 


Chapter 18 


k 


Qm ae po. RO 


a) Sign test N = 10,2 = 3 b) T = 10 
с) О = 23, U' = 

И = 9.5, U' = 62.5 

U = 18, U’ = 103 
T 4135 

Т = 48 
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ЇМОЕХ 


A, Sandler’s, 210; see also Sandler’s A 
Abscissa, 29, 30, 112 
Absolute value of a number, 71 
Absolute zero, 15 
Algebraic operations, 276-277 
Alpha (а) error, 168; see also Type I 
error 
Alpha (a) level, 165, 234; see also Level of 
significance 
Alternative hypothesis (H1), 166 
апа power, 235 
Analysis of variance; see also F-ratio 
comparison of three groups, 220-222 
comparison of two groups, 216-220 
degrees of freedom in, 219, 222 
"ratio, 179, 219, 220, 222 
fundamental concepts, 220 
Multigroup comparisons, 215-216 
Multiple-comparison tests, 223 
"s test, 223-224 
Н Ypothesis in, 220 и 
Чт of Squares between groups, 217, 
: 218 
~" of squares within groups, 217, 218, 
уа, п sum of squares, 217, 218, 219 
"ance estimates, 219, 220 


A posteriori comparisons, 223 
HSD test, 223-224 
A priori or planned comparisons 
Arbitrary zero, 15-16 
Areas 
critical region, 177 
probabilities for continuous variables, 
149 
to represent frequency, 31, 33-34, 35 
under standard normal curve, 83-85 
Arithmetic mean; see Mean, arithmetic 


223 


Arithmetic operations, 273-275 

Arrays, 60 

Attribute data, 14 

Auble, D., 269, 287 

Average deviation, 71-73; see also Mean, 
deviation 

Averages; see Central tendency, measures 


of 
Axes of coordinates, 29, 30-31, 112-113 


Bar graph, 29, 31-33 

Before-after design, 205 

Bernoulli distribution, 136; see also 
Binomial distribution 


Best fit, line of, 113 


339 
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Beta (В) error, 168-169; see also Type II 
error 
Between groups sum of Squares, 217, 218 
Between groups variance estimate, 219, 
220 
Bias, 135 
Biased estimators, 178, 195 
Bimodal distribution, 36, 63 
Bingham, W. V., 269, 287 
Binomial coefficients, 163 
table of, 309 
Binomial distribution, 136, 159-163 
and binomial expansion, 162-163 
sampling distribution, 160-163 
table of associated probabilities, 310 
use of; see Binomial test, Sign test 
Binomial test, 243-246 
normal approximation to, 246 
P = Q = 1, 243-245 
table of critical values when № < 10, 
311 
sample problem, 244—245 
table of associated probabilities, 310 


Categorical data, 14, 242-953 
Categorical variables 
Statistical tests, 242-253: see also 
Binomial test, Chi square 
Causation, 
and correlation, 123-124 
Central limit theorem, 175 
Central tendency 
characteristies of, 56-57 
defined, 56 
indeterminate values, 64 
why describe, 56-57 
Central tendency, 
mean, 57-62 
median, 62-63 
mode, 63 
Chance error, 204, 215-216 
Chi square 
assumptions, 252-253 
correction for continuity, 251 
degrees of freedom, 248, 250 


measures of 


goodness of fit, 247 
limitations of, 252-253 
null hypothesis in, 247 
one-variable case, 247-248 
table of critical values, 292 
test of independence, 248-252 
two-variable case, 248-252 
Class intervals, 25-27 
assumptions concerning distribution of 
observations, 49 
choice of, 26 
limits of, 27 
midpoints of, 58 
number in frequency distribution, 26 
Purpose of, 25-26 
unequal widths, 33-34 
width of, 26 
Classical approach to probability, 137 
Cochran, W. G., 270, 287 
Coefficient 
binomial, 163 
of determination, 122 
of nondetermination, 123 
Pearson т, 96-102; see also Pearson r 
Spearman Тао, 102— 
Spearman Toyo 
Conditional probability, 141 
Confidence 
intervals, 184-187 
limits, 184-187 
Continuity, Correction for 
chi square, 25] 
normal approximation to binomial 
246 
Continuous у; 


104; see also 


ariables, 16-18 
and probability, 148-149 

and statistical inference, 173-224 
Coordinates, 29, 30-31, 112, 113-114 
Correction for continuity; see Continuity, 

Correction for 

Correction for tied ranks 

Mann-Whitney U-test, 260-261 
Correlated samples 

advantages Over ir 


ndependent samples, 
205-207 


before-after design, 205 
matched-group design, 205 
nonparametric tests 
sign test, 261-262 
Wilcoxon matched-pairs signed-rank 
test, 263-264 
parametric tests 
Sandler’s A, 210 
t-ratio, 205-209 
direct-difference method, 207-209 
and Pearson r, 205, 207 
and power, 207, 238 
standard error of the difference between 
means, 205, 207-209 
Correlation; see also Pearson г, Regression 
and prediction, Spearman rro 
and causation, 123-124 
definition, 94-95 
negative relationship, 95 
and Pearson r, 94-102 
positive relationship, 95 
and regression; see Regression and 
prediction 
scatter diagram, 95 
Spearman rgo, 102-104 
table of critical values of 
Spearman Тгьо, 301 
table of functions of r, 302-303 
transformation of r to zr, 300 
Correlation coefficient; see Correlation, 
Pearson r, Regression and 
prediction, Spearman Го 
Criterion variable, 37 
Critical variable, 37 
Critical region, 177 
Cross products, 97, 99-100 
Cumulative frequency distribution, 
28-29 
ogive, 37 
Cumulative percentage distribution, 
28-29 
Cumulative percentage graph, 47 
and percentile ranks, 46-47 
Cumulative percentiles, 46-47 
Curvilinear regression, 100-101 
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Data, defined, 2 
Decision, in test of hypothesis, 165-166 
Degrees of freedom, 180-181 
analysis of variance 
between groups, 219 
F-ratio, 163, 199, 219-220 
total, 222 
within groups, 219 
chi square, 248, 250 
Sandler’s A, 210 
tratio 
correlated samples, 207 
one-sample case, 181 
two independent samples, 197 
Dependence, 142-143; see also Correlation, 
Chi square, test of independence, 
Correlated samples 
Dependent variable, 37 
Descriptive statistics, defined, 3 
Deviation 
from mean, 60-61 
mean; see Mean deviation 
standard; see Standard deviation 
Dichotomous populations, 140; see also 
Two-category populations 
Difference between means; see also 
Correlated samples, Two-sample 
case 
sampling distribution of, 194-195 
mean, 195 
standard error, 195 
Directional and nondirectional 
hypotheses, 166 
and power, 235 
Discontinuous variables, 16-17 
Discrete variables, 16-17 
Dispersion, measures of, 69-77; see also 
Variability, measures of 
Distribution-free tests of significance; 
see Nonparametric tests 
Distributions; see also individual listings 
bimodal, 36, 63 
binomial, 136, 159-163 
cumulative frequency, 28-29 
cumulative percentage, 28-29 
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of F-ratio, 199 

frequency, 24-29 
grouped, 25-27 
ungrouped, 25 

J-shaped, 37 

leptokurtic, 35 

mesokurtic, 35 

multimodal, 55 

normal, 35 

platykurtie, 35 

probability, 160-163 

rectangular, 36 

sampling, 136, 158-159 

skewed, 36 

standard normal, 83-84 

symmetrical, 35-36 

t, 180-182 

U-shaped, 36 

Dunlap, J. W., 269, 288 


Edwards, А, L., 224, 269, 287 
Empirical approach to probability, 
137-138 
Enumerative data, 14 
Errors 
alpha (а), 168 
beta (8), 168-169 
contribution of individual differences 
to, 204 
of measurement, 18 
random, 204 
random sampling, 216 
type I, 168, 215-216, 231, 234, 239 
type II, 168-169, 231-232, 234, 239 
Estimate, 
standard error of, 118-120 
variance 
between groups, 219, 220 
within groups, 219, 220 
Estimate of population 
mean, 64, 183-184 
standard deviation, 178 
standard error of the difference between 
means 
correlated samples, 205 
independent samples, 195-196 


standard error of the mean, 
178-179 

variance, 178 

variance of the mean, 178-179 
Estimation 

interval, 183-187 

point or single value, 177-179 
Estimators 

biased, 178, 195 

pooled, 196 

sample statistics as, 178 

unbiased, 178, 196, 216 
Events 

equally likely, 135 

exhaustive, 140 

independent, 135, 141-142 

joint, 139-140, 141-143 

mutually exclusive, 140 

related or dependent, 142-143 
Experimental design, 204, 215 
Experimental variable, 37, 204 
Explained variation, 121-122; see also 

Regression and prediction 


F-ratio; see also Analysis of variance 
degrees of freedom, 199, 219, 222 
distribution of, 199 
formulas, 199, 219 
homogeneity of variance, 199 
in multigroup comparisons, 219 
relations to t-ratio, 216-217, 220 
table of critical values, 294-298 

Factorials, 244 
table of, 309 

Fisher, R. A., 167, 187, 


199, 269, 
287 
Freedom, degrees of; see Degrees of 
freedom 


Frequencies, e 
Frequency, 20 
and area, 31, 33-34, 35 
expected, 247-248, 250-251 
expected relative, 136-138 
observed, 247 
Frequency Curves, forms ог, 35-37 
Frequeney data, 14 


umulative, 28-29 


Frequency distributions, 24-29; see also 


Graphs, types of 
cumulative, 28 
cumulative percentage, 28-29 
grouped, 25-26, 58-59 
grouping into class intervals, 25-27 
ungrouped, 24—25, 58 
Frequency Polygons, 34-37 
area between ordinates, 35 


Gosset, W., 180 
Graphic representation of 
frequency distributions of different 
forms, 29-37 
interval scales, 33-35 
line graphs, 37-39 
lines of regression, 117-118 
nominal scales, 31-33 
normal distribution, 35 
ordinal seales, 33 
ratio scales, 33-35 
Graphing techniques 
misuse of, 29-30 
three-quarter high rule, 30-31 
Graphs, types of 
bar, 29-30, 31-33 
cumulative frequency, 28-29, 37 
cumulative percentage, 46-47 
frequency polygons, 34-35 
“gee whiz” chart, 29-30 
histogram, 33-34 
J-curve, 37 
line graph, 37-39 
ogive, 37 
scatter diagram, 95, 100, 101, 117, 
118 
Venn diagrams, 146 
Grouping data, 24-29 
into class intervals, 25-27 


Haber, A., 38-39, 242, 269 
Hartley, Н. 0., 270, 287 
Heterogeneity of variance, 199 
Histogram, 33-34 

frequency and area, 33-34 
Homogeneity of variance, 199, 224 
Homoscedasticity, 120 
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Horizontal axis, 29, 30-31, 112 
HSD test, 223-224 
studentized range table, 312 
Huff, D., 29-30, 124, 269 
Hypothesis 
acceptance of, 166-169 
type II error, 168-169, 239 
alternative, 166, 235 
directional, 166 
null, 166 
power of test of, 231-232 
rejection of, 166-169 
type I error, 168, 239 
Hypothesis testing; see also Statistical 
tests, and individual listings 
alternative hypothesis, 166, 235 
categorical variables, 242-253 
confidence intervals and confidence 
limits, 184-187 
correlated samples 
nonparametrie, 261-264 
parametrie, 204-210 
power, 207, 238 
critical region, 177 
estimation of parameters 
interval, 183-184 
point, 177-179 
level of significance, 163-166, 234 
null hypothesis, 166 
one-sample case 
parameters known, 175-177 
parameters unknown: Student's t, 
180-183 
power efficieney of a test, 239-240 
power of a test, 231-239 
sampling distributions, 158-159 
two independent samples 
nonparametric, 257-261 
parametric, 194, 200 
population standard deviation 
known, 195 
population standard deviation 
unknown: Student's t, 196 
type I error, 168, 231, 234, 239 
type II error, 168-169, 231-232, 239 
Hypothetical population, 158 


344 Index 


Independence, 135 
Independent events, 141-142 
Independent samples; see Two-sample 
case 
Independent variable, 37 
Inductive statistics, defined, 4-5 
Inequalities, algebra of, 14 
Inference, statistical; see Hypothesis 
testing, Statistical tests 
Inferential statistics, defined, 4—5 
Inflated N, 252-253 
Interquartile range, 60-61 
Intersection, of sets, 147 
Interval estimation, 183-187 
Interval seales 
defining properties, 15-16 
graphic representation, 33-35 
Intervals; see Class intervals 


J-shaped distribution, 37 

Joint occurrence of events, 141, 148 

Joint variation of two variables; see Cor- 
relation, Regression and prediction 


Kalish, H. I., 38-39, 269 
Katti, S., 270, 287 

Kirk, R. E., 269, 287 
Kosacoff, M., 37-38, 270 
Kurtosis, 35 

Kurtz, A. K., 269, 288 


Least sum squares 
and best fitting straight line, 113 
and mean, 60-61 
Leptokurtic distribution, 35 
Lev, J., 270, 287 
Level of significance, 163-166 
choice of, 165 
and power, 231, 234, 239 
relation to type I error, 168, 231 
Limits 
apparent, 27 
of a class interval, 27 
confidence, 184—187 
of numbers, 18 
true, 27 


Line graph, 37-39 
Line of best fit, 113 
Line of regression, 113; see also Regression 
and prediction 
Linear regression, 111-1 13; see also 
Regression and prediction 
Linear transformation 
and percentile ranks, 49, 50 
and г-зсогез, 81-82 
Linearity, assumption of 
effect on correlation, 100-101 


Mann, H. B., 269, 287 
Mann-Whitney U-test, 257-261 
calculation of U and U^ 
counting technique, 258 
formulas, 259 
problem of tied ranks, 260-261 
table of critical values of U and U', 304- 
307 
Marginal totals, 248, 250-251 
Matched group design, 205 
Matched groups; see Correlated samples 
Matched-pairs, Wilcoxon text, 263-264 
Mathematical models, 159; see also 
Binomial distribution, Normal 
distribution 
McNemar, Q., 269, 287 
Mean, arithmetic 
calculation from 
array of scores, 57 
grouped frequency distribution, 58- 
59 


ungrouped frequency distribution, 58 
compared to median, mode, 63-64 
defined, 57, 60-61 
deviation from, 59, 60-61 
effect of extreme scores, 60 
effect of skewed distribution, 64-65 
as predictor, 73, 110 
Properties of, 59-61 
sampling distribution of, 173-175 
sum of deviations from, 59 
sum of squared deviat: 

60-61 
weighted, 61-62 


ions from, 


Mean, deviation 
calculation of, 71-72 
defined, 71 
as estimate of error, 72 
Mean, normal approximation to 
binomial, 246 
Mean, population 
estimation of, 64, 183-187 
hypotheses about, 175-177, 180, 182- 
183, 184-187 
of sampling distribution of 
differences between means, 195 
differences between paired scores, 
207-208 
mean, 175 
of standard normal distribution, 83 
Mean, standard error of, 174-175, 178- 
179 
Means, difference between; see Difference 
between means, also Correlated 
samples, Two-sample case 
Measurement 
errors of, 18 
scales of, 13-18; see also Scales of 
measurement 
Measuring units, equality of, 18 
Median 
calculation from 
array of scores, 62-63 
grouped frequency distribution, 62 
characteristics of, 63 
compared to mean, mode, 63-64 
defined, 62 
indeterminate values, 64 
relation to percentile ranks, 62 
and skewness, 64-65 
Merrington, M., 269, 287 
Mesokurtic distribution, 35 
Midpoints of class intervals, 58-59 
Mode 
compared to mean, median, 63-64 
defined, 63 
Multigroup comparisons, 215-216; see 
also Analysis of variance 
and type I errors, 215-216 
Multimodal distributions, 63 
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Multiple comparison tests 
A posteriori comparisons, 223 
HSD test, 223-224 
A priori of planned comparisons, 223 
Mutually exclusive 
classes, 25 
events, 140, 147 


Negative relationship, 95 
Nominal scales, 13-14, 242-253 
graphic representation of, 31-33 
Nondirectional hypotheses, 166 
and power, 235 
Nonparametric tests 
binomial, 243-246 
chi square, 247-253 
compared to parametric, 229, 235-236 
defined, 229 
Mann-Whitney U, 257-261 
power of, 235-236 
sign test, 261-262 
Wilcoxon matched-pairs signed-rank, 


263-264 
Normal approximation to binomial, 
246 


mean, 246 
standard deviation, 246 
Normal curve; see Normal distribution 
Normal distribution 
areas under curve, 83-86 
table of proportions of, 290-291 
equation of, 83 
graphic representation of, 35 
and probability, 149-151 
properties of, 35, 83-84 
standard, 83-86; see also Standard 
normal distribution 
and standard deviation, 81-89 
standard scores, 81-83 
z-scores, 81-83, 176, 195 
Normality, assumption of, 85, 175, 198 
Notations, mathematical, 9-11 
Null hypothesis (Но), 166 
Null set, 147 
Numbers, types of, 12-13 
random, table of, 319-322 


346 Index 


Numerals 
defined, 13 
functions of, 13 


Ogive, 36 
Olds, E. G., 269, 287 
One-sample case 
parameters known, 175-177 
parameters unknown: Student's t, 
180-183 
power, 232-233 
One-tailed and two-tailed 
hypotheses, 166 
probability, 151 
tests, power of, 235 
One-variable case 
binomial test, 243-245 
chi square, 247-248 
normal curve approximation to 
binomial, 246 
Ordinal scales, 14-15 
graphic representation of, 33 
hypothesis testing, 257-264 
inequalities, algebra of, 14 
properties, 14 
ranks, 15 
Spearman ra, 102-104 
tied ranks, 103, 260-261 
Ordinate, 29, 30-31 


Parameter; see also Estimate 
defined, 2 
use of Greek letters for, 2, 57, 73, 83 


Parametrie tests; see Hypothesis testing, 
Statistical tests 


Pearson, E. S., 270, 287 
Pearson r; see also Correlation, Regression 
and prediction 
assumption of linearity, 100-101 
caleulation of 
mean deviation method, 97-98 
raw score method, 98-100 
coefficient of determination, 122 
coefficient of nondetermination, 123 
and correlated samples, 205, 207 
cross products, 97, 98-100 


of population 


defined, 96 
and explained variation, 121-122 
formulas, 97, 98, 100 
relation to Spearman Trho, 103 
table of functions of, 302-303 
test of significance, 187-189 
and total variation, 121-122 
transformation to z,, 187 
table, 300 
and truncated range, 101-102 
and unexplained variation, 121-122 
and z-scores, 96-97, 116 
Percent, 20 
Percentile ranks 
caleulation from 
cumulative percentage graph, 46-47 
grouped data, 47-50 
defined, 46, 48 
formula, 48 
Score corresponding to, 50-52 
Percentiles of standard normal 
distribution, 83-84, 85 
Platykurtic distribution, 35 
Point estimation, 177-179 
Polygon, frequency, 34-37; see also 
Frequency polygons 
Pooled estimators, 196 
Population; see also Estimate of 


population, Mean, population 
defined, 2 


hypothetical, 158 
mean; see Mean, population 


normal; see Normal distribution 
parameter, 2 


standard deviation, 73, 178 

standard error of difference between 
means, 195 

standard error of the mean, 175, 179 


two-category or dichotomous, 140, 243 
variance, 73, 178 


Positive relationship, 95 
Power 


calculation of 
one-sample case, 232-233 


two-sample Case, 236-238 
Concept of, 231-232 


defined, 231-232 
effects of 
alpha level, 234 
correlated measures, 207, 238 
nature of На, 235 
parametric vs. nonparametric tests, 
235-236 
sample size, 233-234 
and type I and type II errors, 231— 
232, 239 
Power efficiency, 239-240 
Predietion; see Regression and prediction 
Probability 
addition rule, 139-140 
binomial model, 159-163 
classical approach to, 137 
conditional, 141 
continuous variables, 148-149 
definition, 137, 149 
dependent (correlated) events, 142— 
143 
distribution, 160-163 
empirical approach to, 137-138 
expressing, 138-139 
independent (uncorrelated) events, 141- 
142 
multiplieation rule, 141-143 
normal curve model, 149-151 
one-tailed and two-tailed, 151 
properties of, 138-144 
that an interval contains a parameter, 
186-187 
theories of, 136-138 
type I error, 168, 231-232 
type II error, 168-169, 231-232 
Produet moment correlation coefficient; 
see Pearson r 
Proportion 
of areas under normal curve, 83-86 
defined, 20 
relation to probability, 137, 149 


т; see Pearson r 
Тао) 102-104; see also Spearman Trho 
Random 

errors, 204 


Index 347 


numbers, table of, 319-322 
sample, 135-136 
Random sampling, 135-136 
errors, 216 
Randomness, 135-136 
Range 
crude, 70 
interquartile, 71 
and standard deviation, 77 
truncated, 101-102 
Rank-order coefficient, 102-104; see also 
Spearman rho 
Ranks, 
Mann-Whitney U-test, 257-261 
percentile, 46-52 
sign test, 261-262 
Spearman 7гьо, 102-104 
tied, 103, 260-261 
transforming scores to, 47-50, 236 
Wilcoxon matched-pairs signed-rank 
test, 263-264 
Ratio scales 
defining properties, 15-16 
graphic representation, 33-35 
Reciprocals, table of, 313-318 
Rectangular distributions, 36 
Region, critical, 177 
Regression and prediction, 110-124; see 
also Correlation 
angle of regression lines and т, 117- 
118 
curvilinear regression, 100-101 
homoscedasticity, 120 
linear regression, 111-113 
linearity, assumption of, 100-101 
nonlinear regression, 100-101 
nonlinearity, effects of, 100-101 
predicted deviation from sample mean, 
115 
prediction formulas, 113-115 
regression equations, 114, 115 
regression line, 113 
construction of, 117-118 
as "floating mean," 119 
slope of, 113 
residual variance, 118-120 
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standard error of estimate, 119 
and residual variance, 119 
straight line formula, 112 
Rejection of hypothesis, 166-169 
region of, 177 
type I error, 168, 239 
Related samples; see Correlated samples 
Relationship 
curvilinear, 100-101 
linear, 100-101, 112 
negative, 95 
positive, 95 
Replacement, sampling with and 
without, 143-144 
Residual variance, 118-120 
comparison to deviations from mean, 
118 
defined, 119 
and errors in prediction, 118 
formulas, 119 
and standard error of estimate, 119 
Restriction of range, and correlation, 
101-102 
Risk of error in tests of hypotheses, 167— 
169; see also Type I error, 
Туре II error 
Rounding, 18-19 
Rules 
rounding, 18-19 
three-quarter high, 30-31 
Runyon, R. P., 37, 38, 213, 242, 269, 270 


Sample, 2 
biased, 135 
generalization from, 135, 157-158, 178 
nonrandom, 135 
random, 135-136 
size of and power, 233-234 
space, 144 
Sampling 
probability, 135-136 
random, 135-136 
with replacement, 143-144 
without replacement, 143—144 
Sampling distributions, 136, 158-159 
binomial, 159-163 


of the difference between means, 194— 
195 
of the mean, 173-175 
Sandler, J., 210, 270, 287 
Sandler’s A 
degrees of freedom in, 210 
equivalence to (-ratio for correlated 
samples, 210 
table of critical values, 287 
Scales of measurement 
continuous, 16-18 
discontinuous, 16-17 
discrete, 16-17 
interval, 15-16 
nominal, 13-14 
ordinal, 14-15 
ratio, 15-16 
Scatter diagram, 95, 100, 101, 117, 118 
Score 
corresponding to percentile rank; 50-52 
defined, 2, 3 
percentile rank of, 47-50 
Set 
null, 145 
operations, 145-148 
relation to probability rules, 147-148 
theory, 144—148 
Sets, combining of, 146-148 
Siegel, S., 32, 270, 287 
Sign test, 261-262 
Signed-rank test, Wilcoxon matched- 
pairs, 263-264 
Significance 
levels of, 163-166 
tests of; see Statistical tests 
Skewness 
of distribution, 36, 64-65 
negative, 36, 65 
positive, 36, 65 
related to measures of central tendency, 
64-65 
Slope of line of regression, 113-114 
Snedecor, С. W., 270, 287 
Spearman Trho, 102-104 
calculation, 102-104 
defined, 103 


relation to Pearson т, 103 
table of critical values of, 301 
test of significance, 189 
tied ranks, 103 
Square roots, 280 
table of, 313-318 
Squares, table of, 313-318 
Standard deviation 
calculation of 
mean deviation method, 74-75 
raw score method, 75-77 
errors in, 77 
and estimate of error, 89 
formulas, 74, 76 
interpretation, 77, 81-89 
population, 73 
estimate of, 178 
and standard error of the mean, 177 
and range, 77 
sample, 73-77 
as estimator, 178-179 
and standard normal distribution, 83- 
84 
and z-scores, 81-83 
Standard error of the difference between 
means 
correlated samples, 205, 207-208 
independent samples, 195-196 
Standard error of estimate, 118-120 
comparison to standard deviation, 120 
defined, 119 
homoscedasticity, 120 
relation to residual variance, 119 
Standard error of the mean, 174-179 
estimated, 178-179 
Standard normal distribution 
area between scores, 84-86 
area under, 83-84 
characteristics of, 83-84 
parameters of, 83 
percentiles, 83-86 
Standard scores; see z-scores 
Statistic, 2 
relation to parameter in statistical 
inference, 136, 157-158, 178 
symbolic representation, 2, 57, 73 
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Statisties 
defined, 1-2 
descriptive, 3-4 
inferential, 4-5 
Statistical inference; see Hypothesis 
testing, Statistical tests 
Statistical methods, functions, 1-2 
Statistical tests; see also Hypothesis 
testing and individual listings 
analysis of variance, 215-224 
binomial test, 243-246 
normal approximation to binomial, 
246 
chi square 
one-variable case, 247-248 
two-variable case, 248-252 
HSD test, 223-224 
Mann-Whitney U-test, 257-261 
Sandler’s A, 210 
sign test, 261-262 
significance of Pearson r, 187-189 
significance of Spearman rho, 189 
t-test 
correlated samples, 205-209 
one-sample case, 180-183 
two independent samples, 196— 
198 
Wilcoxon matched-pairs signed-rank 
test, 263-264 
z-statistic 
one-sample case, 175-177 
two-sample case, 195 
Studentized range table, 312 
Student's t; see t 
Subscripts, 10 
Sum of squares 
and best fitting straight line, 113 
between groups, 217, 218 
defined, 60-61 
least, 60-61, 113 
and Pearson т, 97-98 
and standard deviation, 74, 75-77 
total, in analysis of variance, 217, 218, 
219 
and variance, 74, 216 
within groups, 217, 218 
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Summation 

notation, 10-11 

rules, 11-12 _ 
Symbols, glossary of, 281-285 
Symmetrical distributions, 35-36 


t 
distribution of, 180-182 
assumptions underlying, 198-200 
characteristics of, 181-182 
ratio, 180, 196 
critical values of, 182 
table for, 293 
relation to F in analysis of variance, 
216-217, 220 
test 
correlated samples, 205-209 
degrees of freedom, 207 
and Sandler's А, 210 
one-sample case, 180-183 
degrees of freedom, 181 
two independent samples, 196-198 
degrees of freedom, 197 
T-scores 
relation to z-scores, 89 
transformation to, 89-90 
T, Wilcoxon, 264 
table of critical values, 308 
Testing hypotheses; see Hypothesis 
testing 
Tests of significance; see Statistical tests 
Thompson, C. M., 269, 287 
Three-quarter high rule, 30-31 
Transformation 
linear, 49, 50 
of r to 2,, 187 
to standard score, 81-83 
to T-scores, 89-90 
Truncated range, 101-102 
Tukey, J. W., 223, 270 
Two-category Population, 140, 243 
Two-sample case; see also Hypothesis 
testing, Statistical tests 
correlated samples; see also Correlated 
samples 
nonparametric tests, 261-264 
parametric tests, 205-210 


independent samples, 158-164 
nonparametric tests, 257-261 
parametric tests, 194-200 

Two-tailed 

hypotheses, 166 

probability, 151 

tests, power of, 235 

Two-variable case, 248-252 
Type I error, 168 

and categorical variables, 242—243 : 

and multigroup comparisons, 215-216 

and power, 231-232, 234, 239 

Type П error, 168-169 

and power, 231-232, 239 


U, Mann-Whitney, 257-261 

table of critical values, 304—307 
U-shaped distribution, 36 
Unbiased estimators, 178, 196, 216 
Unexplained variation, 121-122; see also 

Pearson г 

Union of sets, 146-147 
Universe, defined, 2 


Variability, measures of, 69-77 
and central tendency, 69-70 
interquartile range, 71 
mean deviation, 71-72 
range, 70 
standard deviation, 73-77 
standard error of the difference between 
means, 195-196, 205, 207-208 
standard error of estimate, 118—120 
standard error of the mean, 174—179 
variance, 73, 74, 178 
variance estimates, 178, 219-220 
Variable, value of a, 13 
Variables, 2,13 
continuous, 16-18 
criterion, 37 


dependent or related, 37, 95, 96 


dichotomous or two-category, 140, 243 
discontinuous, 16-17 
discrete, 16-17 


experimental or independent, 37 


normally distributed, 83, 85 
ordered, 14-15 


quantitative, 15-16 
unordered, 14-15 
Variance 
analysis of; see Analysis of variance 
estimates, 219-220 
formulas, 74 
measure of variability, 73, 178 
population, 73, 178 
unbiased estimate of, 178, 216 
sample, 73 
as biased estimator, 178 
and sum of squares, 74-75, 216 
and type I errors, 215-216 
Variate, 13 
Variations, and Pearson 7, 
explained, 121-122 
total, 121-122 
unexplained, 121-122 
Venn, diagrams, 146 
Vertical axis, 29, 30-31, 112 


Walker, H., 270, 287 

Weighted mean, 61-62 

Whitney, D. R., 269-287 

Width of class interval, 26 

Wilcox, R. A., 270, 287 

Wilcoxon, F., 270, 287 

Wilcoxon’s matched-pairs, signed-rank 
test, 263-264 
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assumptions underlying, 264 
calculation of T-statistic, 263-264 
table of critical values of Т, 308 
Within groups sum of squares, 217-218 
Within groups variance estimate, 219, 
220 


X-axis, 29, 30-31, 112 


Yates, F., 269, 287 
Y-axis, 29, 30-31, 112 


z-scores 
areas between scores, 84-86 
concept of, 81-83 
and nonnormally distributed 
populations, 85-86 
and prediction, 110-111, 116 
properties of, 82-83 
relation to raw scores and percentile 
ranks, 85 
and standard normal distribution, 83-84 
as test statistic, 175-177, 195 
г, 187-188 
2,, 188 
Zero 
absolute, 15 
arbitrary, in interval seales, 15 
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